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e integral. : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :1327.4.7. Ve
tor surfa
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ontent fa
et integral. : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : 1397.5.3. Edge 
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tion of vertex to 
onstraints. : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :1417.6.2. Proje
tion of ve
tor onto 
onstraint tangent spa
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e proje
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Chapter 1. Introdu
tion.Chapter 1. Introdu
tion.x1.1. General des
riptionThe Surfa
e Evolver is an intera
tive program for the study of surfa
es shaped by surfa
e tension andother energies. A surfa
e is implemented as a simpli
ial 
omplex, that is, a union of triangles. The user de�nesan initial surfa
e in a data�le. The Evolver evolves the surfa
e toward minimal energy by a gradient des
entmethod. The evolution is meant to be a 
omputer model of the pro
ess of evolution by mean 
urvature,whi
h was studied in [B1℄ for surfa
e tension energy in the 
ontext of varifolds and geometri
 measuretheory. The energy in the Evolver 
an be a 
ombination of surfa
e tension, gravitational energy, squaredmean 
urvature, user-de�ned surfa
e integrals, or knot energies. The Evolver 
an handle arbitrary topology(as seen in real soap bubble 
lusters), volume 
onstraints, boundary 
onstraints, boundary 
onta
t angles,pres
ribed mean 
urvature, 
rystalline integrands, gravity, and 
onstraints expressed as surfa
e integrals.The surfa
e 
an be in an ambient spa
e of arbitrary dimension, whi
h 
an have a Riemannian metri
, andthe ambient spa
e 
an be a quotient spa
e under a group a
tion. The user 
an intera
tively modify thesurfa
e to 
hange its properties or to keep the evolution well-behaved. The Evolver was written for one andtwo dimensional surfa
es, but it 
an do higher dimensional surfa
es with some restri
tions on the featuresavailable. Graphi
al output is available as s
reen graphi
s and in several �le formats, in
luding PostS
ript.The Surfa
e Evolver program is freely available (see 
hapter 2) and is in use by a number of resear
hers.Some of the appli
ations of the Evolver so far in
lude modelling the shape of fuel in ro
ket tanks in lowgravity [Te℄, 
al
ulating areas for the Opaque Cube Problem [B4℄,[B6℄, 
omputing 
apillary surfa
es in 
ubes[MH℄ and in exoti
 
ontainers [C℄, simulating grain growth [FT℄[WM℄, studying grain boundaries pinned byin
lusions, �nding partitions of spa
e more eÆ
ient than Kelvin's tetrakaide
ahedra [WP℄[KS1℄, 
al
ulatingthe rheology of foams [KR1℄[KR2℄, modelling the shape of molten solder on mi
ro
ir
uits [RSB℄, studyingpolymer 
hain pa
king, modelling 
ell membranes [MB℄, knot energies [KS2℄, sphere eversion [FS℄, and
lassifying minimal surfa
e singularities.The strength of the Surfa
e Evolver program is in the breadth of problems it handles, rather thanoptimal treatment of some spe
i�
 problem. It is under 
ontinuing development, and users are invited tosuggest new features.This manual 
ontains operational details and mathemati
al des
riptions (please ex
use the in
onsistentfonts and formatting; the manual grows by bits and pie
es). Mu
h of the manual (the stu� without a lot ofmathemati
al formulas) is also in HTML format, in
luded in the distribution. A journal arti
le des
riptionof the Evolver appeared in [B2℄.Previous users of the Evolver should 
onsult the History 
hapter for the new features.x1.2. PortabilityThe Evolver is written in portable C and has been run on several systems: Sili
on Graphi
s, Sun, HP,DEC, MS-DOS, Windows NT, Windows 95/98, and Ma
intosh. It is meant to be easily portable to anysystem that has C.x1.3. Bug reportsBug reports should be submitted by email to brakke�susqu.edu. Please in
lude the Evolver versionnumber, a des
ription of the problem, the initial data�le, and the sequen
e of 
ommands ne
essary toreprodu
e the problem.x1.4. Web home pageMy Web home page is http://www.susqu.edu/fa
staff/b/brakke/. Evolver-related material andlinks will be posted there. In parti
ular, there are many examples of surfa
es.1



Surfa
e Evolver Manualx1.5. NewsletterThe group of Surfa
e Evolver users has grown large enough that I have started a newsletter. Mostly it
onsists of announ
ements of new Evolver versions. If you would like to be on the mailing list, send youremail address to brakke�susqu.edu. Ba
k issues are in
luded in the HTML part of the distribution.x1.6. A
knowledgementsThe Evolver was originally written as part of the Minimal Surfa
es Group of the Geometry Super
om-puting Proje
t (now The Geometry Center), sponsored by the National S
ien
e Foundation, the Departmentof Energy, Minnesota Te
hnology, In
., and the University of Minnesota. The program is available free of
harge.
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Chapter 2. Installation.Chapter 2. Installation.This 
hapter explains how to get and install the Evolver. Evolver is written to be portable betweensystems. There are pre-
ompiled versions for Windows and Ma
intosh; sour
e �les and a Make�le areprovided for unix/Linux systems.The distribution pa
kages for various systems are available fromhttp://www.susqu.edu/brakke/evolver/evolver.htmEa
h pa
kage also 
ontains do
umentation and sample data�les and s
ripts. The do
umentation subdire
toryis named do
, and 
ontains the manual in PDF format, an HTML version of the do
umentation (ex
ept forthe mathemati
al parts), and a brief unix man page evolver.1. The HTML �les are also used by the Evolverhelp 
ommand. The samples are in the subdire
tory fe (whi
h is the �le extension I use for data�les; itstands for \fa
et-edge," referring to the internal stru
ture of surfa
es in the Evolver).This manual is separately downloadable in PostS
ript fromhttp://www.susqu.edu/brakke/evolver/manual220.ps or PDF fromhttp://www.susqu.edu/brakke/evolver/manual220.pdf. The PDF version is in
luded in the standardEvolver distributions. There is also an HTML version of most of the manual (ex
ept the parts with mathe-mati
al formulas) in the distributions. This is needed even if you don't have a Web browser, sin
e Evolver'son-line help uses extra
ts from these �les. When using a browser dire
tly, start with default.htm. TheHTML manual 
an be read on-line http://www.susqu.edu/brakke/evolver/html/default.htm.x2.1. Mi
rosoft Windows.The �le http://www.susqu.edu/brakke/evolver/evolver220-NT.ziphas the exe
utable �le evolver.exe along with the do
umentation and sample data�le subdire
tories. Cre-ate a dire
tory (su
h as C:nevolver), and unzip the distribution pa
kage there. You 
an leave evolver.exethere and add 
:nevolver to your PATH, or you 
an 
opy evolver.exe to somepla
e in your PATH, su
h asC:nwindowsnsystem32. You should also 
reate an environment variable EVOLVERPATH telling Evolverwhere to sear
h for various �les. Do this by opening Control Panel/System/Advan
ed/Environment Vari-ables, 
li
king New under System Variables, entering EVOLVERPATH for the Variable name, and
:nevolvernfe;
:nevolverndo
 for the Variable value. You may add further paths of your own to this listif you wish.To make Evolver start automati
ally when you 
li
k on a *.fe �le, you 
an asso
iate Evolver with the �leextension .fe by opening My Computer/Tools/Folder Options/File Types/New, entering the File Extensionfe, 
li
king OK, 
li
king Change, and browsing for the evolver.exe program. (This sequen
e of a
tions mayvary on di�erent Windows versions.)The Windows version uses OpenGL/GLUT graphi
s. OpenGL is standard in Windows, and all thene
essary GLUT 
omponents are in
luded in the exe
utable, so you don't have to install anything.x2.2. Ma
intosh.I am not a Ma
 person, and have only learned enough Ma
 to get Evolver minimally ported, so thereare no Ma
 bells and whistles.There is a Ma
 OSX version at http://www.susqu.edu/brakke/evolver/Evolver220-220.tar.gz.After downloading and unpa
king it, you probably get a folder Evolver220-OSX, whi
h has the exe
utable�le Evolver, the samples folder fe, and the do
umentation folder do
. You 
an move the exe
utable tosome pla
e on your PATH, or add the folder to your PATH. You should also 
reate an environment variableEVOLVERPATH 
ontaining paths to the fe and do
 folders by pla
ing the following line in your .t
shr
�le, with appropriate modi�
ations:setenv EVOLVERPATH /User/yourname/Evolver220-OSX/fe:/User/yourname/Evolver220-OSX/do
This des
ends from the unix version, not the Ma
 OS 9 version, so you must run it from a terminalwindow. It uses OpenGL GLUT graphi
s, whi
h are standard with OSX.3



Surfa
e Evolver ManualFor those still stu
k with Ma
 OS 9, there is a Ma
 PowerPC version available ashttp://www.susqu.edu/brakke/evolver/EvolverOS9-220.sit.hqx .These are StuÆt Lite self-extra
ting ar
hives treated with BinHEx. They in
lude a README �le with Ma
spe
i�
 information, data�les in Ma
 format, and the HTML version of the do
umentation.x2.3. Unix/Linux.The program is distributed in a 
ompressed tar �le evolver-2.20.tar.gz (for unix systems; see belowfor others). Get this �le into a working dire
tory. Un
ompress it withgunzip evolver-2.20.tar.gzExtra
t the �les withtar xvf evolver.tarThis will unpa
k into three subdire
tories: sr
 (sour
e 
ode), do
 (the manual), and fe (sample data�les).The pa
ked ar
hive is about 2MB, unpa
ks to about 5MB. You will probably need another 3 or 4 MB to
ompile. See below for 
ompilation instru
tions.Evolver needs to �nd the initial data�le and sometimes other �les (e.g. 
ommand �les for the \read"
ommand, or the HTML version of the manual). If the �le is not in the 
urrent dire
tory, then an environmentvariable 
alled EVOLVERPATH will be 
onsulted for a dire
tory sear
h list. The data�le dire
tory and thedo
umentation dire
tory with the HTML �les should de�nitely be in
luded. The format is the same as theusual PATH variable. Set it up as usual in your system:Unix C shell:setenv EVOLVERPATH /usr/you/evolver/fe:/usr/you/evolver/do
Bourne shell:EVOLVERPATH=/usr/you/evolver/fe:/usr/you/evolver/do
export EVOLVERPATHx2.3.1. Compiling.First, you need to modify Makefile for your system. Makefile begins with sets of ma
ro de�nitionsfor various systems. If your system is listed, remove the 
omment symbols '#' from start of your de�nitions.If your system is not there, use the GENERIC de�nes, or set up your own, and leave the graphi
s �le asglutgraph.o if you have OpenGL/GLUT, else xgraph.o if you have X-windows, and nulgraph.o otherwise.If you do de�ne your own system, be sure to put a 
orresponding se
tion in in
lude.h. After you geta working program you 
an write a s
reen graphi
s interfa
e if you 
an't use one of those provided. EditCFLAGS to have the proper options (optimization, 
oating point option, et
.). GRAPH should be the nameof a s
reen graphi
s interfa
e �le. GRAPHLIB should be the appropriate graphi
s library plus any otherlibraries needed. Che
k all paths and 
hange if ne
essary for your system.GLUT graphi
s uses a separate thread to display graphi
s, so if you use GLUT, you must 
ompile with-DPTHREADS and put -lpthread in GRAPHLIB.If you want Evolver to be able to use geomview, in
lude -DOOGL in CFLAGS.If you wish to use the 
ommands based on the METIS partitioning software ( metis, kmetis, andmetis_fa
tor), then you should download the METIS pa
kage from http://www-users.
s.umn.edu/~karypis/metis/and "make" the library libmetis.a (on some systems, make 
omplains it 
annot �nd ranlib, but the resultinglibmetis.a still works). In Evolver's Make�le, add -DMETIS to CFLAGS, and add -lmetis to GRAPHLIB. Youwill probably also have to add -Lpath to GRAPHLIB to tell the linker where to �nd libmetis.a. Note that4



Chapter 2. Installation.METIS is in
orporated in the Windows exe
utable. If you are using hessian 
ommands on very large sur-fa
es, then metis_fa
tor 
an be mu
h faster than the other sparse matrix fa
toring s
hemes in Evolver,and I highly re
ommend it.If you want Evolver to operate in a higher spa
e dimension n than the default maximum of 4, in
lude-DMAXCOORD=n in CFLAGS. This sets the upper limit of dimensionality, and is used for allo
ating spa
e indata stru
tures. You 
an use -DMAXCOORD=3 to save a little memory.If your system supports the long double data type, you 
an 
ompute in higher pre
ision by 
ompilingwith -DLONGDOUBLE in CFLAGS. This should only be used by the pre
ision-obsessed.You 
an let the 
ompiler optimize better if you hard-wire the spa
e dimension into the 
ode with the
ompiler option -DSDIM=n, where n is the desired dimension of spa
e. But su
h an Evolver 
an handle onlythe given spa
e dimension, no more, no less.Sili
on Graphi
s systems with multiple pro
essors may 
ompile a version that will use all pro
essorsfor some 
al
ulations by in
luding -DSGI_MULTI in CFLAGS. This version will run �ne with one pro
essor,also. Currently, the only 
al
ulations done in parallel are the \named quantities". The number of pro
essesa
tually done in parallel 
an be 
ontrolled with the -pn 
ommand line option.The �le in
lude.h lists the in
lude �les for various systems. If your system isn't listed, you will haveto put in a list of your own. Try 
opying the generi
 list (or one of the others) and 
ompiling. Your 
ompilerwill no doubt be very friendly and helpful in pointing out unfound header �les.in
lude.h also has various other system-spe
i�
 de�nes. See the GENERIC se
tion of it for 
ommentson these, and in
lude the appropriate ones for your system.Now try 
ompiling by running make. Hopefully, you will only have to 
hange the system-spe
i�
 partsof Makefile and in
lude.h to get things to work. If signi�
ant 
hanges to other �les are needed, let meknow. For example, the return value of sprintf() varies among systems, and that 
aused problems on
eupon a time.Test by running on the 
ube.fe sample �le as des
ribed in the Tutorial 
hapter.x2.4. Geomview graphi
s.Evolver has built-in OpenGL/GLUT graphi
s that will work on most all 
urrent systems, but it is alsopossible to use the external geomview program on unix systems. geomview is available by anonymous ftpfrom geomview.org.For those with surfa
es already de�ned for geomview, �les in geomview's OFF format may be 
onvertedto the Evolver's data�le format by the program polymerge, whi
h is in
luded in the geomview distribution.Use the -b option. Files in other geomview formats may be 
onverted to OFF with anytooff, also in
ludedwith geomview.x2.5. X-Windows graphi
s.There is a very primitive X-Windows graphi
s interfa
e, whi
h 
an be used on unix systems if forsome reason OpenGL doesn't work. To have Evolver use X-Windows graphi
s for its native graphi
s, editMakefile to have xgraph.o as the graphi
s module and have all the proper libraries linked in. The Xwindow will appear when you do the \s" 
ommand. Evolver does not 
ontinually poll for window redrawevents, so if you move or resize the window you will have to do \s" again to redraw the surfa
e.
5



Surfa
e Evolver ManualChapter 3. Tutorial.This 
hapter introdu
es some basi
 
on
epts and then guides the user through a series of examples. Notall the sample data�les that 
ome with Evolver are dis
ussed; users may browse them at their liesure. This
hapter 
an be read before the following 
hapters. The following 
hapters assume you have read the Basi
Con
epts se
tion of this 
hapter. If you are a little rusty on Advan
ed Cal
ulus, there is a short tutorial onit at the end of this 
hapter.x3.1. Basi
 Con
epts.The basi
 geometri
 elements used to represent a surfa
e are verti
es, edges, fa
ets, and bodies. Verti
esare points in Eu
lidean 3-spa
e. Edges are straight line segments joining pairs of verti
es. Fa
ets are 
attriangles bounded by three edges. A surfa
e is a union of fa
ets. (A
tually, there is no separate surfa
eentity in the program; all fa
ets essentially belong to one logi
al surfa
e.) A body is de�ned by giving itsbounding fa
ets.The term \surfa
e", when used to refer to the entity upon whi
h the Evolver operates, refers to all thegeometri
 elements plus auxiliary data su
h as 
onstraints, boundaries, and for
es.There are no limitations on how many edges may share a vertex nor on how many fa
ets may share anedge. Thus arbitrary topologies are possible, in
luding the triple jun
tions of surfa
es 
hara
teristi
 of soap�lms.Edges and fa
ets are oriented for bookkeeping purposes, but there are no restri
tions on the orientationof neighboring fa
ets. Unoriented surfa
es are thus possible.A surfa
e is deemed to have a total energy, arising from surfa
e tension, gravitational energy, andpossibly other sour
es. It is this energy whi
h the Evolver minimizes.No parti
ular units of measurement are used. The program only deals with numeri
al values. If youwish to relate the program values to the real world, then all values should be within one 
onsistent system,su
h as 
gs or MKS.The initial surfa
e is spe
i�ed in a text �le (hereafter referred to as the data�le) that may be 
reatedwith any standard text editor. (The .fe extension I always use for data�les stands for fa
et-edge, whi
hrefers to the internal data stru
ture used to represent the surfa
e. You may use any name you wish for adata�le.)The basi
 operation of the Evolver is to read in a data�le and take 
ommands from the user. The main
ommand prompt isEnter 
ommand:Basi
 
ommands are one letter (
ase is signi�
ant), sometimes with a numeri
al parameter. The mostfrequently used 
ommands are:g n do n iterationss show surfa
e on s
reen (or P option 8 for geomview)r re�ne triangulation of surfa
eP graphi
s output (option 3 for PostS
ript)q quitThere is also a more elaborate 
ommand language (in whi
h 
ase is not signi�
ant). Commands must befollowed with the ENTER key; Evolver only reads 
omplete lines.An iteration is one evolution step. The motion for the step is 
al
ulated as follows: First, the for
e onea
h vertex is 
al
ulated from the gradient of the total energy of the surfa
e as a fun
tion of the positionof that vertex. The for
e gives the dire
tion of motion. Se
ond, the for
e is made to 
onform to whatever
onstraints are appli
able. Third, the a
tual motion is found by multiplying the for
e by a global s
alefa
tor. 6



Chapter 3. Tutorial.x3.2. Example 1. Cube evolving into a sphere.A sample data�le 
ube.fe 
omes with Evolver. The initial surfa
e is a unit 
ube. The surfa
e boundsone body, and the body is 
onstrained to have volume 1. There is no gravity or any other for
e besidessurfa
e tension. Hen
e the minimal energy surfa
e will turn out to be a sphere. This example illustrates thebasi
 data�le format and some basi
 
ommands.
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The 
ube skeleton.
Let's look at the data�le that spe
i�es the initial unit 
ube:// 
ube.fe// Evolver data for 
ube of pres
ribed volume.verti
es /* given by 
oordinates */1 0.0 0.0 0.02 1.0 0.0 0.03 1.0 1.0 0.04 0.0 1.0 0.05 0.0 0.0 1.06 1.0 0.0 1.07 1.0 1.0 1.08 0.0 1.0 1.0edges /* given by endpoints */1 1 22 2 33 3 44 4 15 5 66 6 77 7 88 8 59 1 510 2 6 7



Surfa
e Evolver Manual11 3 712 4 8fa
es /* given by oriented edge loop */1 1 10 -5 -92 2 11 -6 -103 3 12 -7 -114 4 9 -8 -125 5 6 7 86 -4 -3 -2 -1bodies /* one body, defined by its oriented fa
es */1 1 2 3 4 5 6 volume 1The data�le is organized in lines, with one geometri
 element de�ned per line. Verti
es must be de�ned�rst, then edges, then fa
es, then bodies. Ea
h element is numbered for later referen
e in the data�le.Comments are delimited by /* */ as in C, or follow // until the end of the line as in C++. Case is notsigni�
ant, and all input is lower-
ased immediately. Hen
e error messages about your data�les will referto items in lower 
ase, even when you typed them in upper 
ase.The data�le syntax is based on keywords. The keywords VERTICES, EDGES, FACES, and BODIESsignal the start of the respe
tive se
tions. Note that the fa
es are not ne
essarily triangles (whi
h is whythey are 
alled FACES and not FACETS). Any non-triangular fa
e will be automati
ally triangulated byputting a vertex at its 
enter and putting in edges to ea
h of the original verti
es. Fa
es don't have to beplanar. Note that a minus sign on an edge means that the edge is traversed in the opposite dire
tion fromthat de�ned for it in the EDGES se
tion. The fa
e oriented normal is de�ned by the usual right hand rule.The 
ube fa
es all have outward normals, so they all are positive in the body list. In de�ning a body, theboundary fa
es must have outward normals. If a fa
e as de�ned has an inward normal, it must be listedwith a minus sign.That the body is 
onstrained to have a volume of 1 is indi
ated by the keyword VOLUME after the bodyde�nition, with the value of the volume following. Any attributes or properties an element has are given onthe same line after its de�nition.Start Evolver and load the data�le with the 
ommand lineevolver 
ube.feYou should get a promptEnter 
ommand:Give the 
ommand s to show the surfa
e. You should see a square divided into four triangles by diagonals.This is the front side of the 
ube; you are looking in along the positive x-axis, with the z axis verti
al andthe positive y axis to the right. On most systems, you 
an manipulate the displayed surfa
e with the mouse:dragging the mouse over the surfa
e with the left button down rotates the surfa
e; you 
an 
hange to "zoom"mode by hitting the z key, to "translate" by hitting t, to "spin" by hitting 
, and ba
k to "rotate" by hittingr. Hit the 'h' key with the mouse fo
us in the graphi
s window to get a summary of the possibilities. You
an also give graphi
s 
ommands at the graphi
s 
ommand prompt; this is good for pre
ise 
ontrol. Thegraphi
s 
ommand prompt isGraphi
s 
ommand:It takes strings of letters, ea
h letter making a viewing transformation on the surfa
e: The most used onesare 8



Chapter 3. Tutorial.r rotate right by 6 degreesl rotate left by 6 degreesu rotate up by 6 degreesd rotate down by 6 degreesR reset to original positionq quit ba
k to main 
ommand promptTry rrdd to get an oblique view of the 
ube. Any transformations you make will remain in e�e
t thenext time you show the surfa
e. Now do q to get ba
k to the main prompt.If you are using geomview for graphi
s, do 
ommand P option 8 to get a display. It takes a 
oupleof se
onds to initialize. You 
an manipulate the geomview display as usual independently of the Evolver.Evolver will automati
ally update the image whenever the surfa
e 
hanges.Now do some iterations. Give the 
ommand g 5 to do 5 iterations. You should get this:5. area: 5.11442065156005 energy: 5.11442065156005 s
ale: 0.1868284. area: 5.11237323810972 energy: 5.11237323810972 s
ale: 0.218853. area: 5.11249312304592 energy: 5.11249312304592 s
ale: 0.2040122. area: 5.11249312772740 energy: 5.11249312772740 s
ale: 0.203981. area: 5.11249312772740 energy: 5.11249312772740 s
ale: 0.554771Note that after ea
h iteration a line is printed with the iterations 
ountdown, area, energy, and 
urrent s
alefa
tor. By default, the Evolver seeks the optimal s
ale fa
tor to minimize energy. At �rst, there are largemotions, and the volume 
onstraint may not be exa
tly satis�ed. The energy may in
rease due to the volume
onstraint taking hold. Volume 
onstraints are not exa
tly enfor
ed, but ea
h iteration tries to bring thevolume 
loser to the target. Here that results in in
reases in area. You 
an �nd the 
urrent volumes withthe v 
ommand:Body target volume a
tual volume pressure1 1.000000000000000 0.999999779366360 3.408026016427987The pressure in the last 
olumn is a
tually the Lagrange multiplier for the volume 
onstraint. Now let'sre�ne the triangulation with the r 
ommand. This subdivides ea
h fa
et into four smaller similar fa
ets.The printout here gives the 
ounts of the geometri
 elements and the memory they take:Verti
es: 50 Edges: 144 Fa
ets: 96 Fa
etedges: 288 Memory: 27554Iterate another 10 times:10. area: 4.908899804670224 energy: 4.908899804670224 s
ale: 0.2681619. area: 4.909526310166165 energy: 4.909526310166165 s
ale: 0.2040168. area: 4.909119925577212 energy: 4.909119925577212 s
ale: 0.2865417. area: 4.908360229118204 energy: 4.908360229118204 s
ale: 0.3046686. area: 4.907421919968726 energy: 4.907421919968726 s
ale: 0.3738815. area: 4.906763705259419 energy: 4.906763705259419 s
ale: 0.2613954. area: 4.906032256943935 energy: 4.906032256943935 s
ale: 0.460863. area: 4.905484754688263 energy: 4.905484754688263 s
ale: 0.2388712. area: 4.904915540917190 energy: 4.904915540917190 s
ale: 0.5458731. area: 4.904475138593070 energy: 4.904475138593070 s
ale: 0.227156You 
an 
ontinue iterating and re�ning as long as you have time and memory.Eventually, you will want to quit. So give the q 
ommand. You getEnter new datafile name (none to 
ontinue, q to quit):9



Surfa
e Evolver ManualYou 
an start a new surfa
e by entering a data�le name (it 
an be the same one you just did, to start over),or 
ontinue with the present surfa
e by hitting ENTER with no name (in 
ase you pressed q by a

ident, orsuddenly you remember something you didn't do), or you 
an really quit with another q.x3.3. Example 2. Mound with gravity.This example is a mound of liquid sitting on a tabletop with gravity a
ting on it. The 
onta
t anglebetween the drop surfa
e and the tabletop is adjustable, to simulate the di�erent degrees to whi
h the liquidwets the table. This example illustrates ma
ros, variables, 
onstraints with energy, and omitting fa
es frombody surfa
es.
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The mound skeleton.
The drop starts as a 
ube with one fa
e (fa
e 6 of example 1) on the tabletop (the z = 0 plane). Themost straightforward way to spe
ify a 
onta
t angle is to de
lare fa
e 6 to be 
onstrained to stay on thetabletop and give it a surfa
e tension di�erent than the default of 1. But this leads to problems des
ribedbelow. The way the 
onta
t angle is handled instead is to omit fa
e 6 and give the edges around fa
e 6 anenergy integrand that results in the same energy we would get if we did in
lude fa
e 6. If we let the interfa
eenergy density for fa
e 6 be T , then we want a ve
tor�eld ~w su
h thatZ Zfa
e 6 T~k � ~dS = Z�(fa
e 6) ~w � ~dl:So by Green's Theorem, all we need is 
url ~w = T~k, and I have used ~w = �Ty~i. In pra
ti
e, I don't thinkabout Green's Theorem as su
h; I just write down a line integral that sums up strips of surfa
e.I have 
hosen to parameterize the 
onta
t angle as the angle in degrees between the table and the surfa
eon the interior of the drop. This angle 
an be adjusted by assigning a value to the variable angle at runtime. I 
ould have made WALLT the parameter dire
tly, but then I wouldn't have had an ex
use to show ama
ro.Here is the data�le mound.fe:// mound.fe// Evolver data for drop of pres
ribed volume sitting on plane with gravity.// Conta
t angle with plane 
an be varied.PARAMETER angle = 90 // interior angle between plane and surfa
e, degrees10



Chapter 3. Tutorial.#define T (-
os(angle*pi/180)) // virtual tension of fa
et on plane
onstraint 1 /* the table top */formula: x3 = 0energy: // for 
onta
t anglee1: -T*ye2: 0e3: 0verti
es1 0.0 0.0 0.0 
onstraint 1 /* 4 verti
es on plane */2 1.0 0.0 0.0 
onstraint 13 1.0 1.0 0.0 
onstraint 14 0.0 1.0 0.0 
onstraint 15 0.0 0.0 1.06 1.0 0.0 1.07 1.0 1.0 1.08 0.0 1.0 1.09 2.0 2.0 0.0 fixed /* for table top */10 2.0 -1.0 0.0 fixed11 -1.0 -1.0 0.0 fixed12 -1.0 2.0 0.0 fixededges /* given by endpoints and attribute */1 1 2 
onstraint 1 /* 4 edges on plane */2 2 3 
onstraint 13 3 4 
onstraint 14 4 1 
onstraint 15 5 66 6 77 7 88 8 59 1 510 2 611 3 712 4 813 9 10 fixed /* for table top */14 10 11 fixed15 11 12 fixed16 12 9 fixedfa
es /* given by oriented edge loop */1 1 10 -5 -92 2 11 -6 -103 3 12 -7 -114 4 9 -8 -125 5 6 7 87 13 14 15 16 density 0 fixed /* table top for display */bodies /* one body, defined by its oriented fa
es */1 1 2 3 4 5 volume 1 density 1 11



Surfa
e Evolver ManualThe mound itself was basi
ally 
opied from 
ube.fe, but with fa
e 6 deleted. The reason for this isthat fa
e 6 is not needed, and would a
tually get in the way. It is not needed for the volume 
al
ulationsin
e it would always be at z = 0 and thus not 
ontribute to the surfa
e integral for volume. The bottomedges of the side fa
es are 
onstrained to lie in the plane z = 0, so fa
e 6 is not needed to keep them from
atastrophi
ally shrivelling up. We 
ould have handled the 
onta
t angle by in
luding fa
e 6 with a surfa
etension equal to the interfa
e energy density between the liquid and surfa
e, but that 
an 
ause problemsif the edges around fa
e 6 try to migrate inward. After re�nement a 
ouple of times, interior verti
es ofthe original fa
e 6 have no for
es a
ting on them, so they don't move. Hen
e it would be tough for fa
e6 to shrink when its outer verti
es ran up against its inner verti
es. The tabletop fa
e, fa
e 7, is entirelyextraneous to the 
al
ulations. Its only purpose is to make a ni
e display. You 
ould remove it and all itsverti
es and edges without a�e
ting the shape of the mound. It's 
onstraint 1 that is the tabletop as far asthe mound is 
on
erned. To see what happens with the bottom fa
e present, load moundB.fe and do "run".Now run Evolver on mound.fe. Re�ne and iterate a while. You should get a ni
e mound. It's not ahemisphere, sin
e gravity is on by default with G = 1. If you use the G 
ommand to set G 0 and iterate awhile, you get a hemisphere. Try 
hanging the 
onta
t angle, to 45 degrees (with the 
ommand angle :=45 or 135 degrees for example. You 
an also play with gravity. Set G 10 to get a 
attened drop, or G -5 toget a drop hanging from the 
eiling. G -10 will 
ause the drop to try to break loose, but it 
an't, sin
e itsverti
es are still 
onstrained.x3.4. Example 3. Catenoid.The 
atenoid is the minimal surfa
e formed between two rings not too far apart. In 
ylindri
al 
o-ordinates, its equation is r = (1=a) 
osh(az). In 
at.fe, both the upper and lower rings are given asone-parameter boundary wires. The separation and radius are parameters, so you 
an 
hange them duringa run with the A 
ommand. The initial radius given is the minimum for whi
h a 
atenoid 
an exist for thegiven separation of the rings. To get a stable 
atenoid, you will have to in
rease this value. However, if youdo run with the original value, you 
an wat
h the ne
k pin
h out.
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The 
atenoid skeleton. Verti
es and edges 1-6 are on
ir
ular boundary 1, and verti
es and edges 7-12 are on
ir
ular boundary 2.
The initial surfa
e 
onsists of six re
tangles forming a 
ylinder between the two 
ir
les. The verti
eson the boundaries are �xed, elsewise they would slide along the boundary to short-
ut the 
urvature; twodiameters is shorter than one 
ir
umferen
e. The boundary edges are �xed so that verti
es arising fromsubdividing the edges are likewise �xed.Here is the 
atenoid data�le:// 
at.fe// Evolver data for 
atenoid.PARAMETER RMAX = 1.5088795 // minimum radius for height12



Chapter 3. Tutorial.PARAMETER ZMAX = 1.0//PARAMETER TWIST = 0.0 // for twisting triangulation to follow// lines of 
urvatureboundary 1 parameters 1 // upper ringx1: RMAX * 
os(p1)x2: RMAX * sin(p1)x3: ZMAXboundary 2 parameters 1 // lower ringx1: RMAX * 
os(p1)x2: RMAX * sin(p1)x3: -ZMAXverti
es // given in terms of boundary parameter1 0.00 boundary 1 fixed2 pi/3 boundary 1 fixed3 2*pi/3 boundary 1 fixed4 pi boundary 1 fixed5 4*pi/3 boundary 1 fixed6 5*pi/3 boundary 1 fixed7 0.00 boundary 2 fixed8 pi/3 boundary 2 fixed9 2*pi/3 boundary 2 fixed10 pi boundary 2 fixed11 4*pi/3 boundary 2 fixed12 5*pi/3 boundary 2 fixededges1 1 2 boundary 1 fixed2 2 3 boundary 1 fixed3 3 4 boundary 1 fixed4 4 5 boundary 1 fixed5 5 6 boundary 1 fixed6 6 1 boundary 1 fixed7 7 8 boundary 2 fixed8 8 9 boundary 2 fixed9 9 10 boundary 2 fixed10 10 11 boundary 2 fixed11 11 12 boundary 2 fixed12 12 7 boundary 2 fixed13 1 714 2 815 3 916 4 1017 5 1118 6 12fa
es1 1 14 -7 -132 2 15 -8 -14 13



Surfa
e Evolver Manual3 3 16 -9 -154 4 17 -10 -165 5 18 -11 -176 6 13 -12 -18The parameter in a boundary de�nition is always P1 (and P2 in a two-parameter boundary). TheEvolver 
an handle periodi
 parameterizations, as is done in this example.Try this sequen
e of 
ommands (displaying at your 
onvenien
e):r (re�ne to get a 
rude, but workable, triangulation)u (equiangulation makes mu
h better triangulation)g 120 (takes this many iterations for ne
k to 
ollapse)t (
ollapse ne
k to single vertex by eliminating all edges shorter than 0.05)0.05o (split ne
k vertex to separate top and bottom surfa
es)g (spikes 
ollapse)The 
atenoid shows some of the subtleties of evolution. Suppose the initial radius is set to RMAX = 1:0 andthe initial height to ZMAX = 0:55. Fifty iterations with optimizing s
ale fa
tor result in an area of 6.458483.At this point, ea
h iteration is redu
ing the area by only .0000001, the triangles are all nearly equilateral,everything looks ni
e, and the inno
ent user might 
on
lude the surfa
e is very near its minimum. But thisis really a saddle point of energy. Further iteration shows that the area 
hange per iteration bottoms outabout iteration 70, and by iteration 300 the area is down to 6.4336. The triangulation really wants to twistaround so that there are edges following the lines of 
urvature, whi
h are verti
al meridians and horizontal
ir
les. Hen
e the optimum triangulation appears to be re
tangles with diagonals.The evolution 
an be speeded up by turning on the 
onjugate gradient method with the `U' 
ommand.For 
onjugate gradient 
ognos
enti, the saddle point demonstrates the di�eren
e between the Flet
her-Reevesand Polak-Ribiere versions of 
onjugate gradient (x7.8.3). The saddle point seems to 
onfuse the Flet
her-Reeves version (whi
h used to be the default). However, the Polak-Ribiere version (the 
urrent default)has little problem. The U toggles 
onjugate gradient on and o�, and ribiere toggles the Polak-Ribiereversion. With Flet
her-Reeves 
onjugate gradient in e�e
t, the saddle point is rea
hed at iteration 17 andarea starts de
reasing again until iteration 30, when it rea
hes 6.4486. But then iteration stalls out, and the
onjugate gradient mode has to be turned o� and on to erase the history ve
tor. On
e restarted, another 20iterations will get the area down to 6.4334. In Polak-Ribiere mode, no restart is ne
essary.Exer
ise for the reader: Get the Surfa
e Evolver to display an unstable 
atenoid by de
laring the
atenoid fa
ets to be the boundary of a body, and adjusting the body volume with the b 
ommand to getzero pressure.x3.5. Example 4. Torus partitioned into two 
ells.
Pair of Kelvin tetrakaide
ahedra.

14



Chapter 3. Tutorial.This example has a 
at 3-torus (i.e. periodi
 boundary 
onditions) divided into two bodies. The unit
ell is a unit 
ube, and the surfa
e has the topology of Kelvin's partitioning of spa
e into tetrakaide
ahedra[TW℄, whi
h was the least area partitioning of spa
e into equal volumes known until re
ently [WP℄. Thedata�le handles the wrapping of edges around the torus by spe
ifying for ea
h dire
tion whether an edgewraps positively (+), negatively (-), or not at all (*).The display of a surfa
e in a torus 
an be done several ways. The 
onne
ted 
ommand (my favorite)shows ea
h body as a single unit. The 
lipped 
ommand shows the surfa
e 
lipped to the fundamentalparallelpiped. The raw 
ells 
ommand shows the unedited surfa
e.The Weaire-Phelan stru
ture [WP℄ is in the data�le phelan
.fe. It has area 0.3% less than Kelvin's.// twointor.fe// Two Kelvin tetrakaide
ahedra in a torus.TORUS_FILLEDperiods1.000000 0.000000 0.0000000.000000 1.000000 0.0000000.000000 0.000000 1.000000verti
es1 0.499733 0.015302 0.7923142 0.270081 0.015548 0.5001993 0.026251 0.264043 0.5004584 0.755123 0.015258 0.4993025 0.026509 0.499036 0.7946366 0.500631 0.015486 0.2936227 0.025918 0.750639 0.4999528 0.499627 0.251759 0.0878589 0.256701 0.499113 0.08784210 0.026281 0.500286 0.29291811 0.500693 0.765009 0.08652612 0.770240 0.499837 0.087382edges1 1 2 * * *2 2 3 * * *3 1 4 * * *4 3 5 * * *5 2 6 * * *6 2 7 * - *7 1 8 * * +8 4 6 * * *9 5 9 * * +10 3 10 * * *11 3 4 - * *12 6 8 * * *13 6 11 * - *14 7 4 - + *15 8 12 * * *16 9 8 * * *17 9 11 * * * 15



Surfa
e Evolver Manual18 10 7 * * *19 11 1 * + -20 12 5 + * -21 5 7 * * *22 11 12 * * *23 10 12 - * *24 9 10 * * *fa
es1 1 2 4 9 16 -72 -2 5 12 -16 24 -103 -4 10 18 -214 7 15 20 -4 11 -35 -1 3 8 -56 6 14 -11 -27 5 13 -17 24 18 -68 -12 13 19 79 -16 17 22 -1510 -10 11 8 12 15 -2311 -21 9 17 19 1 612 -14 -18 23 -22 -13 -813 -24 -9 -20 -2314 -19 22 20 21 14 -3bodies1 -1 -2 -3 -4 -5 9 7 11 -9 10 12 5 14 3 volume 0.5002 2 -6 -7 8 -10 -12 -11 -13 1 13 -14 6 4 -8 volume 0.500Doing some re�ning and iterating will show that the optimal shape is 
urved a bit.x3.6. Example 5. Ring around rotating rod.This example 
onsists of a ring of liquid forming a torus around a rod rotating along its long axis (zaxis) in weightlessness. The liquid has 
ontrollable 
onta
t angle with the rod. The interesting question isthe stability of the ring as the spin in
reases.
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The ringblob.fe skeleton. This takes advantageof symmetry to do just the upper half. The rodpasses verti
ally through the hole in the middle.Only the free liquid surfa
e need be done, sin
ethe 
onta
t angle on the rod 
an spe
i�ed bya 
onstraint energy integral on edges 9-12, andthe liquid/rod surfa
e 
ontributes zero to thevolume 
al
ulation.16



Chapter 3. Tutorial.The e�e
t of the rotation is in
orporated in the energy through an integral using the divergen
e theorem:E = � Z Z ZB 12�r2!2dV = � Z Z�B 12�!2(x2 + y2)z~k � ~dAwhere B is the region of the liquid, � is the 
uid density and ! is the angular velo
ity. Note the energy isnegative, be
ause spin makes the liquid want to move outward. This has to be 
ountered by surfa
e tensionfor
es holding the liquid on the rod. If � is negative, then one has a toroidal bubble in a rotating liquid,and high spin stabilizes the torus. The spin energy is put in the data�le using the named quantity syntax(see below). \
entrip" is a user-
hosen name for the quantity, \energy" de
lares that this quantity is partof the total energy, \global method" says that the following method is to be applied to the whole surfa
e,\fa
et ve
tor integral" is the pre-de�ned name of the method that integrates ve
tor �elds over fa
ets,and \ve
tor integrand" introdu
es the 
omponents of the ve
tor�eld.The rod surfa
e is de�ned to be 
onstraint 1 with equation x2 + y2 = R2, where R is the radius of therod. The 
onta
t energy of the liquid with the rod is taken 
are of with an edge integral over the edgeswhere the liquid surfa
e meets the rod:E = Z ZS �T 
os(�)dA = �T 
os(�) Z�S zds = T 
os(�) Z�S zR (y~i� x~j) � ~dsHere S is the rod surfa
e not in
luded as fa
ets in �B, T is the surfa
e tension of the free surfa
e, and � isthe internal 
onta
t angle.Constraint 2 is a horizontal symmetry plane. By assuming symmetry, we only have to do half the work.Constraint 3 is a one-sided 
onstraint that keeps the liquid outside the rod. Merely having boundaryedges on the rod with 
onstraint 1 is not enough in 
ase the 
onta
t angle is near 180Æ and the liquid volumeis large. Constraint 3 may be put on any verti
es, edges, or fa
es likely to try to invade the rod. However,it should be noted that if you put 
onstraint 3 on only some verti
es and edges, equiangulation will beprevented between fa
ets having di�erent 
onstraints.Constraint 4 is a devi
e to keep the verti
es on the rod surfa
e evenly spa
ed. Edges on 
urved 
onstraintsoften tend to be
ome very uneven, sin
e long edges short-
utting the 
urve 
an save energy. Hen
e the needfor a way to keep the verti
es evenly spread 
ir
umferentially, but free to move verti
ally. One way to dothat is with another 
onstraint with level sets being verti
al planes through the z axis at evenly spa
edangles. Constraint 4 uses the real modulus fun
tion with ar
tangent to 
reate a periodi
 
onstraint. Ea
hre�nement, the parameters need to be halved to 
ut the period in half. This is done with the spe
ial \rr"re�nement 
ommand at the end of the data�le. The regular \r" re�nement 
ommand should never be usedon this �le. Note that autore
al
 is temporarily turned o� to prevent proje
ting verti
es to the 
onstraintwhen it is in an invalid state. Also note the �=6 o�set to avoid the dis
ontinuity in the modulus fun
tion.�=6 was 
leverly 
hosen so that all re�nements would also avoid the dis
ontinuity.For dete
ting stability, one 
an perturb the torus by de�ning a 
ommandperturb := set vertex y y+ :01 where not on 
onstraint 1This sets the y 
oordinate of ea
h vertex to y + :01. For 
onvenien
e, this 
ommand is de�ned in the\read" se
tion at the end of the data�le, where you 
an put whatever 
ommands you want to exe
uteimmediately after the data�le is loaded. To dete
t small perturbations, and get numeri
al values for the sizeof perturbations, the y moment of the liquid is 
al
ulated in the named quantity \ymoment". It is not partof the energy, as indi
ated by the \info only" keyword. You 
an see the value with the \v" 
ommand.// ringblob.fe// Toroidal liquid ring on a rotating rod in weightlessness.// Half of full torus// Using se
ond periodi
 
onstraint surfa
e interse
ting rod to17



Surfa
e Evolver Manual// 
onfine verti
es on rod to verti
al motion.// Important note to user: Use only the 'rr' 
ommand defined at// the end of this file to do refinement. This is due to the// nature of 
onstraint 4 below.// This permits drawing both halves of the ringview_transforms 11 0 0 00 1 0 00 0 -1 00 0 0 1// Basi
 parameters. These may be adjusted at runtime with the// 'A' 
ommand. Only spin is being adjusted in these experiments.parameter rodr = 1 // rod radiusparameter spin = 0.0 // angular velo
ityparameter angle = 30 // internal 
onta
t angle with rodparameter tens = 1 // surfa
e tension of free surfa
e#define rode (-tens*
os(angle*pi/180)) // liquid-rod 
onta
t energyparameter dens = 1 // density of liquid, negative for bubble// spin 
entripetal energyquantity 
entrip energy global_method fa
et_ve
tor_integralve
tor_integrand:q1: 0q2: 0q3: -0.5*dens*spin*spin*(x^2+y^2)*z// y moment, for dete
ting instabilityquantity ymoment info_only global_method fa
et_ve
tor_integralve
tor_integrand:q1: 0q2: 0q3: y*z// Constraint for verti
es and edges 
onfined to rod surfa
e,// with integral for blob area on rod
onstraint 1formula: x^2 + y^2 = rodr^2energy:e1: -rode*z*y/rodre2: rode*z*x/rodre3: 0// Horizontal symmetry plane
onstraint 2formula: z = 0// Rod surfa
e as one-sided 
onstraint, to keep stuff from 
aving in// Can be added to verti
es, edges, fa
ets that try to 
ave in
onstraint 3 nonnegativeformula: x^2 + y^2 = rodr^2 18



Chapter 3. Tutorial.// Constraint to for
e verti
es on rod to move only verti
ally.// Expressed in periodi
 form, so one 
onstraint fits arbitrarily// many verti
es. Note offset to pi/6 to avoid diffi
ulties with// modulus dis
ontinuity at 0.parameter pp = pi/2 /* to be halved ea
h refinement */parameter qq = pi/6 /* to be halved ea
h refinement */
onstraint 4formula: (atan2(y,x)+pi/6) % pp = qq//initial dimensions#define ht 2#define wd 3verti
es1 0 -wd 0 
onstraints 2 // equatorial verti
es2 wd 0 0 
onstraints 23 0 wd 0 
onstraints 24 -wd 0 0 
onstraint 25 0 -wd ht // upper outer 
orners6 wd 0 ht7 0 wd ht8 -wd 0 ht9 0 -rodr ht 
onstraints 1,4 // verti
es on rod10 rodr 0 ht 
onstraints 1,411 0 rodr ht 
onstraints 1,412 -rodr 0 ht 
onstraints 1,4edges1 1 2 
onstraint 2 // equatorial edges2 2 3 
onstraint 23 3 4 
onstraint 24 4 1 
onstraint 25 5 6 // upper outer edges6 6 77 7 88 8 59 9 10 
onstraint 1,4 // edges on rod10 10 11 
onstraint 1,411 11 12 
onstraint 1,412 12 9 
onstraint 1,413 1 5 // verti
al outer edges14 2 615 3 716 4 817 5 9 // 
utting up top fa
e18 6 1019 7 1120 8 12fa
es /* given by oriented edge loop */1 1 14 -5 -13 tension tens // side fa
es2 2 15 -6 -14 tension tens // Remember you 
an't 
hange fa
et tension19



Surfa
e Evolver Manual3 3 16 -7 -15 tension tens // dynami
ally just by 
hanging tens; you have4 4 13 -8 -16 tension tens // to do "tens := 2; set fa
et tension tens"5 5 18 -9 -17 tension tens // top fa
es6 6 19 -10 -18 tension tens7 7 20 -11 -19 tension tens8 8 17 -12 -20 tension tensbodies /* one body, defined by its oriented fa
es */1 1 2 3 4 5 6 7 8 volume 25.28read // some initializationstransforms off // just show fundamental region to start with// spe
ial refinement 
ommand redefinitionr :::= autore
al
 off; pp := pp/2; qq := qq % pp; 'r'; autore
al
 on;// a slight perturbation, to 
he
k stabilityperturb := set vertex y y+.01 where not on_
onstraint 1hessian_normal // to make Hessian well-behavedlinear_metri
 // to normalize eigenvalues
x3.7. Example 6. Column of liquid solder.Here we have a tiny drop of liquid solder that bridges between two parallel, horizontal planes, the lowerat z = 0 and the upper at z = ZH. On ea
h plane there is a 
ir
ular pad that the solder perfe
tly wets, andthe solder is perfe
tly nonwetting o� the pads. This would be just a 
atenoid problem with �xed volume,ex
ept that the pads are o�set, and it is desired to �nd out what horizontal and verti
al for
es the solderexerts. The surfa
e is de�ned the same way as in the 
atenoid example, ex
ept the upper boundary ringhas a shift variable \SHIFT" in it to provide an o�set in the y dire
tion. This makes the shift adjustable atrun time. Sin
e the top and bottom fa
ets of the body are not in
luded, the 
onstant volume they a

ountfor is provided by 
ontent integrals around the upper boundary, and the gravitational energy is provided byan energy integral. One 
ould use the vol
onst attribute of the body instead for the volume, but then onewould have to reset that every time ZH 
hanged.
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Chapter 3. Tutorial.The interesting part of this example is the 
al
ulation of the for
es. One 
ould in
rementally shiftthe pad, minimize the energy at ea
h shift, and numeri
ally di�erentiate the energy to get the for
e. Orone 
ould set up integrals to 
al
ulate the for
e dire
tly. But the simplest method is to use the Prin
ipleof Virtual Work by shifting the pad, re
al
ulating the energy without re-evolving, and 
orre
ting for thevolume 
hange. Re-evolution is not ne
essary be
ause when a surfa
e is at an equilibrium, then by de�nitionany perturbation that respe
ts 
onstraints does not 
hange the energy to �rst order. To adjust for 
hangesin 
onstraints su
h as volume, the Lagrange multipliers (pressure for the volume 
onstraint) tell how mu
hthe energy 
hanges for given 
hange in the 
onstraints:DE = LTDCwhere DE is the energy 
hange, L is the ve
tor of Lagrange multipliers and DC is the ve
tor of 
onstraintvalue 
hanges. Therefore, the adjusted energy after a 
hange in a parameter isEadj = Eraw � LTDCwhere Eraw is the a
tual energy and DC is the ve
tor of di�eren
es of 
onstraint values from target values.The 
ommands do yfor
e and do zfor
e in the data�le do 
entral di�eren
e 
al
ulations of the for
es onthe top pad, and put the surfa
e ba
k to where it was originally. Note that the perturbations are madesmoothly, i.e. the shear varies linearly from bottom to top. This is not absolutely ne
essary, but it gives asmoother perturbation and hen
e a bit more a

ura
y.// 
olumn.fe// example of using fa
et_general_integral to measure restoring for
e// of tiny 
olumn of liquid solder in shape of skewed 
atenoid.// All units 
gsparameter RAD = 0.05 // ring radiusparameter ZH = 0.04 // heightparameter SHI = 0.025 // shift#define SG 8 // spe
ifi
 gravity of solder#define TENS 460 // surfa
e tension of solder#define GR 980 // a

eleration of gravityquantity grav_energy energy modulus GR*SG global_method gravity_methodmethod_instan
e dvoly method fa
et_ve
tor_integral modulus -1ve
tor_integrand:q1: 0q2: (z+ZH)/2/ZHq3: 0// following method instan
es and quantity for aligning for
emethod_instan
e dareay method fa
et_general_integrals
alar_integrand: TENS*x6*x5/2/ZH/sqrt(x4^2+x5^2+x6^2)method_instan
e dgrav method fa
et_ve
tor_integralve
tor_integrand:q1: 0q2: -0.25*GR*SG*z^2/ZHq3: 0quantity for
ey info_only global_method dareay global_method dvolyglobal_method dgrav 21



Surfa
e Evolver ManualBOUNDARY 1 PARAMETERS 1X1: RAD*
os(P1)X2: RAD*sin(P1)X3: ZHBOUNDARY 2 PARAMETERS 1X1: RAD*
os(P1)X2: RAD*sin(P1) + SHIX3: -ZHverti
es // given in terms of boundary parameter1 0.00 boundary 1 fixed2 pi/3 boundary 1 fixed3 2*pi/3 boundary 1 fixed4 pi boundary 1 fixed5 4*pi/3 boundary 1 fixed6 5*pi/3 boundary 1 fixed7 0.00 boundary 2 fixed8 pi/3 boundary 2 fixed9 2*pi/3 boundary 2 fixed10 pi boundary 2 fixed11 4*pi/3 boundary 2 fixed12 5*pi/3 boundary 2 fixededges1 1 2 boundary 1 fixed2 2 3 boundary 1 fixed3 3 4 boundary 1 fixed4 4 5 boundary 1 fixed5 5 6 boundary 1 fixed6 6 1 boundary 1 fixed7 7 8 boundary 2 fixed8 8 9 boundary 2 fixed9 9 10 boundary 2 fixed10 10 11 boundary 2 fixed11 11 12 boundary 2 fixed12 12 7 boundary 2 fixed13 1 714 2 815 3 916 4 1017 5 1118 6 12fa
es1 1 14 -7 -13 density TENS2 2 15 -8 -14 density TENS3 3 16 -9 -15 density TENS4 4 17 -10 -16 density TENS5 5 18 -11 -17 density TENS6 6 13 -12 -18 density TENS 22



Chapter 3. Tutorial.bodies1 -1 -2 -3 -4 -5 -6 volume 0.000275 vol
onst 2*pi*RAD^2*ZHreadhessian_normaldodiff := olde := total_energy; shi := shi + .0001 ; olddarea := dareay.value;
onj_grad; ribiere; g 40;printf "A
tual for
e: %2.15g\n", (total_energy-olde)/.0001;printf "darea for
e: %2.15g\n", (dareay.value/2+olddarea/2)/2;
x3.8. Example 7. Ro
ket fuel tank.This example dis
usses a 
ylindri
al 
at-ended tank in low gravity with some liquid inside. Completeunderstanding of this example quali�es you as an Evolver Power User.
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The tank skeleton, left,and surfa
e, right.Only the free surfa
eneeds to be expli
itlyrepresented.
The initial 
on�guration is shown in the �gure. The axis is horizontal with the base at the left. We willassume the fuel is in a ring around the base of the tank. The fuel 
omprises one body, and the boundary ofthe body has four 
omponents:1. The 
overed part of the 
at 
ir
ular base at y = 0, implemented as 
onstraint 1..2. The 
ylindri
al wall at x2 + z2 = R2, implemented as 
onstraint 2..3. The triangular fa
ets (8 of them in the �gure).4. The gaps between the edges on the wall (the \gap edges", edges 5,6,7,8 in the �gure) and the wall. Wewill assume that the gap surfa
es are generated by lines radially outward from the 
entral axis (the yaxis) through the points of the gap edges.To spe
ify 
onta
t angles, let �B be the interior 
onta
t angle with the base, and let �W be the interior
onta
t angle with the 
ylindri
al wall.x3.8.1. Surfa
e energy.Base. 23



Surfa
e Evolver ManualThe surfa
e energy here 
omes from the 
onta
t angle. The angle is represented by pretending theun
overed base has surfa
e tension TB = 
os(�B). That we handle with an energy integral on 
onstraint 1.We want E = Z Zbase TB~j � ~dA: (1)By Stokes' theorem, this is the integral around the edges in the base (edges 1,2,3,4)E = Zedges TBz~i � ~ds; (2)where the edges are oriented oppositely from the �gure. Hen
e the energy integrand for 
onstraint 1 shouldbe �TBz~i.Wall.The 
onta
t angle is represented by pretending the un
overed wall has surfa
e tension TW = 
os(�W ).The un
overed wall in in�nite, so we will assume equivalently that the 
overed wall has tension �TW . Theenergy is E = Z Zwall�TWdA = Z Zwall�TW 1R (x~i+ z~k) � ~dA: (3)We want to turn this into an integral over the boundary of the wall, whi
h is made of two paths, the base
ir
umferen
e and the \gap tra
e" where the gap surfa
es meet the wall. This 
alls for a ve
tor potential,but our integrand above does not have zero divergen
e. But we 
ould 
hoose a divergen
eless integrand thatis equal on the wall: E = Z Zwall ~F � ~dA: (4)where ~F = �TW R(x2 + z2) (x~i+ z~k): (5)Now we 
an get a ve
tor potential ~w~w = �TW Ry(x2 + z2) (�z~i+ x~k); r� ~w = ~F : (6)Hen
e E = Zbase
ir
um ~w � ds+ Zgap tra
e ~w � ds: (7)The �rst of these is zero sin
e y = 0 there. The se
ond is equal to the integral over the gap edges, sin
er� ~w is parallel to the gap surfa
es! So E = Zgap edges ~w � ds; (8)where the gap edges are oppositely oriented from the �gure. Hen
e the 
onstraint 2 energy integrand in
ludes�~w.The fa
ets.The surfa
e tension energy here is automati
ally taken 
are of by the Evolver. We will leave the surfa
etension as the default value of 1.The gaps.We will de
lare 
onstraint 2 to be CONVEX so that Evolver will in
lude a gap surfa
e energy for all thegap edges. We put the spring 
onstant to be 1, as that value give the best approximation to the true areafor small gaps. 24



Chapter 3. Tutorial.x3.8.2. Volume.The body volume V = R R R dV 
an be 
al
ulated as a surfa
e integral V = R R ~F � ~dA where r �F = 1.The integral over the fa
ets is handled automati
ally, but there are two 
hoi
es for ~F . We will take ~F =(x~i+ y~j + z~k)=3 by putting SYMMETRIC_CONTENT in the data�le. (This 
hoi
e works better for the tank onits side; for an upright tank, the default ~F = z~k is easier.) The surfa
e integral has four 
omponents:Base.This part of the integral is zero, sin
e y = 0 and the normal is ~j.The wall.Here the ~j 
omponent of ~F 
an be dropped, and the rest put in the equivalent divergen
eless form~FW = R23(x2 + z2) (x~i+ z~k): (9)This has ve
tor potential ~w = R2y3(x2 + z2) (�z~i+ x~k); r� ~w = ~FW : (10)By the same reasoning as for wall area, this redu
es to the integral of �~w over the gap edges. Thus wein
lude �~w in the 
ontent integrand of 
onstraint 2.Fa
ets.Evolver takes 
are of these automati
ally.Gaps.We subtra
t some radial 
omponent from ~F to get a divergen
eless ve
tor ~FG with the same surfa
eintegral over the gap surfa
es: ~FG = �16x~i+ 13y~j � 16z~k: (11)This has ve
tor potential ~w = 16zy~i� 16xy~k: (12)Hen
e Z Zgaps ~F � dA = Zgap tra
e ~w � ds+ Zgap edges ~w � ds: (13)The se
ond part we 
an put dire
tly into the 
onstraint 2 
ontent integrand (with opposite orientation ofthe edges). The gap tra
e part we 
onvert to an equivalent integrand ~v:~v = R2y6(x2 + z2) (z~i� x~k): (14)whi
h has radial 
url. Hen
e the gap tra
e integral is the same as Rgap edges ~v � ds, this time with the edgesin the same orientation as the �gure.x3.8.3. Gravity.Just for fun, we're going to put in gravity in su
h a way that the user 
an make it a
t in any dire
tion.Let the a

eleration of gravity be ~G = gy~j+gz~k. gy and gz will be adjustable 
onstants. Let the fuel densitybe �. Then the gravitational potential energy isE = � Z Z Zbody ~G � ~x�dV = � Z Z Zbody(gyy + gzz)�dV: (15)25



Surfa
e Evolver ManualFirst we 
hange this to a surfa
e integralE = �� Z Z�body ~F � ~dA; r � ~F = gyy + gzz: (16)It turns out 
onvenient to take ~F = (gy y22 + gzyz)~j: (17)The surfa
e integral has four 
omponents:Base.This part is zero sin
e y = 0.Wall.This part is also zero sin
e ~F is parallel to the wall.Fa
ets.This part is taken 
are of by installing ��~F as the integrand for named quantity arb_grav for thefa
ets.Gaps.We get an equivalent divergen
e-free integrand ~FG by adding a radial 
omponent to ~F :~FG = gy �y22 ~j � y2(x~i+ z~k)�+ gz �yz~j � z3(x~i+ z~k)� : (18)This has ve
tor potential ~w ~w = �gy y24 + gz yz3 � (z~i� x~k): (19)This is integrated over the gap edges with negative orientation, so �~w goes into the energy integrand of
onstraint 2, and over the gap tra
e. For the gap tra
e part, we 
onstru
t an equivalent ~wG that has radial
url: ~wG = �gy y24 R2(x2 + y2) + gz yz3 R3(x2 + z2)(3=2)� (z~i� x~k); (20)so Zgap tra
e ~w � ~ds = Zgap edges ~wG � ~ds: (21)Here the integral is over the same orientation as in the �gure, so ��wG also goes into the energy integrandof 
onstaint 2.x3.8.4. Running.Re�ne on
e before iterating. Iterate and re�ne to your heart's 
ontent. You might try 
ommand uon
e in a while to regularize the triangulation. Play around with 
ommand A to 
hange gravity and wall
onta
t angles. Keep an eye on the s
ale fa
tor. If it gets towards zero, 
he
k out the t and w histograms.// tankex.fe// Equilibrium shape of liquid in flat-ended 
ylindri
al tank.// Tank has axis along y-axis and flat bottom in x-z plane. This// is so gravity a
ting verti
ally draws liquid toward wall.26



Chapter 3. Tutorial.// Straight edges 
annot 
onform exa
tly to 
urved walls.// We need to give them an area so that area 
annot shrink by straght edges// pulling away from the walls. The gaps are also a

ounted for// in volume and gravitational energy.SYMMETRIC_CONTENT // for volume 
al
ulations// Conta
t angles, initially for 45 degrees.PARAMETER ENDT = 0.707 /* surfa
e tension of un
overed base */PARAMETER WALLT = 0.707 /* surfa
e tension of un
overed side wall */// Gravity 
omponentsPARAMETER GY = 0PARAMETER GZ = -1SPRING_CONSTANT 1 // for most a

urate gap areas for 
onstraint 2#define TR 1.00 /* tank radius */#define RHO 1.00 /* fuel density */
onstraint 1 // flat basefun
tion: y = 0energy: // for 
onta
t energy line integrale1: -ENDT*ze2: 0e3: 0#define wstuff (WALLT*TR*y/(x^2 + z^2)) // 
ommon wall area term#define vstuff (TR^2/3*y/(x^2 + z^2)) // 
ommon wall volume term#define gstuff (GY*TR^2*y^2/4/(x^2 + z^2) + GZ*TR^3*y*z/3/(x^2+z^2)**1.5)// 
ommon gap gravity term
onstraint 2 CONVEX // 
ylindri
al wallfun
tion: x^2 + z^2 = TR^2energy: // for 
onta
t energy and gravitye1: -wstuff*z + RHO*GY*y^2*z/4 + RHO*GZ*y*z^2/3 - RHO*gstuff*ze2: 0e3: wstuff*x - RHO*GY*y^2*x/4 - RHO*GZ*y*z*x/3 + RHO*gstuff*x
ontent: // so volumes 
al
ulated 
orre
tly
1: vstuff*z - z*y/6 + vstuff*z/2
2: 0
3: -vstuff*x + x*y/6 - vstuff*x/2// named quantity for arbitrary dire
tion gravity on fa
etsquantity arb_grav energy method fa
et_ve
tor_integral globalve
tor_integrand:q1: 0q2: -RHO*GY*y^2/2 - RHO*GZ*y*zq3: 0// Now the spe
ifi
ation of the initial shape27



Surfa
e Evolver Manualverti
es1 0.5 0.0 0.5 
onstraint 12 0.5 0.0 -0.5 
onstraint 13 -0.5 0.0 -0.5 
onstraint 14 -0.5 0.0 0.5 
onstraint 15 1.0 0.5 0.0 
onstraint 26 0.0 0.5 -1.0 
onstraint 27 -1.0 0.5 0.0 
onstraint 28 0.0 0.5 1.0 
onstraint 2edges1 2 1 
onstraint 12 1 4 
onstraint 13 4 3 
onstraint 14 3 2 
onstraint 15 5 6 
onstraint 26 6 7 
onstraint 27 7 8 
onstraint 28 8 5 
onstraint 29 1 810 1 511 2 512 2 613 3 614 3 715 4 716 4 8fa
es1 13 6 -142 3 14 -153 15 7 -164 2 16 -95 9 8 -106 1 10 -117 11 5 -128 4 12 -13bodies1 1 2 3 4 5 6 7 8 volume 0.6 density 0 /* no default gravity */
x3.9. Example 8. Spheri
al tank.This example dis
usses a speri
al tank in low gravity with some liquid inside. Complete understandingof this example quali�es you as an Evolver Power User.The initial 
on�guration is shown above. The liquid 
omprises one body, and the boundary of the bodyhas three 
omponents:1. The sphere at x2+y2+z2 = R2, implemented as 
onstraint 1. ( A
tually, implemented aspx2 + y2 + z2) =R so that proje
tion to the 
onstraint is linear in the radius, whi
h gives mu
h faster 
onvergen
e.)2. The fa
eted surfa
e (initially, the single fa
e). 28
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13 The liquid surfa
e (equatorial plane)and the rear hemisphere.
3. The gaps between the edges on the sphere (the \gap edges", edges 1,2,3,4 in the �gure) and the sphere.We will assume that the gap surfa
es are generated by lines radially outward from the 
enter of thesphere through the points of the gap edges.We will often be looking for ve
tor�elds that have radial 
url, sin
e their integral over the gap edgeswill be the same as over the gap tra
e. As a useful fa
t for all the 
urls below, note that if~w = zn(x2 + y2)(x2 + y2 + z2)n=2 (y~i� x~j) (1)then r� ~w = nzn�1(x2 + y2 + z2)1+n=2 (x~i+ y~j + z~k): (2)To spe
ify 
onta
t angles, let �W be the interior 
onta
t angle with the spheri
al wall.x3.9.1. Surfa
e energy.Wall.The 
onta
t angle is represented by pretending the un
overed wall has surfa
e tension TW = 
os(�W ).We will assume equivalently that the 
overed wall has tension �TW . The energy isE = Z Zwall�TW dA = Z Zwall�TW 1R (x~i+ y~j + z~k) � ~dA: (3)We want to turn this into an integral over the boundary of the 
overed wall, the \gap tra
e" where thegap surfa
es meet the wall. This 
alls for a ve
tor potential, but our integrand above does not have zerodivergen
e. But we 
ould 
hoose a divergen
eless integrand that is equal on the wall:E = Z Zwall ~F � ~dA; (4)where ~F = �TW R2(x2 + y2 + z2)3=2 (x~i+ y~j + z~k): (5)29



Surfa
e Evolver ManualNow we 
an get a ve
tor potential ~w (see useful fa
t above with n = 1)~w = �TW R2z(x2 + y2)(x2 + y2 + z2)1=2 (y~i� x~j); r� ~w = ~F : (6)Hen
e E = Zgap tra
e ~w � ds: (7)This is equal to the integral over the gap edges, sin
e r� ~w is parallel to the gap surfa
es. SoE = Zgap edges ~w � ds; (8)where the gap edges are oppositely oriented from the �gure. Hen
e the 
onstraint energy integrand in
ludes�~w. Note the potential ~w is zero at z = 0, so it is a
tually measuring area above the equator. So one wouldneed to add a hemisphere's worth of energy 2TW�R2=3.The fa
ets.The surfa
e tension energy here is automati
ally taken 
are of by the Evolver. We will leave the surfa
etension as the default value of 1.The gaps.We will de
lare 
onstraint 1 to be CONVEX so that Evolver will in
lude a gap surfa
e energy for all thegap edges. We put the spring 
onstant to be 1, as that value give the best approximation to the true areafor small gaps.x3.9.2. Volume.The body volume V = R R R dV 
an be 
al
ulated as a surfa
e integral V = R R ~F � ~dA where r �F = 1.The integral over the fa
ets is handled automati
ally, but there are two 
hoi
es for ~F . We will take ~F =(x~i+ y~j + z~k)=3 by putting SYMMETRIC_CONTENT in the data�le. ThusV = 13 Z Zbody surfa
e(x~i+ y~j + z~k) � dA: (9)The surfa
e integral has three 
omponents:The wall.Like wall energy, this is �rst put in the equivalent divergen
eless form~F = 13 R3(x2 + y2 + z2)3=2 (x~i+ y~j + z~k): (10)This has ve
tor potential (again useful fa
t above with n = 1)~w = 13 R3z(x2 + y2)(x2 + y2 + z2)1=2 (y~i� x~j); r� ~w = ~F : (11)By the same reasoning as for wall area, this redu
es to the integral of �~w over the gap edges. Thus wein
lude �~w in the 
ontent integrand of 
onstraint 1. However, we also note a potential problem at z = �Rwhere x2 + y2 = 0. We must be sure that this point always remains within the 
overed surfa
e. As long asit does, it will have a 
onstant e�e
t. In fa
t, we see that at z = 0 the integrand ~w is zero, and the othervolume 
ontributions are zero at z = 0, so the singularity at z = �R must have a 
ontribution to the volumeof half the volume of the sphere. We 
an a

ount for this by using VOLCONST 2*pi*R^3/3 with the body.30



Chapter 3. Tutorial.Fa
ets.Evolver takes 
are of these automati
ally.Gaps.The integrand is parallel to the gap surfa
es, hen
e this 
ontribution is zero.x3.9.3. Gravity.The sphere being very symmetri
, all dire
tions of gravity are the same. Therefore we will use Evolver'sdefault gravity. Let the magnitude of gravity be G (downwards). Let the liquid density be �. Then thegravitational potential energy is E = G Z Z Zbody z�dV: (12)First we 
hange this to a surfa
e integralE = G� Z Z�body ~F � ~dA; r � ~F = z: (13)The default gravity me
hanism uses ~F = G�z22 ~k: (14)The surfa
e integral has three 
omponents:Wall.First, we 
onvert to the equivalent divergen
e-free integrand~F = G� R4z32(x2 + y2 + z2)3 (x~i+ y~j + z~k): (15)Note this has the same dot produ
t with x~i+ y~j + z~k on the surfa
e of the sphere. The ve
tor potential is~w = G� R4z48(x2 + y2)(x2 + y2 + z2)2 (y~i� x~j); r� ~w = ~F : (16)So E = Zgap tra
e ~w � ~ds� G�R44 : (17)The 
onstant term here is the gravitational energy of the lower hemisphere, sin
e ~w = 0 when z = 0. It willnot show up in the Evolver energy; you must remember to adjust for it yourself. Due to the radial 
url of ~w,the integral is also the integral over the gap edges. The orientation is opposite that given for the gap edges,so �~w goes in the energy for 
onstraint 1.Fa
ets.The integrals over fa
ets are automati
ally taken 
are of by the Evolver.Gaps.We get an equivalent divergen
e-free integrand ~FG by adding a radial 
omponent �(z=4)(x~i+ y~j + z~k)to ~F : ~FG = G�4 (�xz~i+�yz~j + z2~k): (18)This has ve
tor potential ~w ~w = �G�z28 (y~i� x~j): (19)31



Surfa
e Evolver ManualThis is integrated over the gap edges with opposite orientation, so �~w goes into the energy integrand of
onstraint 1, and over the gap tra
e. For the gap tra
e part, we 
onstru
t an equivalent ~wG that has radial
url (using two versions of useful fa
t with n = 2 and n = 4 to show radial 
url):~wG = G�8 z2(R2 � z2)(x2 + y2) (y~i� x~j)= G�8 � z2R4(x2 + y2)(x2 + y2 + z2) � z4R4(x2 + y2)(x2 + y2 + z2)2� (y~i� x~j)= G�8 z2R4(x2 + y2 + z2)2 (y~i� x~j) (20)so Zgap tra
e ~w � ~ds = Zgap edges ~wG � ~ds: (21)Here the integral is over the same orientation as in the �gure, so wG also goes into the energy integrand of
onstaint 1.x3.9.4. Running.Re�ne on
e before iterating. Iterate and re�ne to your heart's 
ontent. You might try 
ommand uon
e in a while to regularize the triangulation. Play around with 
ommand A to 
hange gravity and wall
onta
t angles. Keep an eye on the s
ale fa
tor. If it gets towards zero, 
he
k out the t and w histograms.// sphere.fe// Spheri
al tank partially filled with liquid with 
onta
t angle.SYMMETRIC_CONTENT // natural for a sphereparameter rad = 1.00 // sphere radiusparameter angle = 45 // 
onta
t angle, in degrees// 
osine of 
onta
t angle#define WALLT 
os(angle*pi/180)// density of body#define RHO 1.0// Various expressions used in 
onstraints#define wstuff (rad^2*z/(x^2 + y^2)/sqrt(x^2+y^2+z^2))#define gstuff (G*RHO/8*rad^4*z^4/(x^2 + y^2)*(x^2+y^2+z^2)^2)#define gapstuff (G*RHO*rad^4/8*z^2/(x^2+y^2+z^2)^2)
onstraint 1 
onvex // the sphere, as wall for liquidformula: sqrt(x^2 + y^2 + z^2) = radenergy:e1: WALLT*wstuff*y - gstuff*y + G*RHO/8*y*z^2 - gapstuff*ye2: -WALLT*wstuff*x + gstuff*x - G*RHO/8*x*z^2 + gapstuff*xe3: 0
ontent:
1: -rad*wstuff*y/3
2: rad*wstuff*x/3
3: 0 32
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onstraint 2 // the sphere, for display onlyformula: sqrt(x^2 + y^2 + z^2) = radverti
es:1 rad 0 0 
onstraint 12 0 rad 0 
onstraint 13 -rad 0 0 
onstraint 14 0 -rad 0 
onstraint 15 0 0 rad 
onstraint 2 FIXED // to show ba
k hemisphere6 0 0 -rad 
onstraint 2 FIXED7 0 rad 0 
onstraint 2 FIXED8 -rad 0 0 
onstraint 2 FIXED9 0 -rad 0 
onstraint 2 FIXEDedges:1 1 2 
onstraint 12 2 3 
onstraint 13 3 4 
onstraint 14 4 1 
onstraint 15 5 9 
onstraint 2 FIXED // to show ba
k hemisphere6 9 6 
onstraint 2 FIXED7 6 7 
onstraint 2 FIXED8 7 5 
onstraint 2 FIXED9 5 8 
onstraint 2 FIXED10 9 8 
onstraint 2 FIXED11 6 8 
onstraint 2 FIXED12 7 8 
onstraint 2 FIXEDfa
es:1 1 2 3 42 5 10 -9 
onstraint 2 density 0 FIXED // to show ba
k hemisphere3 -10 6 11 
onstraint 2 density 0 FIXED4 -11 7 12 
onstraint 2 density 0 FIXED5 8 9 -12 
onstraint 2 density 0 FIXEDbodies: // start with sphere half full1 1 volume 2*pi*rad^3/3 vol
onst 2*pi*rad^3/3 density RHOread// Typi
al short evolutiongogo := g 5; r; g 5; r; g 5; r; g 10; 
onj_grad; g 20;
x3.10. Example 9. Crystalline integrand.This example shows how to use Wul� ve
tors for a 
rystalline integrand. In general, the Wul� ve
torat a point on a surfa
e is a ve
tor that is dotted with the surfa
e normal to give the energy density of thesurfa
e. For ordinary area, it is the unit normal itself. But if a �nite set of Wul� ve
tors is given, and theone used at a point is the one with the maximum dot produ
t, then the minimal surfa
e has only 
at fa
es,i.e. it is 
rystalline. The 
rystal shape in this example is an o
tahedron. The Wul� ve
tors are the verti
esof the o
tahedron, and are in o
ta.wlf. The data�le 
rystal.fe des
ribes a 
ube with extra edges around33



Surfa
e Evolver Manualthe equator. These edges provide pla
es for o
tahedron edges to form. Things work a lot better if the fa
etedges are where the 
rystal edges want to be.To see the 
ube turn into an o
tahedron, re�ne on
e, use the m 
ommand to set the s
ale to 0.05, anditerate about 50 times. Fixed s
ale works mu
h better than optimizing s
ale for 
rystalline integrands, sin
e
rystalline energy is not a smooth fun
tion of the s
ale fa
tor. Sometimes you have to put in jiggling also toget over lo
al obsta
les to minimizing energy.Here is the Wul� ve
tor �le o
ta.wlf:0 0 10 0 -10.707 0.707 0-0.707 0.707 00.707 -0.707 0-0.707 -0.707 0Here is the data�le:// 
rystal.fe// Evolver data for 
ube of pres
ribed volume with// 
rystalline surfa
e energy. Evolves into an o
tahedron.Wulff "o
ta.wlf" // Wulff ve
tors for o
tahedral 
rystalverti
es1 0.0 0.0 0.02 1.0 0.0 0.03 1.0 1.0 0.04 0.0 1.0 0.05 0.0 0.0 1.06 1.0 0.0 1.07 1.0 1.0 1.08 0.0 1.0 1.09 0.0 0.0 0.510 1.0 0.0 0.511 1.0 1.0 0.512 0.0 1.0 0.5edges /* given by endpoints and attribute */1 1 22 2 33 3 44 4 15 5 66 6 77 7 88 8 59 1 910 2 1011 3 1112 4 1213 9 5 34



Chapter 3. Tutorial.14 10 615 11 716 12 817 9 1018 10 1119 11 1220 12 9fa
es /* given by oriented edge loop */1 1 10 -17 -92 2 11 -18 -103 3 12 -19 -114 4 9 -20 -125 5 6 7 86 -4 -3 -2 -17 17 14 -5 -138 18 15 -6 -149 19 16 -7 -1510 20 13 -8 -16bodies /* one body, defined by its oriented fa
es */1 1 2 3 4 5 6 7 8 9 10 volume 1
x3.11. Tutorial in Advan
ed Cal
ulus.Some Evolver users may be a bit rusty in advan
ed 
al
ulus, so this se
tion states the basi
 theoremsand shows how to apply them to �nd appropriate edge integrals for area and volume.Notation: If S is an oriented surfa
e or plane region, then �S is its oriented boundary, oriented 
oun-ter
lo
kwise with respe
t to the unit normal ve
tor ~N .Green's Theorem: If S is a plane region and ~w(x; y) =M(x; y)~i+N(x; y)~j is a ve
tor�eld, thenZ�S ~w � ~dl = Z ZS �N�x � �M�y dx dy:Green's Theorem is a
tually a spe
ial 
ase of Stokes' Theorem:Stokes' Theorem: If S is an oriented surfa
e in R3 and ~w(x; y; z) = wx(x; y; z)~i+wy(x; y; z)~j+wz(x; y; z)~kis a ve
tor�eld, then Z�S ~w � ~dl = Z ZS 
url ~w � ~N dAwhere 
url ~w = r� ~w = ���wz�y � �wy�z �~i; ��wx�z � �wz�z �~j; ��wy�x � �wx�y �~k� :Notation: If B is a region in R3, then �B is its boundary surfa
e, oriented with outward unit normal~N .Divergen
e Theorem: If B is a region in R3 and ~w is a ve
tor�eld, thenZ Z ZB div ~w dx dy dz = Z Z�B ~w � ~N dA;35



Surfa
e Evolver Manualwhere div ~w = r � ~w = �wx�x + �wy�y + �wz�z :Theorem: div 
url ~w = 0:Appli
ation to volume integrals.Suppose B is a body we wish to 
al
ulate the volume of. The volume 
an be de�ned as the triple integralV = Z Z ZB 1 dx dy dz:Evolver 
an't do volume integrals, but it 
an do surfa
e integrals, so Evolver uses the Divergen
e Theoremwith ~w = z~k, sin
e div z~k = 1: V = Z Z�B z~k � ~N dA:Taking an upward pointing normal to the surfa
e, this 
an be written asV = Z Z�B z dx dy:It is often in
onvenient and unne
essary to integrate over all of �B. For example, any portion lying in theplane z = 0 may obviously be omitted, along with any portion that is verti
al, i.e. has a horizontal tangent~N . Other parts of �B may be omitted if we spe
i�
ally in
lude 
ompensating integrals. Suppose a portionS of �B is part of a 
onstraint level set F (x; y; z) = 0. Then we want to use Stokes' Theorem to rewriteZ ZS z~k � ~N dA = Z�S ~w � ~dlfor some ve
tor�eld ~w with z~k = 
url ~w. Unfortunately, div z~k 6= 0, so we 
an't do that. We have to get anequivalent form of z~k valid on S. Clearly the equivalent form 
annot 
ontain z as su
h, so we have to solvethe impli
it fun
tion F (x; y; z) = 0 expli
itly for z = f(x; y). Then it remains to solve f(x; y)~k = 
url ~w for~w. There are many possible solutions to this (all di�ering by the gradient of some s
alar fun
tion), but one
onvenient solution is to take wx =M(x; y), wy = N(x; y), and wz = 0, with�N�x � �M�y = f(x; y):There are still many solutions of this. One 
ould take partial antiderivativesM(x; y) = 0; N(x; y) = Z f(x; y)dx;or M(x; y) = � Z f(x; y)dy; N(x; y) = 0;or some 
ombination thereof. The 
hoi
e is guided by the prin
iple that M~i+N~j should be perpendi
ularto the portions of �S that are not in
luded in edge 
onstraint integrals.Often, the problem has rotational symmetry around the z axis. Then it is usually 
onvenient to 
hoosea ve
tor�eld ~w with rotational symmetry, of the form~w = g(t)(�y~i+ x~j);where t = x2 + y2. Using the Chain Rule on t, we get�N�x � �M�y = g0(t) � 2x � x+ g(t) + g0(t) � 2y � y + g(t) = 2g0(t)t+ 2g(t) = 2(tg(t))0:36



Chapter 3. Tutorial.Writing f(x; y) = h(t) , the solution of 2(tg(t))0 = h(t)is g(t) = 12t Z h(t)dt:Symboli
 integration programs like Mathemati
a or Maple 
an be useful in doing this inde�nite integral.The result needs to have t repla
ed with x2+y2, and the relation F (x; y; z) = 0 is often useful in simplifyingthe result. Great 
are may be needed to get the result into a form that is valid everywhere, parti
ularlyif there are square roots of ambiguous sign. Always 
he
k your results for reasonableness, and 
he
k anydata�les to make sure the initial values for volumes are what you expe
t.Example: Hyperboloid 
onstraint x2 + y2 � z2 = R2. Here the surfa
e is a disk spanning thehyperboloid, and the body is the region between the z = 0 plane and the disk. The edge integral must
ompensate for the volume below the surfa
e but outside the hyperboloid. We have z = f(x; y) = (x2+y2�R2)1=2, so h(t) = (t�R2)1=2, and integrating givesg(t) = 12t 23(t�R2)3=2:Hen
e ~w = (x2 + y2 �R2)3=23(x2 + y2) (�y~i+ x~j):Using the hyperboloid equation, this simpli�es to~w = z33(x2 + y2) (�y~i+ x~j):Noti
e this form is smooth everywhere on the surfa
e and zero when z = 0. When integrated over the diskboundary, it properly gives negative volumes for 
urves with negative z. In the data�le, this ve
tor would goin the 
onstraint integral with reversed signs, sin
e we want to subtra
t the volume under the hyperboloidfrom the volume under the disk.Appli
ation to area. Here we want to 
al
ulate the area on a 
onstraint surfa
e S bounded by a
urve �S for the purpose of pres
ribing the 
onta
t angle of the 
urve. We want to use Stokes' Theorem torewrite the area as a boundary line integral:A = Z ZS 1 dA = Z ZS ~v � ~N dA = Z�S 
url ~w � ~dl:To this end, we need to �nd a ve
tor�eld ~v with ~v � ~N = 1 and div ~v = 0. Again, one way to do this is tosolve for the surfa
e as the graph of z = f(x; y) and use ~v = (1 + f2x + f2y )1=2~k to write the area asZ ZS(1 + f2x + f2y )1=2 dx dy;and use Green's Theorem. We need to solve�N�x � �M�y = (1 + f2x + f2y )1=2:The same remarks as in the volume 
ase apply.Example: Hyperboloid 
onstraint x2 + y2 � z2 = R2. We have z = f(x; y) = (x2 + y2 �R2)1=2, so(1 + f2x + f2y )1=2 = �1 + x2 + y2x2 + y2 �R2�1=2 :37



Surfa
e Evolver ManualUsing the rotationally symmetri
 approa
h as in the volume example, we haveh(t) = [1 + t=(t�R2)℄1=2;and g(t) = 12t Z [1 + t=(t�R2)℄1=2dt:Mathemati
a gives the integral in the horrible formrR2 � 2 tR2 � t ��R2 + t�� R2 log(�3R2 + 2p2R2qR2�2 tR2�t + 4 t� 2p2qR2�2 tR2�t t)2p2 :Taking advantage of the fa
t that t � R2, this be
omesp(2t�R2)(t�R2)� R2 log(�3R2 + 2p2p(2t�R2)(t�R2) + 4 t)2p2 :And using t�R2 = z2, zp2t�R2 � R2 log(�3R2 + 2p2 zp2t�R2) + 4 t)2p2 :Adding a 
onstant of integration to make this 0 at z = 0 giveszp2t�R2 � R22p2 �log�4t� 3R2 + 2p2 zp2t�R2�� log(R2)� :This is in fa
t an odd fun
tion of z. The �nal ve
tor�eld is~w = 242p2zp2(x2 + y2)�R2 �R2 �log�4(x2 + y2)� 3R2 + 2p2 zp2(x2 + y2)�R2�� log(R2)�4p2(x2 + y2) 35 (�y~i+x~j):
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Chapter 4. The Model.Chapter 4. The Model.This 
hapter des
ribes the mathemati
al model of a surfa
e that the Surfa
e Evolver in
orporates. Seethe Data�le 
hapter for how to set up the initial surfa
e and the Operations 
hapter for how to manipulatethe surfa
e. Keywords are often given in upper 
ase in this manual, even though 
ase is not signi�
ant. Inthe Index, keywords are in typewriter font.x4.1. Dimension of surfa
e.In the standard Evolver surfa
e, the surfa
e tension resides in the two-dimensional fa
ets (this is referredto as the soap�lm model.). However, it is possible to have the tension reside in the edges. This is referredto as the string model and is de
lared by the keyword STRING in the data�le. See slidestr.fe for anexample. It is possible in the soap�lm model to also have edges with tension in order to represent a situationwhere singular 
urves have energy. This 
hapter is written mainly for the soap�lm model. For di�eren
esin the string model, see the String Model se
tion below. For a surfa
e of more than two dimensions, seeSimplex model.x4.2. Geometri
 elements.The surfa
e is de�ned in terms of its geometri
 elements of ea
h dimension. Ea
h element has its ownset of attributes. Some may be set by the user; others are set internally but may be queried by the user. Itis also possible to dynami
ally de�ne \extra attributes" for any type of element, whi
h may be single valuesor ve
tors of values.x4.2.1. Verti
es.A vertex is a point in spa
e. The 
oordinates of the verti
es are the parameters that determine thelo
ation of the surfa
e. It is the 
oordinates that are 
hanged when the surfa
e evolves.Attributes:
oordinates - Eu
lidean 
oordinates.boundary - Vertex position is de�ned parametri
ally on a boundary. A vertex 
an be on atmost one boundary.boundary parameters - For a vertex on a boundary.�xed - Vertex 
annot be moved or eliminated.
onstraints - Vertex may be subje
t to a set of level set 
onstraints.non
ontent - Vertex does not 
ontribute to 
onstraint 
ontent integrals (string model).id - An identi�
ation number.original - Number of the vertex in the original data�le, -1 if subsequently 
reated.bare - Vertex does not have an adja
ent edge (string model) or adja
ent fa
et (soap�lm model).Useful for avoiding warning messages.valen
e - Number of adja
ent edges.mid edge - 1 if on an edge but is not a midpoint, 0 elsewise. Relevant in quadrati
 and Lagrangemodels.mid fa
et - 1 if it is an interior 
ontrol point of a fa
et in the Lagrange model, 0 elsewise.axial point - With a symmetry group, indi
ates that the vertex is a �xed point of the group,i.e. on an axis of rotation.triple point - For telling Evolver three �lms meet at this vertex. Used when effe
tive_areais on to adjust motion of vertex by making the e�e
tive area around the vertex 1=p3 of the a
tualarea.tetra point - For telling Evolver six �lms meet at this vertex. Used when effe
tive_area ison to adjust motion of vertex by making the e�e
tive area around the vertex 1=p6 of the a
tualarea. 39
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e Evolver Manualvertexnormal[n℄ - Components of a normal ve
tor.extra attributes - User-de�ned values.x4.2.2. Edges.An edge is an oriented line segment between a tail vertex and a head vertex, in the linear model. In thequadrati
 model, an edge has a midpoint. In the Lagrange model, an edge has lagrange order + 1Attributes:verti
es - Verti
es of the edge.midv - In the quadrati
 model, the midpoint of the edge.length - A
tual length of the edge.�xed - All verti
es generated from subdividing edge will be �xed. Edges �xed in the data�lewill have their endpoints �xed.
onstraints - Set of level set 
onstraints edge satis�es. Constraints may be used to spe
ifyvolume and energy integrands.boundary - Edge may be in one parameterized boundary.no re�ne - Edge is not to be re�ned by the 'r' 
ommand.non
ontent - Edge is not to be 
ounted in the area 
al
ulation of a fa
et (string model) or a
onstraint 
ontent integral (soap�lm model).torus wrapping - Whether edge 
rosses torus unit 
ell fa
es, and in whi
h dire
tion.density or tension - Energy per unit length in string model.
olor - For display.id - An identi�
ation number.oid - Signed identi�
ation number, for orientation.original - Number of the original data�le edge this edge is des
ended from, -1 if not des
ended.orientation - For the sign of oriented integrals on this edge. Value +1 or -1.x,y,z - Components of ve
tor from tail to head.bare - Edge does not have adja
ent fa
ets. Useful for avoiding warning messages.frontbody - (String model) The id of the body of whi
h the edge is on the positively orientedboundary.ba
kbody - (String model) The id of the body of whi
h the edge is on the negatively orientedboundary.extra attributes - User-de�ned quantities.x4.2.3. Fa
ets.A fa
et is an oriented polygon de�ned by its edges. In the soap�lm model, it is always a triangle. Inthe string model, it may have any number of sides. In the Lagrange soap�lm model, it will have interiorverti
es if lagrange order ex
eeds 2.Attributes:edges - Loop of edges 
onne
ted head to tail.area - A
tual area of the fa
et.�xed - Fixedness inherited by all elements des
ended from this fa
et.
onstraints - Set of level set 
onstraints fa
et satis�es.boundary - Fa
et may be in one boundary.density - Energy per unit area; surfa
e tension.id - An identi�
ation number. 40



Chapter 4. The Model.oid - Signed identi�
ation number, for orientation.orientation - For the sign of oriented integrals on this fa
et. Value +1 or -1.original - Number of the original data�le fa
et this fa
et is des
ended from, -1 if not des
ended.no re�ne - Edges generated in the interior of the fa
et will inherit the no re�ne attribute. Butotherwise, this attribute has no e�e
t on whether the fa
et will be re�ned by the 'r' 
ommand.non
ontent - Fa
et does not 
ontribute to the volume 
al
ulation of any body.
olor - For display.front
olor, ba
k
olor - For 
oloring the two sides di�erently.phase - For determining boundary tension in string model.orientation - For the sign of oriented integrals on this fa
et. Value +1 or -1.bodies - Ids of the two bodies this fa
et forms positive or negative boundary with, respe
tively.frontbody - The id of the body of whi
h the fa
et is on the positively oriented boundary.ba
kbody - The id of the body of whi
h the fa
et is on the negatively oriented boundary.valen
e - Number of edges around fa
et.x,y,z - 
omponents of normal ve
tor.extra attributes - User-de�ned quantities.x4.2.4. Bodies.A body is a three-dimensional region of spa
e in the soap�lm model, and a two-dimensional region inthe string model.Attributes:fa
ets - A set of oriented fa
ets de�nes the boundary of body. These fa
ets are used for
al
ulating body volume and gravitational energy. Only those fa
ets needed for 
orre
t 
al
ulationneed be given. In the string model, usually a body 
orresponds to one fa
et, and hte \volume" ofthe body is the area of the fa
et.id - An identi�
ation number.density - For gravitational potential energy.volume - A
tual volume.target volume - Constrained volume value set by user.vol
onst - An adjustment used in the torus model to do 
orre
t volume 
al
ulations. The valueis added to whatever volume is otherwise 
al
ulated.pressure - For pres
ribed pressure, or for pressure resulting from volume 
onstraint.phase - For determining boundary tension in soap�lm model.vol�xed - Read-only attribute, 1 if the volume of the body is �xed, 0 if not.extra attributes - User-de�ned quantities.x4.2.5. Fa
etedges.A fa
etedge is an internal data stru
ture used by the Evolver to hold 
onne
tivity information. Theuser need not be 
on
erned about fa
etedges in the ordinary 
ourse of events.Attributes:id - An identi�
ation number.edge - Generates the edge the fa
etedge is asso
iated with.fa
et - Generates the fa
et the fa
etedge is asso
iated with.extra attributes - User-de�ned quantities. 41
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e Evolver Manualx4.3. Quadrati
 model.By default, edges and fa
ets are linear. It is possible to represent edges as quadrati
 
urves and fa
etsas quadrati
 pat
hes by putting the QUADRATIC keyword in the data�le or by using the M 
ommand. If thisis done, then ea
h edge is endowed with a midpoint vertex. Some basi
 features are implemented for thequadrati
 representation, su
h as area, volume, 
onstraints, and basi
 named quantity methods.x4.4. Lagrange model.For higher a

ura
y than the linear or quadrati
 models provide, there is a very limited implementationof higher order elements. In the Lagrange model of order n, ea
h edge is de�ned by Lagrange interpolationon n + 1 verti
es evenly spa
ed in the parameter domain, and ea
h fa
et is de�ned by interpolation on(n + 1)(n + 2)=2 verti
es evenly spa
ed in a triangular pattern in the parameter domain. That is, theelements are Lagrange elements in the terminology of �nite element analysis. The Lagrange model may beinvoked with the 
ommand "lagrange n".The Lagrange model is limited to 
ertain named quantities and methods, so the Evolver must be startedwith the -q option, or you must give the 
onvert to quantities 
ommand. No triangulation manipulationsare available: no re�ning, equiangulation, or anything. Use the linear or quadrati
 model to establish your�nal triangulation, and just use the Lagrange model to get extra pre
ision.Lagrange elements are normally plotted subdivided on their verti
es, but if the smooth_graph 
ag ison, they are plotted with 8-fold subdivision.x4.5. Simplex model.This model represents a surfa
e solely with verti
es and fa
ets. It was put in to enable representationof arbitrary dimension surfa
es, but many Evolver features are not available with it. Here ea
h fa
et isrepresented as an oriented list of k + 1 verti
es, where k is the dimension of the surfa
e. Edges may bespe
i�ed as k � 1 dimensional simpli
es, but they are used only to 
ompute 
onstraint integrals; a 
ompletelist of edges is not needed. Bodies still exist for hypersurfa
es.The data�le must have the keyword SIMPLEX_REPRESENTATION in the �rst se
tion, and the phraseSURFACE_DIMENSION k if k 6= 2. If the domain is not 3-dimensional, then SPACE_DIMENSION n must also bein
luded. The EDGES se
tion is optional. Ea
h fa
et should list k + 1 vertex numbers. Non-simpli
ial fa
etsare not allowed. See the sample data�le simplex3.fe.Most features are not implemented. Verti
es may be FIXED. Constraints are allowed, but no integrandsof any kind. No TORUS domain. No QUADRATIC representation. No surfa
e 
hanging ex
ept iteration andre�ning. Re�ning subdivides ea
h simplex edge, with the edge midpoint inheriting the 
ommon attributesof the edge endpoints. Re�ning will in
rease the number of fa
ets by a fa
tor of 2k.x4.6. Dimension of ambient spa
e.By default, surfa
es live in 3 dimensional spa
e. However, the phrase SPACE_DIMENSION n in thedata�le sets the dimension to n. This means that all 
oordinates and ve
tors have n 
omponents. The onlyrestri
tion is that Evolver has to be 
ompiled with the MAXCOORD ma
ro de�ned to be at least n in Make�leor in model.h. Change MAXCOORD and re
ompile if you want more than four dimensions.Graphi
s will display only the �rst three dimensions of spa
es with more than three dimensions, ex
eptfor geomview, whi
h has a four-dimensional viewer built in (although its use is awkward now).x4.7. Riemannian metri
.The ambient spa
e 
an be endowed with a Riemannian metri
 by putting the keyword METRIC orCONFORMAL_METRIC in the data�le followed by the elements of the metri
 tensor. A 
onformal metri
 tensoris a multiple of the identity matrix, so only one element is needed. Only one 
oordinate pat
h is allowed,but the quotient spa
e feature makes this quite 
exible. Edges and fa
ets are linear in 
oordinates, they arenot geodesi
. The metri
 is used solely to 
al
ulate lengths and areas. It is not used for volume. To get a42



Chapter 4. The Model.volume 
onstraint on a body, you will have to de�ne your own \quantity" 
onstraint. See quadm.fe for anexample of a metri
.One spe
ial metri
 is available built-in. It is the Klein model of hyperboli
 spa
e in n dimensions. Thedomain is the unit disk or sphere in Eu
lidean 
oordinates. In
luding the keyword KLEIN METRIC in the topse
tion of the data�le will invoke this metri
. Lengths and areas are 
al
ulated exa
tly, but as with othermetri
s you are on your own for volumes and quantities.x4.8. Torus domain.By default, the domain of a surfa
e is Eu
lidean spa
e R3. However, there are many interesting problemsdealing with periodi
 surfa
es. The Evolver 
an take as its domain a 
at torus with an arbitrary parallelpipedas its unit 
ell, i.e. the domain is a parallelpiped with its opposite fa
es identi�ed. This is indi
atedby the TORUS keyword in the data�le. The de�ning basis ve
tors of the parallelpiped are given in theTORUS_PERIODS entry of the data�le. See twointor.fe for an example.Certain features are not available with the torus domain, namely quadrati
 representation, 
onstraints,boundaries, quantities, and gravity. (A
tually, you 
ould put them in, but they will not take into a

ountthe torus wrapping.) However, there are new named quantity methods that will do quadrati
 modeltorus domain.Volumes and volume 
onstraints are available. However, if the torus is 
ompletely partitioned into bodiesof pres
ribed volume, then the volumes must add up to the volume of the unit 
ell and the TORUS_FILLEDkeyword must be given in the data�le. Or just don't pres
ribe the volume of one body.Volumes are somewhat ambiguous. The volume 
al
ulation method is a

urate only to one torus volume,so it is possible that a body whose volume is positive gets its volume 
al
ulated as negative. Evolver adjustsvolumes after 
hanges to be as 
ontinuous as possible with the previous volumes as possible, or with targetvolumes when available. You 
an also set a body's vol
onst attribute if you don't like the Evolver's a
tions.Level set 
onstraints 
an be used in the torus model, but be 
autious when using them as mirror sym-metry planes with volumes. The torus volume algorithm does not 
ope well with su
h partial surfa
es.If you must, then use y=
onst symmetry planes rather than x=
onst, and use the -q option or do 
on-vert to quantities. Double-
he
k that your volumes are turning out 
orre
tly; use vol
onst if ne
essary.Vertex 
oordinates are given as Eu
lidean 
oordinates within the unit 
ell, not as linear 
ombinations ofthe basis ve
tors. The 
oordinates need not lie within the parallelpiped, as the exa
t shape of the unit 
ell issomewhat arbitrary. The way the surfa
e wraps around in the torus is given by saying how the edges 
rossthe fa
es of the unit 
ell. In the data�le, ea
h edge has one symbol per dimension indi
ating how the edgeve
tor 
rosses ea
h identi�ed pair of fa
es, and how the ve
tor between the endpoints needs to be adjustedto get the true edge ve
tor:* does not 
ross fa
e+ 
rosses in same dire
tion as basis ve
tor, so basis ve
tor added to edge ve
tor- 
rosses in opposite dire
tion, so basis ve
tor subtra
ted from edge ve
tor.There are several 
ommands for ways of displaying a torus surfa
e:raw 
ells - Graph the fa
ets as they are. Good for 
he
king your data�le if it's all triangles. Fa
esthat get subdivided may be unre
ognizable.
onne
ted - Ea
h body's fa
ets are unwrapped in the torus, so the body appears in one 
onne
ted pie
e.Ni
est option.
lipped - Shows the unit 
ell spe
i�ed in the data�le. Fa
ets are 
lipped on the parallelpiped fa
es.x4.9. Quotient spa
es and general symmetry.As a generalization of the torus domain, you may de
lare the domain to be the quotient spa
e of Rnwith respe
t to some symmetry group. This 
annot be 
ompletely spe
i�ed in the data�le, but requires youto write some C routines to de�ne group operations. Group elements are represented by integers atta
hedto edges (like the wrap spe
i�
ations in the torus model). You de�ne the integer representation of the group43
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e Evolver Manualelements. See the �les quotient.
 and symtest.fe for an example. See khyp.
 and khyp.fe for a moreintri
ate example modelling an o
tagon in Klein hyperboli
 spa
e identi�ed into a genus 2 surfa
e. Thedata�le requires the keyword SYMMETRY_GROUP followed by your name for the group in quotes. Edges thatwrap have their group element spe
i�ed in the data�le by the phrase \wrap n", where n is the number ofthe group element. The wrap values are a

essible at run time with the wrap attribute of edges. The groupoperations are a

essible by the fun
tions wrap inverse(w) and wrap 
ompose(w1,w2).Using any Hessian 
ommands with any symmetry group other than the built-in torus model requires
onverting to all named quantities with either the -q startup option or the 
onvert_to_quantities 
om-mand.Volumes of bodies may not be 
al
ulated 
orre
tly with a symmetry group. The volume 
al
ulationonly knows about the built-in torus model. For other symmetry groups, if you de
lare a body, it will usethe Eu
lidean volume 
al
ulation. It is up to you to design an alternate volume 
al
ulation using namedquantities and methods.Currently implemented symmetries:x4.9.1. TORUS symmetry groupThis is the underlying symmetry for the torus model. Although the torus model has a number of spe
ialfeatures built in to the Evolver, it 
an also be a

essed through the general symmetry group interfa
e. Thetorus group is the group on n-dimensional Eu
lidean spa
e generated by n independent ve
tors, 
alled theperiod ve
tors. The torus group uses the torus periods listed in the data�le top se
tion.Data�le de
laration:symmetry_group "torus"periods2 0 00 3 00 0 3Group element en
oding: The 32-bit 
ode word is divided into 6-bit �elds, one �eld for the wrap inea
h dimension, with low bits for the �rst dimension. Hen
e the maximum spa
e dimension is 5. Withinea
h bit�eld, 1 
odes for positive wrap and 011111 
odes for negative wrap. The 
oding is a
tually a 2's
omplement 5-bit integer,so higher wraps 
ould be represented.x4.9.2. ROTATE symmetry groupThis is the 
y
li
 symmetry group of rotations in the x-y plane, where the order of the group is givenby the internal variable rotation order Note: Sin
e this group has �xed points, some spe
ial pre
autionsare ne
essary. Verti
es on the rotation axis must be labelled with the attribute axial point in the data�le.Edges out of an axial point must have the axial point at their tail, and must have zero wrap. Fa
ets in
ludingan axial point must have the axial point at the tail of the �rst edge in the fa
et.Sample data�le de
laration:symmetry_group "rotate"parameter rotate_order = 6Group element en
oding: An element is en
oded as the power of the group generator.x4.9.3. FLIP ROTATE symmetry groupThis is the 
y
li
 symmetry group of rotations in the x-y plane with a 
ip z -> -z on every odd rotation,where the order of the group is given by the internal variable rotation order, whi
h had better be even.Note: Sin
e this group has points that are �xed under an even number of rotations, some spe
ial pre
autionsare ne
essary. Verti
es on the rotation axis must be labelled with the attribute double axial point in the44



Chapter 4. The Model.data�le. Edges out of an axial point must have the axial point at their tail, and must have zero wrap. Fa
etsin
luding an axial point must have the axial point at the tail of the �rst edge in the fa
et.Sample data�le de
laration:symmetry_group "flip_rotate"parameter rotate_order = 6Group element en
oding: An element is en
oded as the power of the group generator.x4.9.4. CUBOCTA symmetry groupThis is the full symmetry group of the 
ube. It 
an be viewed as all permutations and sign 
hanges of(x,y,z).Data�le de
laration:symmetry_group "
ubo
ta"Group element en
oding: The low bit of wrap denotes re
e
tion in x; se
ond lowest bit re
e
tion in y;third lowest bit re
e
tion in z; next two bits form the power of the (xyz) permutation 
y
le; next bit tellswhether to then swap x,y. (By John Sullivan; sour
e in quotient.
 under name pg
ube)x4.9.5. XYZ symmetry groupThe orientation-preserving subgroup of 
ubo
ta. In
luded temporarily sin
e it is referred to in a paper.See 
ubo
ta for details.x4.9.6. GENUS2 symmetry groupThis is a symmetry group on the Klein model of hyperboli
 spa
e whose quotient group is a genus 2hyperboli
 manifold. The fundamental region is an o
tagon.Data�le de
laration:symmetry_group "genus2"Group element en
oding: There are 8 translation elements that translate the fundamental region to oneof its neighbors. Translating around a vertex gives a 
ir
ular string of the 8 elements. The group elementsen
oded are substrings of the 8, with null string being the identity. En
oding is 4 bits for start element, 4bits for stop (a
tually the one after stop so 0 0 is identity). See khyp.
 for more.x4.9.7. DODECAHEDRON symmetry groupThis is the symmetry group of translations of hyperboli
 3 spa
e tiled with right-angled dode
ahedra.The elements of the group are represented as integers. There are 32 generators of the group so ea
h generatoris represented by �ve bits. Under this s
heme any element that is the 
omposition of up to �ve generators
an be represented. If you want to use this group, you'll have to 
he
k out the sour
e 
ode in dode
group.
,sin
e somebody else wrote this group and I don't feel like �guring it all out right now.Data�le de
laration:Klein_metri
symmetry_group "dode
ahedron"x4.9.8. CENTRAL SYMMETRY symmetry groupThis is the order 2 symmetry group of inversion through the origin, X -> -X.Data�le de
laration: 45



Surfa
e Evolver Manualsymmetry_group "
entral_symmetry"Group element en
oding: 0 for identity, 1 for inversion.x4.9.9. SCREW SYMMETRY symmetry groupThis is the symmetry group of s
rew motions along the z axis.The global parameter s
rew height isthe translation distan
e (default 1), and the global parameter s
rew angle is the rotation angle in degrees(default 0).Sample data�le de
laration:parameter s
rew_height = 4.0parameter s
rew_angle = 180.0symmetry_group "s
rew_symmetry"Group element en
oding: The integer value is the power of the group generator.x4.10. Symmetri
 surfa
es.Symmetri
 surfa
es 
an often be done more easily by evolving just one fundamental domain. This iseasiest if the fundamental region is bounded by planes of mirror symmetry. These planes be
ome 
onstraintsurfa
es for the fundamental domain (see Constraints below). Multiple images of the fundamental domainmay be displayed by using transformation matri
es (see view transforms in the Data�le 
hapter).x4.11. Level set 
onstraints.A 
onstraint is a restri
tion on the motion of verti
es. It may be represented as a level set of a fun
tionor as a parametri
 manifold. The term \
onstraint" as used in the Evolver refers to the level set formulation,and \boundary" refers to the parametri
 formulation. The term \volume 
onstraint" is something entirelyelse, refering to bodies.A level set 
onstraint may have several roles:1. Verti
es may be required to lie on a 
onstraint (equality 
onstraint) or on one side (inequality
onstraint). A 
onstraint may be de
lared GLOBAL, in whi
h 
ase it applies to all verti
es. See mound.fefor an example. The formula de�ning the fun
tion may 
ontain attributes of verti
es, so in parti
ular vertexextra attributes may be used to 
ustomize one formula to individual verti
es.2. A 
onstraint may have a ve
tor�eld asso
iated with it that is integrated over edges lying in the
onstraint to give an energy. This is useful for spe
ifying wall 
onta
t angles and for 
al
ulating gravitationalenergy. Integrals are not evaluated over edges that are FIXED. See mound.fe for an example.3. A 
onstraint may be de
lared CONVEX, in whi
h 
ase edges in the 
onstraint have an energyasso
iated with them that is proportional to the area between the straight edge and the 
urved wall. Thisenergy (referred to as \gap energy") is meant to 
ompensate for the tenden
y for 
at fa
ets meeting a 
urvedwall to minimize their area by lengthening some edges on the wall and shortening others, with the net e�e
tof in
reasing the net gap between the edges and the wall. See tankex.fe for an example.4. A 
onstraint may have a ve
tor�eld asso
iated with it that is integrated over edges lying in the
onstraint to give a volume 
ontribution to a body whose boundary fa
ets 
ontain the edges. This is usefulfor getting 
orre
t volumes for bodies without 
ompletely surrounding them with otherwise useless fa
ets.It is important to understand how the 
ontent is added to the body in order to get the signs right. Theintegral is evaluated along the positive dire
tion of the edge. If the edge is positively oriented on a fa
et,and the fa
et is positively oriented on a body, then the integral is added to the body. This may wind upgiving the opposite sign to the integrand from what you think may be natural. Integrals are not evaluatedover edges that are FIXED. See tankex.fe for an example.5. A 
onstraint may have a ve
tor�eld asso
iated with it that is integrated as a surfa
e integral overfa
ets lying in the 
onstraint to give a 
ontribution to the total energy. This is useful for having gravity46



Chapter 4. The Model.in an arbitrary dire
tion. Integrals are not evaluated over fa
ets that are FIXED. See tankex.fe for anexample.Edge integrands are evaluated by Gaussian quadrature. The number of points used is 
ontrolled by theINTEGRAL_ORDER option in the data�le.x4.12. Boundaries.Boundaries are parameterized submanifolds. Verti
es, edges, and fa
ets may be deemed to lie in aboundary. For a vertex, this means that the fundamental parameters of the vertex are the parameters of theboundary, and its 
oordinates are 
al
ulated from these. Verti
es on boundaries may move during iteration,unless de
lared �xed. See 
at.fe for an example. Edges on boundaries have energy and 
ontent integralsin the same manner as 
onstraint edges, but they are internally implemented as named quantities.A deli
ate point is how to handle wrap-arounds on a boundary su
h as a 
ir
le or 
ylinder. Subdividinga boundary edge requires a midpoint, but taking the average parameters of the endpoints 
an give nonsense.Therefore the average 
oordinates are 
al
ulated, and that point proje
ted on the boundary as 
ontinuedfrom one endpoint, i.e. extrapolation is used.Extrapolating instead of interpolating midpoint parameters solves the problem of wrap-arounds on aboundary su
h as a 
ir
le or 
ylinder. However if you do want interpolation, you 
an use the keywordINTERP_BDRY_PARAM in the top of the data�le, or use the toggle 
ommand interp_bdry_param.Interpolation requires that both endpoints of an edge be on the same boundary, whi
h 
annot hap-pen where edges on di�erent boundaries meet. To handle that 
ase, it is possible to add extra boundaryinformation to a vertex by de
laring two parti
ular vertex extra attributes, extra_boundary and ex-tra_boundary_param:interp bdry paramde�ne vertex attribute extra boundary integerde�ne vertex attribute extra boundary param real[1℄Then de
lare attribute values on key verti
es, for exampleverti
es1 0.00 boundary 1 �xed extra boundary 2 extra boundary param 2*piIf the extra_boundary attribute is not set on a vertex when wanted, Evolver will silently fall ba
k oninterpolation.A general guideline is to use 
onstraints for two-dimensional walls and boundaries for one-dimensionalwires. If you are using a boundary wire, you 
an probably de
lare the verti
es and edges on the boundaryto be FIXED. Then the boundary be
omes just a guide for re�ning the boundary edges.NOTE: A vertex on a boundary 
annot also have 
onstraints.x4.13. Energy.The Evolver works by minimizing the total energy of the surfa
e. This energy 
an have several 
ompo-nents:1. Surfa
e tension. Soap �lms and interfa
es between di�erent 
uids have an energy 
ontentproportional to their area. Hen
e they shrink to minimize energy. The energy per unit area 
an also beregarded as a surfa
e tension, or for
e per unit length. Ea
h fa
et has a surfa
e tension, whi
h is 1 unlessthe data�le spe
i�es otherwise (see TENSION option for fa
es). Di�erent fa
ets may have di�erent surfa
etensions. Fa
et tensions may be 
hanged intera
tively with the `set fa
et tension ...' 
ommand. The
ontribution to the total energy is the sum of all the fa
et areas times their respe
tive surfa
e tensions. Thesurfa
e tension of a fa
et may also be spe
i�ed as depending on the phases of the bodies it separates. SeePHASE.2. Gravitational potential energy. If a body has a density (see DENSITY option for bodies), thenthat body 
ontributes its gravitational energy to the total. The a

eleration of gravity G is under user47
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ontrol. Letting � be the body density, the energy is de�ned asE = Z Z ZbodyG�zdV (1)but is 
al
ulated using the Divergen
e Theorem asE = Z Zbody surfa
eG�z22 ~k � ~dS: (2)This integral is done over ea
h fa
et that bounds a body. If a fa
et bounds two bodies of di�erent density,then the appropriate di�eren
e in density is used. Fa
ets lying in the z = 0 plane make no 
ontribution,and may be omitted if they are otherwise unneeded. Fa
ets lying in 
onstraints may be omitted if their
ontributions to the gravitational energy are 
ontained in 
onstraint energy integrals.3. Named quantities. See the se
tion on named quantities below.4. Constraint edge integrals. An edge on a 
onstraint may have an energy given by integrating ave
tor�eld ~F over the oriented edge: E = Zedge ~F � ~dl: (3)The integral uses the innate orientation of the edge, but if the orientation attribute of the edge is negative, thevalue is negated. This is useful for pres
ribed 
onta
t angles on walls (in pla
e of wall fa
ets with equivalenttension) and for gravitational potential energy that would otherwise require fa
ets in the 
onstraint.6. Convex 
onstraints. Consider a soap �lm spanning a 
ir
ular 
ylinder. The Evolver mustapproximate this surfa
e with a 
olle
tion of fa
ets. The straight edges of these fa
ets 
annot 
onform to the
urved wall, and hen
e the 
omputed area of the surfa
e leaves out the gaps between the outer edges andthe wall. The Evolver will naturally try to minimize area by moving the outer verti
es around so the gapsin
rease, ultimately resulting in a surfa
e 
ollapsed to a line. This is not good. Therefore there is provisionfor a \gap energy" to dis
ourage this. A 
onstraint may be de
lared CONVEX in the data�le. For an edgeon su
h a 
onstraint, an energy is 
al
ulated asE = k 


~S � ~Q


 =6 (4)where ~S is the edge ve
tor and ~Q is the proje
tion of the edge on the tangent plane of the 
onstraint at thetail vertex of the edge. The 
onstant k is a global 
onstant 
alled the \gap 
onstant". A gap 
onstant of 1gives the best approximation to the a
tual area of the gap. A larger value minimizes gaps and gets verti
esni
ely spread out along a 
onstraint.The gap energy falls o� quadrati
ally as the surfa
e is re�ned. That is, re�ning on
e redu
es the gapenergy by a fa
tor of four. You 
an see if this energy has a signi�
ant e�e
t on the surfa
e by 
hanging thevalue of k with the k 
ommand.7. Compressible bodies. If the ideal gas mode is in e�e
t (see PRESSURE keyword for data�le), thenea
h body 
ontributes an energy E = PambV0 ln(V=V0) (5)where Pamb is the ambient pressure, V0 is the volume pres
ribed in the data�le, and V is the a
tual volumeof the body. To a

ount for work done against the ambient pressure, ea
h body also makes a negative
ontribution of E = �PambV: (6)8. Pres
ribed pressure. Ea
h body with a pres
ribed pressure P 
ontributes energyE = PV: (7)where V is the a
tual volume of the body. This 
an be used to generate surfa
es of pres
ribed mean 
urvature,sin
e mean 
urvature is proportional to pressure. 48
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urvature. An average mean 
urvature around ea
h vertex 
an be 
al
u-lated, and the integral of the square of this average 
ounted as energy. This 
omponent is in
luded by theSQUARE_CURVATURE phrase in the data�le. A 
urvature o�set h0 (so the energy is (h�h0)2) 
an be spe
i�edwith H_ZERO value in the data�le. The weighting fa
tor 
an be 
hanged with the A 
ommand by 
hangingthe value of the adjustable 
onstant square 
urvature modulus. For details of exa
tly how the integral ofsquared 
urvature is 
al
ulated, see the Te
hni
al Referen
e se
tion. (This feature is not implemented forthe quadrati
 model.) Several variants of squared mean 
urvature are available, toggled by effe
tive areaand normal 
urvature 
ommands. See the te
hni
al referen
e 
hapter for details of the formulas. [HKS℄reports some experimental results.10. Mean 
urvature integral. The energy 
an in
lude the integral of the signed mean 
urvature byin
luding the MEAN_CURVATURE_INTEGRAL keyword with weighting fa
tor in the data�le.11. Squared Gaussian 
urvature. The Gauss map of a surfa
e maps the surfa
e to a unit sphereby mapping a point to its normal. The Gaussian 
urvature at a point is the Ja
obian of this map. Thisde�nition 
an be extended to pie
ewise linear surfa
es. The Evolver 
an in
lude the integral of the squaredGaussian 
urvature in the energy by in
luding the SQUARE_GAUSSIAN_CURVATURE keyword with weightingfa
tor in the data�le.12. Crystalline integrands. The Evolver 
an model energies of 
rystalline surfa
es. These energiesare proportional to the area of a fa
et, but they also depend on the dire
tion of the normal. The energy isgiven by the largest dot produ
t of the surfa
e normal with a set of ve
tors known as the Wul� ve
tors.Surfa
e area 
an be regarded as a 
rystalline integrand whose Wul� ve
tors are the unit sphere. See thedata�le se
tion on Wul� ve
tors for more. A surfa
e has either 
rystalline energy or surfa
e tension, notboth. Use is not re
ommended sin
e nonsmoothness makes Evolver work poorly.x4.14. Named quantities and methods.These are an e�ort to provide a more systemati
 way of adding new energies and 
onstraints.A \method" is a way of 
al
ulating a s
alar value from some parti
ular type of element (vertex, edge,fa
et, body). Ea
h method is implemented internally as a set of fun
tions for 
al
ulating the value andits gradient as a fun
tion of vertex positions. Methods are referred to by their names. See the NamedMethods and Quantities 
hapter for the full list available, and the spe
i�
ations ea
h needs. Many hessiansare available for named quantities that are not available for their old-fashioned 
ounterparts. The 
ommandline option -q will automati
ally 
onvert everything to named quantities, although some things 
annot be
onverted yet. The Evolver 
ommand 
onvert to quantities will a

omplish the same e�e
t intera
tively.Adding a new method involves writing C routines to 
al
ulate the value and the gradient as a fun
tionof vertex 
oordinates, and adding a stru
ture to the method name array in quantity.
. All the other syntaxfor invoking it from the data�le is already in pla
e.A \method instan
e" is a parti
ular use of a method, with whatever parti
ular parameters may beneeded. A method instan
e may be 
reated expli
itly and given a name, or they may be 
reated impli
itlyby de�ning quantities to use methods. See the Data�le 
hapter for details. Every method instan
e has a\modulus", whi
h is multiplied times the basi
 method value to give the instan
e value. A modulus of 0
auses the entire instan
e 
al
ulation to be omitted.A \quantity" is the sum total of various method instan
es although usually just one instan
e is involved.Any quantity may be de
lared to be one of three types: 1) \energy" quantities whi
h are added to the overallenergy of the surfa
e; 2) \�xed" quantities that are 
onstrained to a �xed target value (by Newton steps atea
h iteration); and 3) \info only" quantities whose values are merely reported to the user. Ea
h quantityhas a \modulus", whi
h is just a s
alar multiplier of the sum of all instan
e values. A modulus of 0 will turno� 
al
ulation of all the instan
es.The sample data�le knotty.fe 
ontains some examples. Quantity values 
an be seen with the v or A
ommand, and the A 
ommand 
an be used to 
hange the target value of a �xed quantity, the modulus of aquantity, or some parameters asso
iated to various methods.49



Surfa
e Evolver ManualIt is planned that eventually all energies and global 
onstraints will be 
onverted to this system. How-ever, existing syntax will remain valid wherever possible. Starting Evolver with the -q option will do this
onversion now.x4.15. Pressure.Pressure is for
e per unit area perpendi
ular to a surfa
e. In the Evolver, pressure 
an arise in threeways:1. If a body has a volume 
onstraint, then the boundary surfa
e is unlikely to be a minimal surfa
e.Hen
e pressure is needed to 
ountera
t the desire of the surfa
e to shrink. When there are volume 
onstraints,the Evolver automati
ally 
al
ulates the pressure needed. The value of the pressure 
an be seen with the v
ommand.2. A body may have a pres
ribed pressure. Then the appropriate for
e is added to the for
es on theverti
es when 
al
ulating the motion of the surfa
e. This is the way to get a surfa
e of pres
ribed mean
urvature, sin
e pressure = surfa
e tension � mean 
urvature. NOTE: Pres
ribed volume and pres
ribedpressure on the same body are illegal. CAUTION: Pres
ribed pressure 
an make a surfa
e expand to in�nityif the pressure is too large.3. The Evolver 
an treat bodies as being made up of an isothermal ideal gas, that is, bodies 
an be
ompressible. This happens if the PRESSURE keyword 
omes in the �rst part of the data�le. The pressuregiven there is the ambient pressure outside all bodies. Ea
h body must have a volume spe
i�ed, whi
h is thevolume of the body at the ambient pressure.x4.16. Volume or 
ontent.The terms \volume" and \
ontent" are used for the highest dimensional measure of a region in n-spa
e:area in R2, volume in R3, et
. Bodies may have a volume spe
i�ed in the data�le, whi
h then be
omes avolume 
onstraint. The volume of a body 
an be written asV = Z Z Zbody 1dV; (1)whi
h by the Divergen
e Theorem 
an be written a surfa
e integral:V = Z Zbody surfa
e z~k � ~dS: (2)This integral is evaluated over all the boundary fa
ets of a body.The part of the boundary of a body lying on a 
onstraint need not be given as fa
ets. In that 
ase,Stokes' Theorem 
an be used to 
onvert the part of the surfa
e integral on the 
onstraint to a line integral overthe edges where the body surfa
e meets the 
onstraint. The line integral integrands are given as 
onstraint
ontent integrands in the data�le.An alternate surfa
e integral isV = 13 Z Zbody surfa
e(x~i+ y~j + z~k) � ~dS: (3)This is used if SYMMETRIC_CONTENT is spe
i�ed in the data�le. It is useful if the 
onstraint 
ontent integral(whi
h is evaluated by an approximation) leads to asymmetri
 results on what should be a symmetri
 surfa
e.As with surfa
e area, the gap between 
at fa
ets and 
urved 
onstraints 
auses problems. You 
an use
onstraint 
ontent integrals to over
ome this. See the tank and sphere examples in the tutorial se
tion.x4.17. Di�usion. 50



Chapter 4. The Model.The Evolver 
an simulate the real-life phenomenon of gas di�usion between neighboring bubbles. Thisdi�usion is driven by the pressure di�eren
e a
ross a surfa
e. This is invoked by the keyword DIFFUSIONin the �rst part of the data�le, followed by the value of the di�usion 
onstant. The amount di�used a
rossa fa
et during an iteration is 
al
ulated asdm = (s
ale fa
tor)(di�usion 
onstant)(fa
et area)(pressure di�eren
e): (1)The s
ale fa
tor is in
luded as the time step of an iteration. The amount is added to or subtra
ted from thepres
ribed volumes of the bodies on either side of the fa
et.x4.18. Motion.The heart of the Evolver is the iteration step that redu
es energy while obeying any 
onstraints. Thesurfa
e is 
hanged by moving the verti
es. No 
hanges in topology or triangulation are made (unless 
ertainoptions are toggled on). The idea is to 
al
ulate the velo
ity at ea
h vertex and move the vertex in thatdire
tion. If the 
onjugate gradient option is in e�e
t, the dire
tion of motion is adjusted a

ordingly.The for
e is the negative gradient of the energy. At ea
h vertex, the gradient of the total energy (seethe Energy se
tion above) as a fun
tion of the position of that vertex is 
al
ulated. By default, the velo
ityis taken to be equal to the for
e. If the area normalization option is in e�e
t, then the for
e is divided by1/3 the area of the neighboring verti
es to get an approximation to the mean 
urvature ve
tor for velo
ity. Ifrelevant, the gradients of quantity 
onstraints (su
h as body volumes), and level set 
onstraints are 
al
ulatedat ea
h vertex. For
es and quantity 
onstraint gradients are proje
ted onto the tangent spa
e of the relevantlevel set 
onstraints at ea
h vertex. To enfor
e quantity 
onstraints, a restoring motion along the volumegradients is 
al
ulated (there is found a 
onstant for ea
h quantity su
h that when ea
h vertex is moved bythe sum of (
onstant)(quantity gradient) for all quantities in
luding that vertex, then the quantity 
omeout right, at least in a linear approximation). Then multiples of the quantity gradients are added to thefor
es to keep quantities 
onstant (for volumes, the multiplying fa
tors are the pressures of the bodies, whi
hare a
tually found as the Lagrange multipliers for the volume 
onstraints).The a
tual motion of a vertex is the quantity restoring motion plus a universal s
ale fa
tor times thevelo
ity. The s
ale fa
tor 
an be �xed or it 
an be optimized (see 
ommand m). If optimized, then theEvolver 
al
ulates the energy for several values of the s
ale (doubling or halving ea
h time) until the minimumenergy is passed. The optimum s
ale is then 
al
ulated by quadrati
 interpolation. One 
an also move bya multiple of the optimum s
ale by assigning a value to the variable s
ale s
ale. A Runge-Kutta step isalso available.The un�xed verti
es are then moved. If jiggling is in e�e
t, ea
h non-�xed vertex is moved in a randomdire
tion from a Gaussian distribution with standard deviation = (temperature)(
hara
teristi
 length), wherethe 
hara
teristi
 length starts out as 1 and is halved at ea
h re�nement.Finally, all level set 
onstraints are enfor
ed, in
luding those on �xed verti
es. Verti
es violating aninequality or equality 
onstraint are proje
ted to the 
onstraint (Newton's method). Several proje
tion stepsmay be needed, until the violation is less that a 
ertain toleran
e or a 
ertain number of steps are done(whi
h generates a warning message). The default 
onstraint toleran
e is 1e-12, but it 
an be set with theCONSTRAINT_TOLERANCE option in the data�le, or setting the 
onstraint_toleran
e variable.x4.19. Hessian.There is another motion available in restri
ted 
ir
umstan
es that tries to get to the minimum in onestep by 
al
ulating the se
ond derivative matrix (Hessian) for energy, and then solving for the minimumenergy. The 
ommand to do one iteration is \hessian". There are some restri
tions on its use. The energiesit applies to are area, 
onstraint edge integrals, simplex model fa
et areas, and the named quantity methodsso labelled earlier. Note parti
ularly it does not apply to the string model or to ordinary gravity. One 
anfake strings in the soap�lm model with edge length quantity, and use gravity method instead of ordinarygravity. The 
onstraints that are handled are body volumes, level set 
onstraints, and �xed named quantitiesinvolving the afore mentioned methods. Un�xed verti
es on parameterized boundaries are not handled. Some51
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e Evolver Manualof these restri
tions will be removed in future versions. If Evolver 
omplains that it 
annot do Hessian onyour surfa
e, try restarting Evolver with the -q option, whi
h 
onverts everything to named quantities if it
an. The Hessian iteration should be tried only when the surfa
e is extremely 
lose to a minimum (or some
riti
al point). I advise evolving with other methods (like 
onjugate gradient) until the energy has 
onvergedto 8 pla
es or so. If you do try the Hessian from too far away, it is likely to explode your surfa
e. But if youdo \
he
k in
rease ON", the surfa
e will be restored to its previous state if the Hessian iteration wouldin
rease its energy.The needed 
loseness to a minimum is largely due to motions tangential to the surfa
e as the triangu-lation rearranges itself. There is a toggle hessian normal that 
onstrains motion to be along the surfa
enormal (volume gradient, to be pre
ise). Points without a well-de�ned normal (su
h as along triple jun
tionsor at tetrahedral points) are not 
onstrained.Running the Hessian method will produ
e warning messages when the matrix is not positive de�nite.If the 
onstraints don't make the net Hessian positive semide�nite, then you will get a message likeWARNING: Constrained Hessian not positive definite. Index 3where the index is the number of negative eigenvalues. This may show up in the �rst few iterations. Don'tworry about it unless it shows up when the Hessian method has 
onverged all the way, or 
auses the surfa
eto blow up. If you are worried about blowing up, give the 
ommand 
he
k in
rease. You 
an 
he
k positivede�niteness without moving with 
ommands mentioned in the next subse
tion.The 
riterion for treating a value as zero in solving the Hessian is set by the variable \hessian epsilon".Its default value is 1e-8.To get a feel for the Hessian method, try it out with 
at.fe.Some experimental stu� using the Hessian matrix 
an be a

essed with the 
ommand hessian menu.This brings up a menu of various things. Some of the more interesting: 
hoi
e E will �nd the lowest eigenvalueand 
orresponding eigenve
tor. Useful at a saddle point. After E, use 
hoi
e S to move along eigenve
tordire
tion to minimum energy. Choi
e P �nds the number of eigenvalues above and below a value.For more details, see the Hessian se
tion of the Te
hni
al Referen
e 
hapter.x4.20. Eigenvalues and eigenve
tors.If the surfa
e has rea
hed a saddle point, it is ni
e to be able to analyze the Hessian. A positive de�niteHessian proves the 
urrent surfa
e to be a stable lo
al minimum. Negative eigenvalues indi
ate dire
tions ofenergy de
rease. Zero eigenvalues may indi
ate symmetries su
h as translation or rotation. For ba
kground,see any de
ent linear algebra text, su
h as Strang [SG℄, espe
ially 
hapter 6. For more on stability andbifur
ations, see Arnol'd [AV℄ or Hale and Ko
ak [HK℄.Several 
ommands are available to analyze eigenvalues. The inertia of the Hessian with respe
t to someprobe value may be found with \eigenprobe value", whi
h reports the number of eigenvalues less than,equal to, or greater than the given probe value. Eigenvalues near the probe value may be found with the\lan
zos value" 
ommand, whi
h will print out 15 approximate eigenvalues near the probe value. Thenearest is very a

urate, but others may not be. Also, the multipli
ities are often spurious. Sin
e lan
zosstarts with a random ve
tor, it 
an be run multiple times to get an idea of the error. For more a

urateeigenvalues and multipli
ities, there is the ritz(value, n) 
ommand, whi
h takes a random n-dimensionalsubspa
e and applies shifted inverse iteration to it. It reports eigenvalues as they 
onverge to ma
hinepre
ision. You 
an interrupt it by hitting the interrupt key (usually CTRL-C), and it will report the 
urrentvalues of the rest. The saddle 
ommand will �nd the lowest eigenvalue, and, if negative, will seek in the
orresponding dire
tion for the lowest energy.The default Hessian usually has many small eigenvalues due to the approximate translational freedomof verti
es tangentially to the surfa
e. This is an espe
ially troublesome problem in quadrati
 mode, wherethere tend to be lots of tiny negative eigenvalues on the order of �0:00001 that are extremely hard to get ridof by iteration. The 
ure for this is to restri
t the motion of the verti
es to be perpendi
ular to the surfa
e.The hessian normal 
ommand toggles this mode. The normal dire
tion is de�ned to be the volume gradient.52



Chapter 4. The Model.Points where this is not well-de�ned, su
h as points on triple lines, are not restri
ted. This mode is highlyre
ommended to speed the 
onvergen
e of regular Hessian iteration also.You may want to approximate the eigenvalues and eigenve
tors of a smooth surfa
e. This requires some
areful thought. First of all, hessian normal mode should be used, sin
e smooth surfa
es are 
onsidered tomove only in normal dire
tions. Se
ond, you may noti
e that eigenvalues 
hange when you re�ne. This isdue to the fa
t that an eigenve
tor is a 
riti
al value for the Rayleigh quotientXTHXXTX :Now the presen
e of XTX is a 
lue that a metri
 is impli
itly involved, and it is ne
essary to in
lude themetri
 expli
itly. Eigenve
tors should really be regarded as 
riti
al points of the Rayleigh quotientXTHXXTMX :The default metri
 is M = I , whi
h gives unit weight to ea
h vertex. However, for smooth surfa
es,eigenfun
tions are 
al
ulated by using the L2 metri
, whi
h is integration on the surfa
e:< f; g >= ZS f(x)g(x) dx:There are a 
ouple of ways to approximate the L2 metri
 on an Evolver surfa
e. One is to take a diagonalM where the weight of ea
h vertex is just the area asso
iated to the vertex, 1/3 of the area of the adja
entfa
ets, to be pre
ise. I refer to this as the \star metri
". Another way is to take the true L2 metri
 of thelinear interpolations of fun
tions de�ned by their values at the verti
es. I 
all this the \linear metri
". Thelinear metri
 
ommand toggles the use of metri
s in the 
al
ulation of eigenvalues and eigenve
tors. Bydefault, the metri
 is a 50-50 mix of the star metri
 and the linear metri
, sin
e that gave the most a

urateapproximations to the smooth surfa
e eigenvalues in a 
ouple of test 
ases. But you may 
ontrol the mix bysetting the variable linear metri
 mix to the proportion of linear metri
 that you want.In quadrati
 mode, linear metri
 a
tually uses quadrati
 interpolation. No star metri
 is used, be
auseeigenvalues with star metri
 
onverge like h2 while eigenvalues with pure quadrati
 interpolation 
onvergelike h4.If you want to a
tually see the eigenve
tors, you need to go to hessian menu. Do 
hoi
e 1 to initialize,then 
hoi
e V with the approximate value of your 
hoi
e. This will do shifted inverse iteration, and you willprobably need less than 50 iterations to get a good eigenve
tor. Then use 
hoi
e 4 to move by some multipleof the eigenve
tor. Choi
e 7 undoes moves, so don't be afraid.x4.21. Mobility.There is a 
hoi
e to be made in the 
onversion of the for
es on verti
es into velo
ities of verti
es.Te
hni
ally, for
e is the gradient of energy, hen
e a 
ove
tor on the manifold of all possible 
on�gurations.In the Evolver, that global 
ove
tor 
an be represented as a 
ove
tor at ea
h vertex. The velo
ity is a globalve
tor, whi
h is represented as a ve
tor at ea
h vertex. Conversion from the global 
ove
tor to the globalve
tor requires multipli
ation by a metri
 tensor, i.e. singling out a parti
ular inner produ
t on global ve
torsand 
ove
tors. The tensor 
onverting from for
e to velo
ity is the mobility tensor, represented as the mobilitymatrix M in some 
oordinate system. Its inverse, 
onverting from velo
ity to for
e, is the resistan
e tensorS = M�1. The same inner produ
t has to be used in proje
ting the velo
ity tangent to the 
onstraints,whether they be level set 
onstraints on verti
es or 
onstraints on body volumes or quantity integrals. Thereare several 
hoi
es implemented in the Evolver, 
orresponding to several di�erent physi
al pi
tures of howthe medium resists the motion of the surfa
e through it.x4.21.1. Vertex mobility.This is the default mobility, in whi
h the velo
ity is equal to the for
e. Hen
e M and S are the identitymatri
es in standard 
oordinates. The physi
al interpretation of this is that there is a resistan
e to motion of53
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e Evolver Manualea
h vertex through the medium proportional to its velo
ity, but not for the edges. This does not approximatemotion by mean 
urvature, but it is very easy to 
al
ulate.x4.21.2. Area normalization.In motion by mean 
urvature, the resistan
e to motion is really due to the surfa
es, not the verti
es. Oneway to approximate this is to say the resistan
e to motion of a vertex is proportional to the area asso
iatedwith the vertex. So this s
heme makes the resistan
e of a vertex equal to 1/3 of the area of the star of fa
etsaround it (or 1/2 the area of the star of edges in the string model). This is easy to 
al
ulate, sin
e it is alo
al 
al
ulation for ea
h vertex. S and M are diagonal matri
es.x4.21.3. Area normalization with e�e
tive area.Simple area normalization as des
ribed in the previous paragraph isn't what's really wanted in 
ertain
ir
umstan
es. It has equal resistan
e for motion in all dire
tions, both parallel and normal to the surfa
e.If a vertex is a triple jun
tion and migrating along the dire
tion of one of the edges, it shouldn't matter howlong that edge is. Therefore, if the e�e
tive area mode is in e�e
t, the area asso
iated with a vertex is thearea of its star proje
ted normal to the for
e at the vertex. This is a little more 
ompli
ated 
al
ulation,but it is still lo
al. S and M are blo
k diagonal matri
es, with one blo
k for ea
h vertex. At a free edge noton any 
onstraint, the for
e is tangent to the surfa
e, the resistan
e is zero, and the mobility is in�nite. Butthis a

urately des
ribes a popping soap�lm.x4.21.4. Approximate polyhedral 
urvature.Following a suggestion of Gerhard Dzuik and Alfred S
hmidt, the inner produ
t of global ve
tors istaken to be the integral of the s
alar produ
t of their linear interpolations over the fa
ets (or edges in thestring model). This has the advantage that the rate of area de
rease of the surfa
e is equal to the rate volumeis swept out by the surfa
e, whi
h is a 
hara
teristi
 of motion by mean 
urvature. A big disadvantage isthat the matri
es M and S are no longer lo
al. See 
hapter 7 for the details. S is a sparse matrix withentries 
orresponding to ea
h pair of verti
es joined by an edge, and M is its dense inverse.x4.21.5. Approximate polyhedral 
urvature with e�e
tive area.The previous se
tion did not make any distin
tion between motion parallel and perpendi
ular to thesurfa
e. A better approximation is to 
ount only motion perpendi
ular to the surfa
e. This 
an be done byproje
ting the interpolated ve
tor�elds normal to the fa
ets before integrating their s
alar produ
t. Now therate of area de
rease is equal to the rate geometri
 volume is swept out, as opposed to the slightly 
aky wayone had to 
al
ulate volume sweeping in the previous paragraph. Again S is a sparse matrix with entries
orresponding to ea
h pair of verti
es joined by an edge, and M is its dense inverse.x4.21.6. User-de�ned mobility.The user may de�ne a mobility tensor in the data�le. There is a s
alar form with the keyword MOBILITYand a tensor form with MOBILITY_TENSOR. When in e�e
t, this mobility is multiplied times the velo
ityto give a new velo
ity. This happens after any of the previous mobilities of this se
tion have been appliedand before proje
tion to 
onstraints. The formulas de�ning the mobility may in
lude adjustable parameters,permitting the mobility to be adjusted during runtime.x4.22. Stability.The timestep of an iteration should not be so large as to amplify perturbations of the surfa
e. Shortwavelength perturbations are most prone to ampli�
ation. This se
tion 
ontains a sket
h of the stability
hara
teristi
s of the various mobility modes, enough to let the user relate the maximum timestep to theminimum fa
et or edge size. Two examples are dis
ussed: a zigzag string and a nearly 
at surfa
e withequilateral triangulation. E�e
tive area is not in
luded, as it is an insigni�
ant 
orre
tion for nearly 
atsurfa
es. The general moral of this se
tion is that the maximum time step in iteration is limited by thelength of the shortest edge or the area of the smallest fa
et, ex
ept in one 
ase.54



Chapter 4. The Model.x4.22.1. Zigzag string.Let the amplitude of the perturbation about the midline be Y and the edge length L. Then the for
eon a vertex is F = �4Y=L for small Y . Let the timestep (the Evolver s
ale fa
tor) be �t. Let V be thevertex velo
ity. Then the 
riti
al timestep for ampli�
ation of the perturbation is given by V�t = �2Y , or�t = �2Y=V .Vertex mobility. Here V = F , so �t = L=2.Area normalization. Here the vertex star has length 2L, so V = F=L and �t = L2=2.Approximate 
urvature. It turns out that the zigzag is an eigenve
tor of the mobility matrix Mfor the largest eigenvalue 3/L, so V = 3F=L and �t = L2=6. This is a major disadvantage of approximate
urvature. If perturbation instability is the limitation on the timestep, it will take three times as manyiterations as with area normalization to do the same evolution.x4.22.2. Perturbed sheet with equilateral triangulation.Consider a plane surfa
e triangulated with equilateral triangles of area A. The perturbation 
onsists ofa tiling of hexagonal dimples with their 
enters of height Y above their peripheries. The for
e at a 
entralvertex turns out to be �p3Y and the for
e at a peripheral vertex p3Y=2.Vertex mobility. The 
riti
al time step is given by(p3Y +p3Y=2)�t = 2Y;so �t = 4=3p3: Note that this is independent of the triangle size. This is 
onsistent with experien
e inevolving with optimizing s
ale fa
tor, where the optimum time step is in the range 0.2 - 0.3 indenpendent oftriangle size. This is a de�nite advantage of this version of mobility, sin
e di�erent parts of the surfa
e 
anhave di�erent size triangulations and one size time step 
an work for all.Area normalization. The star area of ea
h vertex is 6A, so the velo
ities be
ome �p3Y=2A andp3Y=4A, and the 
riti
al time step �t = 4=6p3A: Hen
e on a surfa
e with varying size triangles, thetimestep is limited by the area of the smallest triangles.Approximate area. This for
e turns out to be an eigenve
tor of the mobility matrix with eigenvalue2=A. Hen
e the velo
ity is four times that of the area normalization, and the 
riti
al time step four timesshorter.x4.23. Topology 
hanges.The term \topology of the surfa
e" refers to the topology of the union of the fa
ets. The term \trian-gulation" refers to the spe
�
 way fa
ets subdivide the surfa
e. Some operations, su
h as iteration, 
hangeneither. Some, su
h as re�nement, 
hange the triangulation but not the topology. Some, su
h as short edgeelimination, 
an 
hange both. Some operations, su
h as vertex popping, are meant to 
hange the topology.x4.24. Re�nement.\Re�nement" of a triangulation refers to 
reating a new triangulation by subdividing ea
h triangle ofthe original triangulation. The s
heme used in the Evolver is to 
reate new verti
es at the midpoints ofall edges and use these to subdivide ea
h fa
et into four new fa
ets ea
h similar to the original. (See theTe
hni
al Referen
e 
hapter for simplex re�nement.)Certain attributes of new elements are inherited from the old elements in whi
h they were 
reated.Fixedness, 
onstraints, and boundaries are always inherited. Torus wrapping on edges is inherited by somebut not all new edges. Surfa
e tension and displayability are inherited by the new fa
ets. `Extra' attributesare inherited by the same type of element.Re�nement 
an 
hange surfa
e area and energy if there are 
urved 
onstraints or boundaries. Likewisefor body volumes.x4.25. Adjustable parameters and variables.55



Surfa
e Evolver ManualThe user may de�ne named variables or \parameters" and assign them values. They may be used inexpressions whenever the expression does not have to be a 
onstant, su
h as 
onstraint formulas or boundaryparameterizations. Their values may be 
hanged with the A 
ommand, or by assignment, e.g. \foo :=3.4" from the 
ommand prompt. Variables may be 
reated by de�ning them in the top se
tion of thedata�le as \parameter foo = 3.4", or by assigning a value from the 
ommand prompt. All parametersare real-valued. Changing the value of a parameter de
lared in the top of the data�le will 
ause automati
re
al
ulation of the surfa
e, on the assumption that su
h a parameter is used in a 
onstraint or boundary,unless AUTORECALC has been toggled o�.It is possible to make a parameter one of the optimization variables (along with the vertex 
oordinates)by de
laring it with optimizing parameter instead of parameter in the data�le. Energy gradients andhessiansi with respe
t to optimizing parameters are 
al
ulated numeri
ally rather than symboli
ally, so thereis a loss of speed and a

ura
y.At runtime, a parameter may be toggled to be optimizing or not with the FIX and UNFIX 
ommands.That is, fix radius would make the radius variable non-optimizing (�xed value).x4.26. The String Model.This se
tion lists the di�eren
es you need to be aware of when using the string model.In general, a fa
e takes on the role of a body, and an edge takes on the role of a fa
et. Coordinates arestill in 3D. If you want 
ells of pres
ribed volume, always put z = 0 for the verti
es and for ea
h fa
e makea body with just that one fa
e as boundary.The fa
e se
tion of the data�le is optional.Fa
es are not subdivided on input.Fa
e area is 
al
ulated solely using x,y 
oordinates, even though verti
es are still 3D.Content refers to area.Constraint energy and 
ontent integrands are s
alars (have only one 
omponent, E1 or C1 as the 
asemay be, and are evaluated at verti
es on 
onstraints. Tails of edges 
ount negative, and heads positive.
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Chapter 5. The Data�le.Chapter 5. The Data�le.x5.1. Data�le organization.The initial 
on�guration of the surfa
e is read from an ASCII data�le. The data�le is organized intosix parts:1. De�nitions and options2. Verti
es3. Edges4. Fa
es5. Bodies6. CommandsIn the syntax des
riptions below, keywords will be in upper 
ase. 
onst exprmeans a 
onstant expression,and expr means any expression. n or k means an integer, whi
h may be signed if it is being used as anoriented element label. Square bra
kets denote optional items. '|' means 'or'.x5.2. Lexi
al format.For those who know about su
h things, the data�le is read with a lexi
al analyzer generated by the lexprogram. The spe
i�
ation is in datafile.lex.x5.2.1. Comments.Comments may be en
losed in /* */ pairs (as in C) and may span lines. // indi
ates the rest of the lineis a 
omment, as in C++.x5.2.2. Lines and line spli
ing.The �le is made up of lines. Line breaks are signi�
ant. The next physi
al line 
an be spli
ed ontothe 
urrent line by having '\' be the last 
hara
ter of the 
urrent line. Line spli
ing is not e�e
tive in// 
omments. Blank lines and 
omment lines may be pla
ed freely anywhere in the data�le. The various
ombinations of CR and NL that various 
omputer systems use are all re
ognized.x5.2.3. In
luding �les.The standard C language method of in
luding other �les is available. The �le name must be in quotes.If the �le is not in the 
urrent dire
tory, EVOLVERPATH will be sear
hed. In
ludes may be nested tosomething like 10 deep. Example:#in
lude \
ommon.stu�"x5.2.4. Ma
ros.Simple ma
ros (no parameters) may be de�ned as in C:#DEFINE identi�er stringidenti�er must be an identi�er without other spe
ial meaning to the parser (see the keyword list below).string is the rest of the logi
al line, not in
luding 
omments. It will be substituted for identi�er wheneveridenti�er o

urs as a token subsequently. Substitutions are re-s
anned. No 
he
ks for re
ursiveness are made.There is a maximum length (
urrently 500 
hara
ters) on a ma
ro de�nition. Note: ma
ro identi�ers areseparate tokens, so if \-M" translates into \-2", this will be read as two tokens, not a signed number.The keyword keep ma
ros in the data�le will keep ma
ro de�nitions a
tive during runtime, until thenext data�le is loaded. 57



Surfa
e Evolver Manualx5.2.5. Case.Case is not signi�
ant. All letters are 
onverted to lower 
ase on input.x5.2.6. Whitespa
e.Whitespa
e 
onsists of spa
es, tabs, 
ommas, 
olons, and semi
olons. So it's �ne if you want to use
ommas to separate 
oordinate values. CTRL-Z is also whitespa
e, for bene�t of �les imported from DOS.x5.2.7. Identi�ers.Identi�ers follow standard C rules (
omposed of alphanumeri
 
hara
ters and ' ' with the leading 
har-a
ter not a digit) and must not be keywords. Identi�ers are used for ma
ros and adjustable 
onstants. Useat least two 
hara
ters, sin
e single 
hara
ters 
an be 
onfused with 
ommands. To �nd out if a name isalready in use as a keyword or user-de�ned name, use the is defined fun
tion, whi
h has the syntaxis de�ned(stringexpr)The stringexpr must be a quoted string or other string expression. The return value is 0 if the name isunde�ned, 1 if de�ned.x5.2.8. Numbers.Re
ognized number representations in
lude integers, �xed point, s
ienti�
 notation, hexade
imal, andbinary numbers, su
h as2 -3 .5 23. 5e-10 +0.7D2 0x4FA5 11101bx5.2.9. Keywords.All words mentioned in this manual as having spe
ial meaning to the Evolver should be regarded asreserved words and are not available for use by the user as identi�ers for variables, 
ommands, quantitynames, et
.x5.2.10. Colors.The 
olors of edges and fa
ets are re
orded as integers. How these integers translate to 
olors on thes
reen is determined by how the graphi
s drivers are written. The following synonyms are supplied for theintegers 0 through 15, and it is hoped that the graphi
s drivers will be written to display these 
orre
tly:BLACK, BLUE, GREEN, CYAN, RED, MAGENTA, BROWN, LIGHTGRAY, DARKGRAY, LIGHTBLUE, LIGHTGREEN, LIGHTCYAN,LIGHTRED, LIGHTMAGENTA, YELLOW, and WHITE. The spe
ial 
olor value CLEAR (-1) makes a fa
et transparent.These tokens are simply translated to integer values wherever they o

ur, so these are reserved words.x5.2.11. Expressions.Variable expressions are used in 
onstraint and boundary formulas and integrands. Constant expressions
an be used wherever a real value is needed. Expressions are given in algebrai
 notation with the followingtokens:x1,x2,... 
oordinatesx,y,z,w 
oordinatesp1,p2 parameters for boundaries
onstant any integer or real numberG 
urrent gravitational 
onstantidenti�er user-de�ned variableidenti�er[expr℄... indexed arrayE, PI spe
ial 
onstants+,-,*,/,%,mod real arithmeti
imod,idiv integer arithmeti
= treated as low-pre
eden
e -58



Chapter 5. The Data�le.(,) grouping and fun
tional notation^ raise to real power** raise to real power? : 
onditional expression, as in C languagefun
tions:abs absolute valuesqr squaresin,
os,tan trig fun
tionsa
os,asin,atan inverse trig fun
tions (a
os, asin arguments 
lamped to [-1,1℄)atan2 inverse tangent, atan2(y,x)sqrt square root; argument must be nonnegativelog,exp natural log, exponentiation base esinh,
osh,tanh hyperboli
 fun
tionsasinh,a
osh,atanh inverse hyperboli
 fun
tionspow pow(x,y): raise x to real power y
eil,floor round up or down to integerellipti
K,ellipti
E Complete ellipti
 fun
tionsin
ompleteEllipti
E In
omplete ellipti
 fun
tion of (�;m)in
ompleteEllipti
F In
omplete ellipti
 fun
tion of (�;m)minimum,maximum of two arguments, i.e. minimum(a,b)usrn user-de�ned fun
tionsUser-de�ned fun
tions 
an be de�ned in C in userfun
.
. They are meant for situations where ex-pression interpretation is too slow, or fun
tions su
h as ellipti
 integrals are wanted. Currently, they areautomati
ally fun
tions of the 
oordinates. Do not give any arguments in the expression; for example \(usr1+ usr3)/usr10".Expressions are parsed into evaluation trees, whi
h are interpreted when needed. Constant subtrees arefolded into 
onstant nodes at parse time. For using 
ompiled fun
tions in 
ertain pla
es, see the se
tion ondynami
 load libraries at the end of the Install 
hapter.Constant expressions must evaluate to values when they are read, i.e. they have no parameters or
oordinates.In parsing an expression, the longest legal expression is used. This permits 
oordinates to be spe
i�edby several 
onse
utive expressions with no spe
ial separators.NOTES: A '+' or '-' pre
eded by whitespa
e and followed by a number is taken to be a signed number.Thus \3 - 5" and \3-5" are single expressions, but \3 -5" is not. This is for 
onvenien
e in separating multipleexpressions listed on the same line for vertex 
oordinates, metri
 
omponents, et
. If in doubt about how a'-' will be interpreted, or if you get error messages about \not enough values", 
he
k out the minus signs.The mod operator `%' or mod does a real modulus operation:x%y = x� floor(x=y) � y:The integer operator idiv rounds its operands toward zero before doing integer division (as implemented inC). imod rounds its operands down:x imod y = floor(x) � floor(floor(x)=floor(y)) � floor(y):x5.3. Data�le top se
tion: de�nitions and options.Ea
h line starts with a keyword. The order is immaterial, ex
ept that identi�ers must be de�ned beforeuse and quantities must be de�ned before referring to them in 
onstraints. None of these are required, butthose marked as default will be assumed unless an overriding option is present.59



Surfa
e Evolver Manualx5.3.1. Ma
ros.#DEFINE identi�er stringSee Ma
ros se
tion above.x5.3.2. Version 
he
k.evolver_version "2.10"If a data�le 
ontains features present only after a 
ertain version of the Evolver, the data�le 
an 
ontaina line of the above form. This will generate a version error message if the 
urrent version is earlier, or justa syntax error if run on an Evolver version earlier than 2.10.x5.3.3. Element id numbers.The presen
e of the keywordkeep_originalsin the top of the data�le has the same e�e
t as the -i 
ommand line option, whi
h is to keep the id numbersinternally the same as in the data�le, instead of renumbering them in the order they are read in.x5.3.4. Variables.PARAMETER identi�er = 
onst exprThis de
lares identi�er to be a variable with the given initial value. The value may be 
hanged with the A
ommand, or by assignment. Variables may be used in any subsequent expression or 
onstant expression.Changing variables de�ned heres results in automati
 re
al
ulation of the surfa
e, unless AUTORECALC hasbeen toggled o�.OPTIMIZING_PARAMETER identi�er = 
onst expr PDELTA = 
onst expr PSCALE = 
onst exprThis de
lares a variable as above with the additional property that it is subje
t to optimization. Thatis, it joins the vertex 
oordinates in the set of independent variables. It is di�erent from 
oordinates in thesense that its gradient is 
al
ulated by �nite di�eren
es rather than analyti
ally. Hen
e it may be used inany kind of expression where a variable is permitted. Hessians of optimizing parameters are implemented.The optional pdelta value is the parameter di�eren
e to use in �nite di�eren
es; the default value is 0.0001.The optional ps
ale value is a multiplier for the parameter's motion, to do "impedan
e mat
hing" of theparameter to the surfa
e energy. These attributes may be set on any parameter, for potential use as anoptimizing parameter. At runtime, a parameter may be toggled to be optimizing or not with the FIXand UNFIX 
ommands. That is, fix radius would make the radius variable non-optimizing (�xed value)."Optimising parameter" is a synonym.x5.3.5. Arrays.It is possible to de�ne multidimensional arrays of integers or reals with the syntaxDEFINE variablename REAL|INTEGER [expr℄...This syntax works both in the data�le header and at the 
ommand prompt. If the array already exists, itwill be resized, with old elements kept as far as possible. Do not resize with a di�erent number of dimensions.Example:de�ne fvalues integer[10℄[4℄de�ne base
oord real[10℄[spa
e dimension℄The PRINT 
ommand may be used to print whole arrays or array sli
es in bra
keted form. Example:print fvalues 60



Chapter 5. The Data�le.print fvalues[4℄x5.3.6. Dimensionality.STRINGThe Evolver is to use the string model (see the String Model se
tion).SOAPFILM (default)The Evolver is to use the standard two-dimensional surfa
e model.SURFACE_DIMENSION 
onst exprSurfa
e is of given dimension. Dimension over 2 is valid only in the simplex model.x5.3.7. Domain.EUCLIDEAN (default)The surfa
e lives in Eu
lidean spa
e.SPACE_DIMENSION 
onst exprThe surfa
e lives in Eu
lidean spa
e of the given dimension. Default is 3. The dimension must be atmost the value of MAXCOORD in model.h, whi
h is 4 in the distributed version.TORUSThe surfa
e lives in a 3 dimensional 
at torus. Surfa
e is equivalent to a periodi
 surfa
e.TORUS_FILLEDIndi
ates the entire torus is �lled by bodies to enable the program to avoid degenerate matri
es whenadjusting 
onstrained volumes.PERIODSexpr expr exprexpr expr exprexpr expr exprUsed with TORUS domain. Spe
i�es that the side ve
tors (basis ve
tors) of the unit 
ell parallelpipedfollow on the next lines. Ea
h ve
tor is given by its 
omponents. The size of this matrix depends onthe spa
e dimension. Default is unit 
ube. Adjustable parameters may be used in the expressions, so thefundamental domain may be 
hanged intera
tively with either the 'A' 
ommand or by assigning new valuesto the parameters. Be sure to do a `re
al
' to get the period matrix re-evaluated.SYMMETRY_GROUP "name"The domain is the quotient of Rn by a user-de�ned symmetry group. The user must link in C fun
tionsthat de�ne the group operations. See quotient.
 for an example. \name" is a double-quoted name that is
he
ked against a name in quotient.
 to be sure the right symmetry group is linked in.SYMMETRIC_CONTENTFor body volume integrals, use an alternate surfa
e integralV = 13 Z Zbody surfa
e(x~i+ y~j + z~k) � ~dS: (1)It is useful if unmodelled sides of a body are radial from the origin, or if 
onstraint 
ontent integrals (whi
his evaluated by an approximation) lead to asymmetri
 results on what should be a symmetri
 surfa
e.61



Surfa
e Evolver Manualx5.3.8. Length method.This item, length_method_name, spe
i�es the name of the pre-de�ned method to use as the method to
ompute edge lengths in pla
e of the default edge area method. It is optional. Usage automati
ally invokesthe all quantities mode. The prin
iple usage so far is to use exa
t 
ir
ular ar
s in two-dimensional foams.Syntax: volume_method_name quoted method nameFor example,stringspa
e_dimension 2length_method_name "
ir
ular_ar
_length"x5.3.9. Area method.This item, area_method_name, spe
i�es the name of the pre-de�ned method to use as the methodto 
ompute fa
et areas in pla
e of the default edge_area method in the string model or the fa
et areamethod in the soap�lm model. In the string model, it is synonymous with volume_method_name. It isoptional. Usage automati
ally invokes the all quantities mode. Developed for using exa
t 
ir
ular ar
s intwo-dimensional foams. Syntax:area_method_name quoted method nameFor example,stringspa
e_dimension 2area_method_name "
ir
ular_ar
_area"x5.3.10. Volume method.This item, volume_method_name, spe
i�es the name of the pre-de�ned method to use as the method to
ompute body volumes (or fa
et areas in the string model) in pla
e of the default edge area or fa
et volumemethods. It is optional. Usage automati
ally invokes the all quantities mode. Syntax:volume_method_name quoted method nameFor example,stringspa
e_dimension 2volume_method_name "
ir
ular_ar
_area"x5.3.11. Representation.LINEAR (default)Fa
ets are 
at triangles.QUADRATICFa
ets are quadrati
 pat
hes. See the Quadrati
 Representation se
tion.LAGRANGE $n$The surfa
e is in the Lagrange order n representation. Best not to try to 
reate a Lagrange representationinput �le by hand. This phrase is in here so dump �les of the Lagrange representation may be reloaded.SIMPLEX_REPRESENTATIONFa
ets are de�ned by oriented vertex list rather than edge list. See the se
tion above on Simplex Model.62



Chapter 5. The Data�le.x5.3.12. Hessian spe
ial normal ve
tor.In using Hessian 
ommands, it may be useful to have the perturbations follow a spe
i�ed dire
tionrather than the usual surfa
e normal. The dire
tion ve
tor�eld is spe
i�ed in the data�le header se
tionwith the syntaxHESSIAN_SPECIAL_NORMAL_VECTOR
1: expr
2: expr
3: exprVertex attributes may be used in the 
omponent expressions, whi
h permits elaborate 
al
ulations to bedone beforehand to spe
ify the ve
tor�eld. For example, one 
ould dodefine vertex attribute perve
 real[3℄HESSIAN_SPECIAL_NORMAL_VECTOR
1: perve
[1℄
2: perve
[2℄
3: perve
[3℄x5.3.13. Dynami
 load libraries.To load a dynami
 library of 
ompiled fun
tions, the syntax isLOAD_LIBRARY "�lename"where the double-quoted �lename is the library. The 
urrent dire
tory and the EVOLVERPATHwill be sear
hedfor the library. For details on how to set up and use a dynami
 load library, see the Installation 
hapter.x5.3.14. Extra attributes.It is possible to dynami
ally de�ne extra attributes for elements, whi
h may be single values or up toeight-dimensional arrays. The de�nition syntax isDEFINE elementtype ATTRIBUTE name type [ [dim℄ ... ℄where elementtype is vertex, edge, fa
et, or body, name is an identi�er of your 
hoi
e, and dim is anoptional expression for the dimension. Type is REAL or INTEGER (internally there is also a ULONG unsignedlong type also). The type may be followed by FUNCTION followed by a pro
edure in bra
kets to be evaluatedwhenever the value of the attribute is read; in the formula, self may be used to refer to the element inquestion to use its attributes, in parti
ular to at some point assign a value to the attribute. There is nopra
ti
al distin
tion between real and integer types at the moment, sin
e everything is stored internally asreals. But there may be more datatypes added in the future. Extra attributes are inherited by elements ofthe same type generated by subdivision. Examples:define edge attribute 
harlie realdefine vertex attribute oldx real[3℄define fa
et attribute knots real[5℄[5℄[5℄define edge attribute bbb real fun
tion fself.bbb := self.x+self.y gThe dimension of an extra attribute may be retrieved at runtime with the sizeof fun
tion, with the syntaxSIZEOF(name )The PRINT 
ommand may be used to print whole arrays or array sli
es in bra
keted form. Example:print vertex[34℄.oldx;print fa
et[1℄.knots[3℄[2℄;x5.3.15. Surfa
e tension energy. 63



Surfa
e Evolver ManualThe surfa
e tension energy is always in
luded in the total energy by default. It 
an be turned o� onlyby giving the fa
ets (or edges in the string model) the \density 0" attribute.AREA (default)Surfa
e energy of a fa
et is its area times its surfa
e tension.WULFF "�lename"Spe
i�es that a 
rystalline integrand is to be used. The next token should be a double-quoted �lename(with path) of a �le giving the Wul� ve
tors of the integrand. The format of the �le is one Wul� ve
torper line with its three 
omponents in ASCII de
imal format separated by spa
es. The �rst blank line endsthe spe
i�
ation. Some spe
ial integrands 
an be used by giving a spe
ial name in pla
e of the �le name.Currently, these are "hemisphere" for a Wul� shape that is an upper unit hemisphere, and "lens" for twounit spheri
al 
aps of thi
kness 1/2 glued together on a horizontal plane. These two don't need separate�les. PHASEFILE "�lename"This permits the surfa
e tension of a grain boundary to depend on the phases or types of the adja
entgrains. The information is read from an ASCII �le. The �rst line of the �le has the number of di�erentphases. Ea
h line after 
onsists of two phase numbers and the surfa
e tension between them. Lines notstarting with a pair of numbers are taken to be 
omments.If a pair of phases is not mentioned, the surfa
etension between them is taken to be 1.0. Fa
ets in the string model or bodies in the soap�lm model 
an belabelled with phases with the PHASE phrase.x5.3.16. Squared mean 
urvature.SQUARE_CURVATURE 
onst exprThis phrase indi
ates that the integral of squared mean 
urvature will be in
luded in the energy with aweight given by 
onst expr. The weight 
an be 
hanged with the A 
ommand by 
hanging the value of theadjustable 
onstant square 
urvature modulus.x5.3.17. Integrated mean 
urvature.MEAN_CURVATURE_INTEGRAL 
onst exprThis phrase indi
ates that the integral of mean 
urvature will be in
luded in the energy with a weight givenby 
onst expr. The weight 
an be 
hanged with the A 
ommand by 
hanging the value of the adjustable
onstant mean 
urvature modulus.x5.3.18. Gaussian 
urvature.GAUSS_CURVATURE 
onst exprThis phrase indi
ates that the integral of Gaussian 
urvature will be in
luded in the energy with a weightgiven by 
onst expr.x5.3.19. Squared Gaussian 
urvature.SQUARE_GAUSSIAN_CURVATURE 
onst exprThis phrase indi
ates that the integral of squared Gaussian 
urvature will be in
luded in the energy with aweight given by 
onst expr. The weight 
an be 
hanged with the A 
ommand by 
hanging the value of theadjustable 
onstant square Gaussian modulus. Synonyms: squared_gaussian_
urvature, sqgauss.x5.3.20. Ideal gas model.PRESSURE 
onst expr 64



Chapter 5. The Data�le.This spe
i�es that bodies are 
ompressible and the ambient pressure is the given value. The default isthat bodies with given volume are not 
ompressible.x5.3.21. Gravity.GRAVITY_CONSTANT 
onst exprSpe
i�es gravitational 
onstant G. Default 1.0.x5.3.22. Gap energy.GAP_CONSTANT 
onst exprMultiplier for 
onvex 
onstraint gap energy. Default 1.0. Synonym: spring_
onstantx5.3.23. Knot energy.There are a bun
h of named quantity methods for knot energies, and that syntax should be used. Butthere are a 
ouple of synonyms 
oating around.INSULATING_KNOT_ENERGY 
onst exprThe total energy will in
lude the knot energy method knot energy with multiplier 
onst expr. Abbre-viation for a named quantity.CONDUCTING_KNOT_ENERGY 
onst exprThe total energy will in
lude the knot energy method edge knot energy with multiplier 
onst expr.Abbreviation for a named quantity.x5.3.24. Mobility and motion by mean 
urvature.GRADIENT_MODE (default)Velo
ity is equal to the for
e.AREA_NORMALIZATIONThe velo
ity of a vertex is the for
e divided by 1/3 area of neighboring fa
ets (or 1/2 length of neighboringedges in string model) to approximate motion by mean 
urvature.APPROXIMATE_CURVATURECal
ulates vertex velo
ity from for
e by means of polyhedral linear interpolation inner produ
t. Do not usetogether with AREA_NORMALIZATION.EFFECTIVE_AREAFor both area normalization and approximate 
urvature modes, the resistan
e to motion is only on the
omponent of velo
ity normal to the surfa
e.x5.3.25. Annealing.JIGGLEContinuous jiggling. Default none.TEMPERATURE 
onst exprGives temperature for jiggling. Default 0.05.x5.3.26. Di�usion. 65



Surfa
e Evolver ManualDIFFUSION 
onst exprSpe
i�es that di�usion between bodies is in e�e
t with di�usion 
onstant as given. Default 0.x5.3.27. Named method instan
es.These are methods of 
al
ulating s
alar values for geometri
 elements that are referred to by name. Theyare used by named quantities (see next subse
tion). For whi
h models ea
h is valid in (linear, quadrati
,Lagrange, simplex, et
.), see Chapter 4.METHOD_INSTANCE name METHOD methodname [ MODULUS 
onstexpr℄[ ELEMENT_MODULUS attrname℄ [ GLOBAL℄ parametersThis is an expli
it de�nition of a named method instan
e for a named quantity. Su
h an expli
itde�nition is useful if your quantity has several method instan
es, and you want to see their individual valuesor apply the instan
es to di�erent elements. The modulus multiplies the method value to give the instan
evalue. The default modulus is 1. GLOBAL makes the method apply to all elements of the appropriate type.Non-global instan
es may be applied to elements individually.Ea
h method may have various parameters to spe
ialize it to an instan
e. Currently the only parametersspe
i�ed here are s
alar integrands, with syntaxSCALAR_INTEGRAND: exprve
tor integrands, with syntaxVECTOR_INTEGRAND:Q1: exprQ2: exprQ3: expr2-form integrands, with syntaxFORM_INTEGRAND:Q1: exprQ2: exprQ3: expr: : :where the form 
omponents are listed in lexi
ographi
 order, i.e. in 4D the six 
omponents 12,13,14,23,24,34would be listed as Q1 through Q6.The expressions may use attributes for individual elements (density, length, extra attributes, et
.)Some methods use global parameters (a holdover that will be done away with eventually.) The instan
ede�nition does not have to be on one line.See the Named Methods and Quantities 
hapter for a list of the methods available and the spe
i�
ationsea
h needs.x5.3.28. Named quantities.QUANTITY name ENERGY| FIXED = value| INFO_ONLY| CONSERVED MODULUS 
onstexpr LA-GRANGE_MULTIPLIER 
onstexprTOLERANCE 
onstexpr methodlist | FUNCTION methodexprThese are an e�ort to provide a more systemati
 way of adding new energies and 
onstraints. A\method" is a way of 
al
ulating a s
alar value from some parti
ular type of element (vertex, edge, fa
et,body). A \quantity" is the sum total of various methods applied to various elements, although usually justone method is involved. The name is an identi�er. Any quantities may be de
lared to be one of three types:1) energy quantities are added to the overall energy of the surfa
e; 2) �xed quantities that are 
onstrainedto a �xed target value (by a single Newton step at ea
h iteration), 3) information quantities whose values66



Chapter 5. The Data�le.are merely reported to the user. 4) 
onserved quantities whi
h are not evaluated as su
h, but gradients andhessians treat them as �xed quantities in 
al
ulating dire
tions of motion.Ea
h quantity has a \modulus", whi
h is just a s
alar multiplier of the whole quantity. A modulus of 0will turn o� an energy quantity. The default modulus is 1. Adding a new method involves writing C routinesto 
al
ulate the value and the gradient as a fun
tion of vertex 
oordinates, and adding a stru
ture to themethod name array in quantity.
.For �xed quantities, the optional Lagrange multiplier value supplies the initial value of the Lagrangemultiplier (the "pressure" attribute of the quantity). It is meant for dump �les, so on reloading no iterationneed be done to have a valid Lagrange multiplier.For �xed quantities, the toleran
e attribute is used to judge 
onvergen
e. A surfa
e is deemed 
onvergedwhen the sum of all ratios of quantity dis
repan
ies to toleran
es is less than 1. This sum also in
ludes bodiesof �xed volume. If the toleran
e is not set or is negative, the value of the variable target toleran
e is used,whi
h has a default value of 0.0001.Conserved quantities are useful for eliminating unwanted degrees of freedom in hessian 
al
ulations,parti
ularly rotation. It works best to apply the quantity to verti
es rather than edges or fa
ets. Conservedquantities are in
ompatible with optimizing parameters, sin
e gradients for optimizing parameters are foundby �nite di�eren
es, whi
h don't work here.The methodlist version of the quantity de�nition may 
ontain one or more method instan
es. Toin
orporate a previously expli
itly de�ned instan
e, in
ludeMETHOD instan
enameTo instantiate a method in the quantity de�nition, you essentially in
orporate the instan
e de�nition, butwithout an instan
e name:METHOD methodname [ MODULUS 
onstexpr℄ [ GLOBAL℄ parametersSee the previous subse
tion for method details. Usually the se
ond, impli
it de�nition will be more 
onve-nient, as there is usually only one method per quantity. If GLOBAL_METHOD is used instead of GLOBAL, thenthe method is applied to all elements of the proper type. It is equivalent to using the GLOBAL keyword in themethod spe
i�
ation. Nonglobal instan
es must be applied individually to elements. That is done by simplyadding the quantity or instan
e name to the line de�ning the element. If a quantity name is used, then allmethod instan
es of that quantity of the appropriate type are applied to the element. Original atta
hmentsof quantities are remembered, soIf an edge method is applied to a fa
et, then edges 
reated from re�ningthat fa
et will inherit the edge method. Orientable methods 
an be applied with negative orientation toelements in the data�le by following the name with a dash. The orientation in a set 
ommand follows theorientation the element is generated with.The quantity may also be de�ned by an arbitrary fun
tion of method instan
es. The keyword FUNCTIONindi
ates this, and is followed by the de�ning fun
tion expression. The method instan
es involved must allhave been previously de�ned as named method instan
es.Quantity values 
an be seen with the Q or A 
ommand, or may be referred to as "quantityname.value" in
ommands. Do not use just quantityname sin
e quantityname alone is interpreted as an element attribute.The A 
ommand 
an be used to 
hange the target value of a �xed quantity, the modulus of a quantity,or some parameters asso
iated to various methods. Or you 
an assign values to quantityname.target orquantityname.modulus.Examples:Hooke energy:quantity hooke ENERGY modulus 10 global method hooke energyA little sample data�le:// test of quantity integrands on 
onstraintsmethod_instan
e len method edge_length 67



Surfa
e Evolver Manualquantity lenny info_only method lenquantity sam info_only method fa
et_s
alar_integrals
alar_integrand zverti
es1 0 0 1 fixed2 1 1 2 fixed3 0 1 3 fixededges1 1 2 lenny2 2 33 3 1 lenfa
es1 1 2 3 samThe sample data�le knotty.fe 
ontains more examples.The keyword EVERYTHING_QUANTITIES in the top se
tion of the data�le 
auses all areas, volumes, et
.to be 
onverted to named quantities and methods. It is equivalent to the 
ommand line option -q, or the
onvert_to_quantities 
ommand.x5.3.29. Level set 
onstraints.CONSTRAINT n [GLOBAL℄ [CONVEX℄ [NONNEGATIVE | NONPOSITIVE℄ [NONWALL℄EQUATION | FORMULA | FUNCTION expr[ ENERGYE1 exprE2 exprE3 expr℄[ CONTENTC1 exprC2 exprC3 expr℄This de�nes 
onstraint number n, where n is a positive integer. GLOBAL means the 
onstraintautomati
ally applies to all verti
es (but not automati
ally to edges or fa
es). GLOBAL 
onstraints 
ount inthe number limit. If CONVEX is given, then an additional gap energy is attributed to edges on the 
onstraintto prevent them from trying to short-
ir
uit a 
onvex boundary; see the Constraints and Energy se
tionsabove and the k 
ommand. If NONNEGATIVE or NONPOSITIVE is given, then all verti
es will be for
ed to
onform appropriately to the 
onstraint at ea
h iteration. The EQUATION expression de�nes the zero levelset whi
h is the a
tual 
onstraint. It may be written as an equation, sin
e '=' is parsed as a low-pre
eden
eminus sign. Do not use '>' or '<' to indi
ate inequalities; use NONNEGATIVE or NONPOSITIVE and anexpresson. Conditional expressions, as in C language, are useful for de�ning 
onstraints 
omposed ofseveral surfa
es joined smoothly, su
h as a 
ylinder with hemispheri
al 
aps.NONWALL indi
ates this 
onstraint is to be ignored in vertex and edge popping.The formula may in
lude any expressions whose values are known to the Evolver, given the parti
ularvertex. Most 
ommonly one just uses the 
oordinates (x,y,z) of the vertex, but one 
an use variables, quantityvalues, or vertex extra attributes. Using a vertex extra attribute is a good way to 
ustomize one formula toindividual verti
es. For example, if there were a vertex extra attribute 
alled z�x, one 
ould for
e verti
es toindividual z values with one 
onstraint with the formula z = z�x, after of 
ourse assigning proper values to68
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h vertex. Be sure to �x up the extra attribute after re�ning or otherwise 
reating new verti
es,sin
e new verti
es will have a default value of 0 for the extra attribute.NOTE: One-sided 
onstraints 
an 
ause the optimal s
ale fa
tor algorithm to misbehave. It may bene
essary to use a �xed s
ale fa
tor. See the m 
ommand below.IMPORTANT NOTE: Do not let two 
onstraints with the same formula apply to a vertex; that leadsto a singular matrix inversion when trying to proje
t the vertex onto the 
onstraints. For example, do nothave a vertex subje
t to X1 = 0 and also have a global X1 NONNEGATIVE.ENERGY signi�es that verti
es or edges on the 
onstraint are deemed to have an energy. In the SOAPFILMmodel, the next three lines give 
omponents of a ve
tor�eld that will be integrated along ea
h edge on the
onstraint. In the STRING model, just one 
omponent is needed, whi
h is evaluated at ea
h vertex onthe 
onstraint. The main purpose of this is to permit fa
ets entirely on the 
onstraint to be omitted. Anyenergy they would have had should be in
luded here. One use is to get pres
ribed 
onta
t angles at a
onstraint. This energy should also in
lude gravitational potential energy due to omitted fa
ets. Integralsare not evaluated on FIXED edges.CONTENT signi�es that verti
es ( STRING model ) or edges ( SOAPFILM model ) on the 
onstraint 
on-tribute to the area or volume of bodies. If the boundary of a body that is on a 
onstraint is not given asfa
ets, then the body volume must get a 
ontribution from a 
ontent integral. It is important to understandhow the 
ontent is added to the body in order to get the signs right. The integral is evaluated along thepositive dire
tion of the edge. If the edge is positively oriented on a fa
et, and the fa
et is positively orientedon a body, then the integral is added to the body. This may wind up giving the opposite sign to the integrandfrom what you think may be natural. Always 
he
k a new data�le when you load it to be sure the integrals
ome out right.Warning: These integrals are evaluated only for edges whi
h are on the 
onstraints and both of whoseendpoints are on the 
onstraints. It is a bad idea to put any of these integrals on one-sided 
onstraints, asboth endpoints must a
tually hit the 
onstraint to 
ount.x5.3.30. Constraint toleran
e.CONSTRAINT_TOLERANCE 
onst exprThis is the toleran
e within whi
h a vertex is deemed to satisfy a 
onstraint. Default 1e-12.x5.3.31. Boundaries.BOUNDARY n PARAMETERS k [CONVEX℄X1 exprX2 exprX3 expr[ ENERGYE1 exprE2 exprE3 expr℄[ CONTENTC1 exprC2 exprC3 expr℄This de�nes boundary number n, where n is a positive integer and k is the number of parameters (1or 2). If CONVEX is given, then an additional energy is attributed to edges on the boundary to prevent themfrom trying to short-
ir
uit a 
onvex boundary; see the k menu option below. The following three lines havethe fun
tions for the three 
oordinates in terms of the parameters P1 and maybe P2. Energy and 
ontentintegrals for boundaries are implemented with the same syntax as for 
onstraints.x5.3.32. Numeri
al integration pre
ision. 69



Surfa
e Evolver ManualINTEGRAL_ORDER_1D nINTEGRAL_ORDER_2D nSets the degree of polynomial done exa
tly by numeri
al integration. Edge integrals are done by k-pointGaussian quadrature. This give exa
t values for polynomials of degree n = 2k � 1. Default is k = 2, whi
hwill do 
ubi
 polynomials exa
tly. No limit on order, as weights and abs
issas are 
al
ulated by Evolver.Fa
et integrals are done with 1, 3, 7, 12, or 28 point integration, 
orresponding to n =1, 2, 5, 6, or 11.x5.3.33. S
ale fa
tor.SCALE 
onst expr [ FIXED℄Sets the initial s
ale fa
tor. If FIXED is present, sets �xed s
ale fa
tor mode. Default is s
ale = 0.1 andoptimizing mode.SCALE_LIMIT 
onst exprSets upper bound on s
ale fa
tor to prevent runaway motions. Default value is 1. If you use surfa
etensions and densities not near unity, you may have to set this value.x5.3.34. Mobility.MOBILITY_TENSORexpr expr exprexpr expr exprexpr expr expror MOBILITY exprThe for
e ve
tor is multiplied by the mobility s
alar or tensor to get the velo
ity. Good for, say, havinggrain boundary mobility depend on temperature.x5.3.35. Metri
.METRICexpr expr exprexpr expr exprexpr expr expror CONFORMAL_METRICexpror KLEIN_METRICThe user may de�ne a ba
kground metri
 for the string model only. The keyword METRIC is follwed bythe N2 
omponents of the metri
 tensor, where N is the dimension of spa
e. The 
omponents do not haveto obey any parti
ular line layout; they may be all on one line, or ea
h on its own line, or any 
ombination.It is up to the user to maintain symmetry. A 
onformal metri
 is a s
alar multiple of the identity matrix,and only the multiple need be given. A 
onformal metri
 will run about twi
e as fast. The Klein metri
 isa built-in metri
 for hyperboli
 n-spa
e modelled on the unit disk or ball.x5.3.36. Auto
hopping.AUTOCHOP 
onst expr 70



Chapter 5. The Data�le.This turns on auto
hopping of long edges. The 
onstant is the maximum edge length.x5.3.37. Autopopping.AUTOPOPThis turns on autopopping of short edges and improper verti
es.x5.3.38. Total time.TOTAL_TIME 
onst exprThis permits setting the initial time of a surfa
e evolving with a �xed s
ale. Used primarily when resumingfrom a dump �le.x5.3.39. Runge-Kutta.RUNGE_KUTTA 
onst exprThis turns on doing iteration with the Runge-Kutta method.x5.3.40. Homothety s
aling.HOMOTHETY 
onst exprThis turns on doing homothety s
aling ea
h iteration. The s
aling is a uniform s
aling from the origin tokeep the total volume of all bodies at the given value.x5.3.41. Viewing matrix.VIEW_MATRIX
onst expr 
onst expr 
onst expr 
onst expr
onst expr 
onst expr 
onst expr 
onst expr
onst expr 
onst expr 
onst expr 
onst expr
onst expr 
onst expr 
onst expr 
onst exprFor the spe
i�
ation of the initial viewing transformation matrix of the surfa
e. The matrix is in homoge-neous 
oordinates with translations in the last 
olumn. The size of the matrix is one more than the spa
edimension. This matrix will be part of all dump �les, so the view 
an be saved between sessions. This matrixonly applies to internal graphi
s (Posts
ript, Xwindows, et
.) and not external graphi
s (geomview). Theelements may be read at runtime by view_matrix[i℄[j℄, where the indi
es start at 1.x5.3.42. View transforms.VIEW_TRANSFORMS integer[ 
olor 
olor℄[ swap 
olors swap 
olors℄
onst expr 
onst expr 
onst expr 
onst expr
onst expr 
onst expr 
onst expr 
onst expr
onst expr 
onst expr 
onst expr 
onst expr
onst expr 
onst expr 
onst expr 
onst expr...For the display of several transformations of the surfa
e simultaneously, a number of viewing transformationmatri
es may be given. The transforms apply to all graphi
s, internal and external, and are prior to theviewing transformation matrix for internal graphi
s. The identity transform is always done, so it does notneed to be spe
i�ed. The number of matri
es follows the keyword VIEW_TRANSFORMS. Ea
h matrix is inhomogeneous 
oordinates. The size of ea
h matrix is one more than the spa
e dimension. Individual matri
es71



Surfa
e Evolver Manualneed no spe
ial separation; Evolver just goes on an expression reading frenzy until it has all the numbersit wants. Ea
h matrix may be pre
eded by a 
olor spe
i�
ation that applies to fa
ets transformed by thatmatrix. The 
olor applies to one transform only; it does not 
ontinue until the next 
olor spe
i�
ation.If SWAP COLORS is present instead, fa
et front
olor and ba
k
olor will be swapped when this matrix isapplied. Transforms may be a
tivated or dea
tivated intera
tively with the transforms on or transformso�. The internal variable transform_
ount re
ords the number of transforms, and the transform matri
esare a

essible at runtime as a three-dimensional matrix view_transforms[℄[℄[℄. See the next paragraphfor a more sophisti
ated way to 
ontrol view transforms.x5.3.43. View transform generators.VIEW_TRANSFORM_GENERATORS integerSWAP_COLORS
onst expr 
onst expr 
onst expr 
onst expr
onst expr 
onst expr 
onst expr 
onst expr
onst expr 
onst expr 
onst expr 
onst expr
onst expr 
onst expr 
onst expr 
onst expr...Listing all the view transforms as in the previous paragraph is tedious and in
exible. An alternative is tolist just a few matri
es that 
an generate transforms. See the transform expr 
ommand for instru
tionson entering the expression that generates the a
tual transforms. Spe
ial Note: in torus mode, the periodtranslations are automati
ally added to the end of the list. So in torus mode, these are always available, evenif you don't have view transform generators in the data�le. If SWAP COLORS is present, fa
et front
olorand ba
k
olor will be swapped when this matrix is applied. The internal variable transform_
ount re
ordsthe number of transforms, and the transform matri
es are a

essible at runtime as a three-dimensional matrixview_transforms[℄[℄[℄.x5.3.44. Zoom parametersZOOM RADIUS 
onstexprZOOM VERTEX 
onstexprSets the 
urrent parameters for the zoom 
ommand. Used in dump �les, rather than user's originaldata�les.x5.3.45. Alternate volume method.VOLUME_METHOD_NAME "methodname"Sets the method used to 
al
ulate the volume under a fa
et (or area under an edge in 2D) to the namedmethod (given in quotes). Automati
ally 
onverts everything to quantities.x5.3.46. Fixed area 
onstraint.FIXED AREA expr or AREA FIXED exprObsolete method of 
onstraining the total area to a given value. Do not use anymore. Use the fa
et areamethod in a �xed named quantity.x5.3.47. Merit fa
tor.MERIT FACTOR exprIf the keyword MERIT_FACTOR is present, then the i 
ommand will print the ratio total area3=total volume2,whi
h measures the eÆ
ien
y of area en
losing volume. This is a holdover from the Evolver's early days oftrying to beat Kelvin's partition of spa
e. 72



Chapter 5. The Data�le.x5.3.48. Parameter �les.PARAMETER name PARAMETER_FILE stringA parameter 
an be initialized with a set of values from a �le, but I forget at the moment how it is allsupposed to work.x5.3.49. Surfa
e energies (obsolete).Prior to named quantities, a surfa
e integral of a ve
tor�eld 
ould be in
orporated into the energy byde�ning a surfa
e_energy. This is now obsolete, retained only for ba
kward 
ompatibility. Use a namedquantity with the fa
et_ve
tor_integral method instead.x5.4. Element lists.The lists of geometri
 elements follow a general format. Ea
h element is de�ned on one line. The �rstentry on a line is the element number. Numbering need not be 
onse
utive, and may omit numbers, but beaware that internally elements will be renumbered in order. The original number in the data�le is a

essibleas the \original" attribute of an element. After the element number 
omes the basi
 de�ning data, followedby optional attributes in arbitrary order. Besides the parti
ular attributes for ea
h element type listed below,one may spe
ify values for any extra attributes de�ned earlier. The syntax is attribute name followed by theappropriate number of values. Also an arbitrary number of named quantities or method instan
es may belisted. These add method values for this element to the named quantity. The named quantity or instan
emust have been de
lared in the top se
tion of the data�le. See the Named quantity se
tion above.x5.5. Vertex list.The vertex list is started by the keyword VERTICES at the start of a line. It is followed by lines withone vertex spe
i�
ation per line in one of these formats:k x y z [ FIXED℄ [ CONSTRAINT 
1 [ 
2℄℄ [ BARE℄ [ quantityname ...℄ [ methodname ...℄k p1 [ p2℄ BOUNDARY b [ FIXED℄ [ BARE℄ [ quantityname ...℄ [ methodname ...℄Here k is the vertex number, a positive integer. Verti
es do not need to be listed in order, and theremay be gaps in the numbering. However, if they are not in 
onse
utive order, then the numbering in dump�les will be di�erent. x, y, and z are 
onstant expressions for 
oordinates in the domain; p1 and p2 are
onstant expressions for parameter values. If FIXED is given, then the vertex never moves, ex
ept possiblyfor an initial proje
tion to 
onstraints. If CONSTRAINT is given, then one or two 
onstraint numbers mustfollow. (A
tually, you 
an list as many 
onstraints as you want, as long as those that apply exa
tly at anytime are 
onsistent and independent.) The given 
oordinates need not lie exa
tly on the 
onstraints; theywill be proje
ted onto them.If BOUNDARY is given, then the boundary parameter values are given instead of the 
oordinates. Thevertex 
oordinates will be de�ned by the 
oordinate formulas of boundary number b. A vertex may be ononly one boundary.The BARE attribute is just an instru
tion to the 
he
king routines that this vertex is not supposed tohave an adja
ent fa
et in the soap�lm model, so spurious warnings will not be generated. This is usefulwhen you want to show bare wires or outline fundamental domains.x5.6. Edge list.The edge list is started by the keyword EDGES at the start of a line. It is followed by lines with oneedge spe
i�
ation per line in this format (linespli
ed here):k v1 v2 [ midv℄ [ s1 s2 s3℄ [ FIXED℄ [ BOUNDARY b℄ [ CONSTRAINTS 
1 
2 ...℄\[ TENSION | DENSITY 
onst expr℄ [ COLOR n℄ [ BARE℄ [ NO_REFINE℄ [ NONCONTENT℄ \[ quantityname ...℄ [ methodname ...℄ 73



Surfa
e Evolver ManualHere k is the edge number, with numbering following the same rules as for verti
es. v1 and v2 are thenumbers of the tail and head verti
es of the edge. In the quadrati
 model, the edge midpoint may be listedas a third vertex midv (by default, a midpoint will be 
reated). In a TORUS model, there follow three signss1 s2 s3 indi
ating how the edge wraps around ea
h unit 
ell dire
tion: + for on
e positive, * for none,and - for on
e negative. FIXED means that all verti
es and edges resulting from subdividing this edge willhave the FIXED attribute. It does not mean that the endpoints of the edge will be �xed. (Note: EFIXEDis an obsolete version of FIXED left over from when FIXED did �x the endpoints.) Likewise the BOUNDARYand CONSTRAINT attributes will be inherited by all edges and verti
es derived from this edge. If a 
onstrainthas energy or 
ontent integrands, these will be done for this edge. IMPORTANT: If a 
onstraint numberis given as negative, the edge energy and 
ontent integrals will be done in the opposite orientation. In thestring model, the default tension is 1, and in the soap�lm model, the default tension is 0. However, edgesmay be given nonzero tension in the soap�lm model, and they will 
ontribute to the energy. NO_REFINEmeans this edge will not be subdivided by the r 
ommand.If the simplex model is in e�e
t, edges are one less dimension than fa
ets and given by an ordered listof verti
es. Only edges on 
onstraints with integrals need be listed.The BARE attribute is just an instru
tion to the 
he
king routines that this ede is not supposed to havean adja
ent fa
et in the soap�lm model, so spurious warnings will not be generated. This is useful when youwant to show bare wires or outline fundamental domains.The NONCONTENT attribute indi
ates the edge is not to be used in any volume 
al
ulations in thesoap�lm model or area 
al
ulations in the string model.x5.7. Fa
e list.The fa
e list is started by the keyword FACES at the start of a line. It is followed by lines with onefa
ets spe
i�
ation per line in this format:k e1 e2 ... [ FIXED℄ [ TENSION | DENSITY 
onst expr℄ [ BOUNDARY b℄ \[CONSTRAINTS 
1 [ 
2℄℄ [ NODISPLAY℄ [ NO_REFINE℄ \[ COLOR n℄ [ FRONTCOLOR n℄ [ BACKCOLOR n℄ [ PHASE n℄ [ NONCONTENT℄ \[ quantityname ...℄ [ methodname ...℄Here k is the fa
e number, with numbering following the same rules as for verti
es. There follows alist of oriented edge numbers in 
ounter
lo
kwise order around the fa
e. A negative edge number means theopposite orientation of the edge from that de�ned in the edge list. The head of the last edge must be the tailof the �rst edge (ex
ept if you're being tri
ky in the STRING model). There is no limit on the number ofedges. The fa
e will be automati
ally subdivided into triangles if it has more than three edges in the soap�lmmodel. The TENSION or DENSITY value is the energy per unit area (the surfa
e tension) of the fa
et; thedefault is 1. Density 0 fa
ets exert no for
e, and 
an be useful to de�ne volumes or in displays. Fra
tionaldensity is useful for pres
ribed 
onta
t angles. NODISPLAY (synonym NO_DISPLAY) prevents the fa
et frombeing displayed. The COLOR attribute applies to both sides of a fa
et; FRONTCOLOR applies to the positiveside (edges going 
ounter
lo
kwise) and BACKCOLOR to the negative side. The PHASE number is used in thestring model to determine the surfa
e tension of edges between fa
ets of di�erent phases, if phases are used.The NONCONTENT attribute means the fa
e will not be used in the volume 
al
ulation for any body it is on.The FIXED, BOUNDARY, CONSTRAINT, DENSITY and NODISPLAY attributes will be inherited by all fa
ets,edges, and verti
es resulting from the subdivision of the interior of the fa
e. NO_REFINE has no e�e
t onre�ning the fa
et itself, but does get inherited by edges 
reated in the interior of the fa
et.If the simplex model is in e�e
t, the edge list should be repla
ed by an oriented list of vertex numbers.The fa
es se
tion is optional in the STRING model.x5.8. Bodies. 74



Chapter 5. The Data�le.The body list is started by the keyword BODIES at the start of a line. It is followed by lines with onebody spe
i�
ation per line in this format:k f1 f2 f3 .... [VOLUME v℄ [VOLCONST v℄ [PRESSURE p℄ [DENSITY d℄ \[PHASE n℄ [ACTUAL_VOLUME v℄ [ quantityname ...℄ [ methodname ...℄Here k is the body number, and f1 f2 f3 ... is an unordered list of signed fa
et numbers. Positivesign indi
ates that the fa
et normal (as given by the right-hand rule from the edge order in the fa
et list)is outward from the body and negative means the normal is inward. Giving a VOLUME value v means thebody has a volume 
onstraint, unless the ideal gas model is in e�e
t, in whi
h 
ase v is the volume at theambient pressure. VOLCONST is a value added to the volume; it is useful when the volume 
al
ulation fromfa
et and edge integrals di�ers from the true volume by a 
onstant amount, as may happen in the torusmodel. Beware, though, when 
hanging things that a�e
t body volume; you may have to reset vol
onst.ACTUAL VOLUME is a number that 
an be spe
i�ed in the rare 
ir
umstan
es where the torus volume vol
onst
al
ulation gives the wrong answer; vol
onst will be adjusted to give this volume of the body. Giving aPRESSURE value p means that the body is deemed to have a 
onstant internal pressure p; this is useful forpres
ribed mean 
urvature problems. It is in
ompatible with pres
ribed volume. Giving a DENSITY valued means that gravitational potential energy (gravitational 
onstant G) will be in
luded. v, p, and d are
onstant expressions.To endow a fa
et with VOLUME, PRESSURE, or DENSITY attributes in the STRING model, de�ne abody with just the one fa
et.The PHASE number is used in the soap�lm model to determine the surfa
e tension of fa
ets betweenbodies of di�erent phases, if phases are used.The BODIES se
tion is optional.x5.9. Commands.En
ountering the keyword READ in the data�le 
auses the Evolver to swit
h from data�le mode to
ommand mode and read the rest of the data�le as 
ommand input. This feature is useful for automati
initialization of the surfa
e with re�ning, iteration, de�ning your own 
ommands, et
.
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Surfa
e Evolver ManualChapter 6. Operation.x6.1. System 
ommand line.Syntax:evolver [-ffilename℄ [-a-℄ [-d℄ [-e℄ [-i℄ [-m℄ [-pn℄ [-q℄ [-x℄ [-w℄ [-y℄ [datafile℄The 
urrent dire
tory and EVOLVERPATH will be sear
hed for the data�le. If the data�le is not found, then anew sear
h with extension \.fe" is done. Wild
ard mat
hing is in e�e
t on some systems (Windows, linux,maybe others), but be very 
areful when using wild
ards sin
e there 
an be unexpe
ted mat
hes. If thedata�le is still not found, or no data�le is given on the 
ommand line, the user will be prompted to supplya data�le name.Options:-a- Do not enable automati
 
onversion to named methods and quantities mode when a situation requiringit arises.-d Prints YACC debugging tra
e as data�le is parsed. May be helpful if you 
an't �gure out why yourdata�le doesn't get read in properly AND you know YACC.-e E
ho input. Meant for e
hoing 
ommands of piped input to s
reen so the user 
an follow what is goingon in 
ase Evolver is being 
ontrolled by another pro
ess.-f Spe
i�es the name of a �le to be used as 
ommand input. At the end of this �le, input reverts to stdin.The e�e
t is the same as redire
ting input from the �le, ex
ept that -f will e
ho 
ommands to the s
reenand revert to stdin at the end. Also note that errors will 
ause input to revert to stdin.-i Keeps elements numbers as listed in the data�le, instead of renumbering them 
onse
utively. A data�le
an enable this by in
luding the keyword keep_originals in the top se
tion.-m Turn memory debugging on at start of program. Same e�e
t as memdebug 
ommand.-pn For
es use of n pro
esses for an Evolver 
ompiled in multi-pro
essor mode. n may be larger or smallerthan the physi
ally available number of pro
essors. The default is 1 pro
essor. This should be regardedas experimental; there is still too mu
h overhead to be useful.-q Convert everything to named quantities internally. There are some things for whi
h no quantities existyet, produ
ing error messages.-w Causes Evolver to exit whenever a warning o

urs. Meant to be used when Evolver is run in a shells
ript.-x Causes Evolver to exit whenever an error o

urs. Meant to be used when Evolver is run in a shell s
ript.-y Causes Evolver to 
ease exe
ution of 
ommands and return to 
ommand prompt after any warningmessage. Same e�e
t as break_after_warning runtime toggle.x6.2. Initialization.The following steps o

ur when a new data�le is read in:1. Any previous surfa
e has all memory deallo
ated.2. Defaults are initialized.3. The data�le is read in.4. Any non-triangular fa
es are divided into triangles in the soap�lm model.5. The order of fa
ets around ea
h edge is determined geometri
ally.6. Verti
es are proje
ted to their 
onstraints.7. Che
ks as des
ribed under the C 
ommand are run.8. Initial areas, energies, and volumes are 
al
ulated.76



Chapter 6. Operation.9. The viewing transformation matrix is reset to 
enter the surfa
e on the s
reen.10. The main 
ommand interfa
e is started.x6.3. Error handling.There are several 
ategories of errors:1. WARNING. Something has happened that you should know about, but it is possible to pro
eed.2. EXPRESSION ERROR. There is an error in parsing an expression.3. PARSING ERROR. Error in data�le syntax, but parsing will 
ontinue as best it 
an.4. DATAFILE ERROR. Error in data�le semanti
s, but parsing will 
ontinue as best it 
an.5. ERROR. The 
urrent operation 
annot 
ontinue. It is abandoned and you return to the 
ommandprompt.6. FATAL ERROR. The program 
annot 
ontinue. Exits immediately.All error messages go to stderr. Errors in the data�le report line numbers and print the 
urrent lineso far. Note that the real error may have been at the end of the previous line. If 
ommand input is beingtaken from a �le at the time an error o

urs, the line number of the o�ending 
ommand will be printed and
ommand input will revert to stdin. If the -x option was given when Evolver was started, then Evolver willexit immediately with a nonzero error 
ode.x6.4. Commands.The Evolver 
ommand language 
ontinues to grow by a

retion, and it looks like it's headed towards afull programming language. It has variables, expressions, subroutines, 
onditionals, and iteration 
onstru
ts,subroutines and fun
tions with arguments, lo
al variables, and arrays. But not stru
tures, obje
ts, orpointers. Variables are either 
oating point, string, or subroutine names. Some longer examples of 
ommands
ripts follow the language des
ription.Commands are of two main types. The �rst type is one letter (
ase is signi�
ant). These perform simpleand 
ommon a
tions. Single-letter 
ommands are listed below in fun
tional groups. The se
ond type is
omposed of spelled-out words, and is a sort of 
ombination SQL type query language and a programminglanguage.Commands may be read from the end of the data�le, from a �le given on the system 
ommand line,from stdin (the terminal), or from a �le given in a READ 
ommand. The intera
tive 
ommand prompt is\Enter 
ommand: ".x6.5. General language syntax.Commands are entered one line at a time, parsed, and exe
uted. Multi-line 
ommands may be enteredby en
losing them in bra
es. If a line ends while nested in bra
es or parenthesis, Evolver will ask for moreinput. It will also ask for more if the line ends with 
ertain tokens (su
h as `+') that 
annot legally enda 
ommand. Un
losed quotes will also ask for more, and embedded newlines will be omitted. Expli
it
ontinuation to the next line may be indi
ated by ending a line with a ba
kslash (linespli
ing). You maywant to use the read 
ommand to read long 
ommands from a �le.Su

essfully parsed 
ommands are saved in a history list, up to 100 
ommands. They may be a

essedwith !! for the last 
ommand or !string for the latest 
ommand with mat
hing initial string. !number willrepeat a 
ommand by number. The 
ommand will be e
hoed. The saved history list may be printed withthe history 
ommand.Some single-letter 
ommands require intera
tive input. For those, there are equivalent 
ommands listedbelow that take input information as part of the 
ommand. This is so 
ommands may be read from a s
riptwithout having to put input data on additional lines after the 
ommand, although that 
an still be done forthe single-letter versions. 77
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e Evolver ManualGeneral note: Some 
ommands will prompt you for a value. A null response (just RETURN) will leave theold value un
hanged and return you to the 
ommand prompt. On options where a zero value is signi�
ant,the zero must be expli
itly entered. Commands that need a real value will a

ept an arbitrary expression.Many 
ommands that 
hange the surfa
e or 
hange the model will 
ause energies and volumes to bere
al
ulated. If you suspe
t a 
ommand has not done this, the re
al
 
ommand will re
al
ulate everything.It will also update any automati
 display.In the following 
ommand syntax des
ription, keywords are shown in upper 
ase, although 
ase isirrelevant in a
tual 
ommands, ex
ept for single-letter 
ommands. Square bra
kets en
lose optional parts of
ommands.x6.6. General 
ontrol stru
tures.x6.6.1. Command separator.
ommand ; 
ommand ...Several 
ommands on the same line may be separated by a semi
olon. Semi
olons also are neededto separate 
ommands inside 
ompound 
ommands. A semi
olon is not needed after the last 
ommand.Example:g 10; r; g 10; ux6.6.2. Compound 
ommands.f
ommand ; ... gCurly bra
es group a list of 
ommands into one 
ommand. This is useful in the various 
ontrol stru
tures.A semi
olon is ne
essary after a g if there is a following 
ommand (note this is di�erent from the Clanguage). Do not use a semi
olon after the �rst 
ommand in an IF THEN ELSE 
ommand. An empty
ompound 
ommand fg is legal. The s
ope of a variable name may be restri
ted to a 
ompound 
ommandby de
laring the name to be lo
al, for example,lo
al inx;for ( inx := 1 ; inx <= 5 ; inx += 1 )print inx;;;The use of lo
al variables prevents pollution of global namespa
e and permits re
ursive fun
tions. Lo-
al variables 
an shadow global variables of the same name. Note that a lo
al de
laration is not a typede
laration, just a s
ope de
laration.x6.6.3. Command repetition.
ommand exprFor exe
ution of a 
ommand a number of times. Be sure to leave a spa
e between a single-letter 
ommandand the expression lest your 
ommand be interpreted as one identi�er. To avoid several types of 
onfusion,only 
ertain types of 
ommands are repeatable:1. single letter 
ommands that don't have optional arguments (l,t,j,m,n,w,P,M,G have optional argu-ments)2. 
ommand list in bra
es3. user-de�ned pro
edure names4. rede�ned single letter 
ommandsx6.6.4. Piping 
ommand output. 78



Chapter 6. Operation.
ommand | stringexprThe output of the 
ommand is piped to a system 
ommand. The stringexpr needs to be a quoted stringor a string variable. It is interpreted as a system 
ommand. On systems (su
h as DOS, Windows, and Ma
s)without true piping, the string is interpreted as a �lename, so output goes dire
tly to a �le instead of a
ommand. In su
h a 
ase, if the �lename begins with '+', the output will be appended to the �le, ratherthan repla
ing it.Examples:list fa
ets | "more"list verti
es | "tee vlist" ; g 10list edges | "
at >edgefile"x6.6.5. Redire
ting 
ommand output.
ommand >> stringexpr
ommand >>> stringexprThe output of the 
ommand is redire
ted to a �le, appending with >> and overwriting with >>>. Thestringexpr needs to be a quoted string or a string variable.Redire
tion with `>' to repla
e 
urrent 
ontents is not available due to the use of `>' as an 
omparisonoperator.Examples:ffg 10; ug 15 g >> "logfile"list verti
es >>> "vlist.txt"x6.6.6. Flow of 
ontrol.IF expr THEN 
ommand [ ELSE 
ommand ℄For 
onditional exe
ution of 
ommands. expr is true if nonzero. Do not use a semi
olon to end the �rst
ommand. Example:if max(edges,length) > 0.02 then fr; g 100 g else g 4WHILE expr DO 
ommandDO 
ommand WHILE exprFor iterated exe
ution of 
ommand 
ontrolled by a logi
al expression. Expression is true if nonzero.Example:while max(edges,length) > 0.02 do fr; fg 40; ug 5 gFOR ( 
ommand1 ; expr ; 
ommand2 ) 
ommand3This is the Evolver's version of the C language "for" 
onstru
t. The �rst 
ommand is the initialization
ommand; note that it is a single 
ommand, rather than an expression as in C. If you want multiple 
ommandsin the initialization, use a 
ompound 
ommand en
losed in 
urly bra
es. The middle expression is evaluatedat the start of ea
h loop iteration; if its value is true (i.e. nonzero) then the loop is exe
uted; otherwise the
ow of 
ontrol passes to the 
ommand after 
ommand3. The 
ommand2 is exe
uted at the end of ea
h loopiteration; again, it is a single 
ommand. The body of the loop is the single 
ommand 
ommand3, often a
ompound℄ 
ommand. Note: Command3 should end with a semi
olon, unless it is the if 
lause of an if-thenstatement. Examples:for ( inx := 1 ; inx < 3 ; inx += 1 )print fa
et[inx℄.area;for ( inx := 1; fa
torial := 1; ; inx < 7 ; inx += 1 )fa
torial *= inx;printf "fa
torial ; 79
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e Evolver ManualBREAKExits the innermost 
urrent loop. Note: Commands with repetition 
ounts do not qualify as loops.BREAK nExits the innermost n loops. Note: Commands with repetition 
ounts do not qualify as loops.CONTINUESkips the rest of the body of the 
urrent loop, and goes to the next iteration. Note: Commands withrepetition 
ounts do not qualify as loops.CONTINUE nExits the innermost n-1 loops, and skips to the generator of the nth innermost loop. Note: Commandswith repetition 
ounts do not qualify as loops.RETURNExits the 
urrent 
ommand. If the 
urrent 
ommand is a user-de�ned 
ommand 
alled by another
ommand, the parent 
ommand 
ontinues. This is essentially a return from a subroutine.x6.6.7. User-de�ned pro
edures.Users may de�ne their own pro
edures with arguments with the syntaxpro
edure identi�er ( type arg1, type arg2, ... )
ommandsRight now the implemented types for arguments are real and integer. The argument list 
an be empty.Example:pro
edure pro
1 ( real ht, real wd )prod := ht*wd; // this would make prod a global variablereturn;Note that the pro
edure arguments a
t as lo
al variables, i.e. their s
ope is the pro
edure body, and theyhave sta
k storage so pro
edures may be re
ursive. Pro
edure prototypes may be used to de
lare pro
eduresbefore their bodies are de�ned with the same syntax, just repla
ing the body of the pro
edure with asemi
olon. Prototype syntax:pro
edure identi�er ( type arg1, type arg2, ... ) ;Note that a pro
edure is used as a 
ommand, and a fun
tion is used in a numeri
al expression.x6.6.8. User-de�ned fun
tions.Users may de�ne their own fun
tions that have arguments and return values with the syntaxfun
tion sl type identi�er ( type arg1, type arg2, ... )
ommandsRight now the implemented types for the return value and arguments are real and integer. The argumentlist 
an be empty. The return value is given in a return expr statement. Example:fun
tion real pro
1 ( real ht, real wd )lo
al prod;prod := ht*wd;return prod;Note that the fun
tion arguments a
t as lo
al variables, i.e. their s
ope is the fun
tion body, and they havesta
k storage so fun
tions may be re
ursive. Fun
tion prototypes may be used to de
lare fun
tions beforetheir bodies are de�ned with the same syntax, just repla
ing the body of the fun
tion with a semi
olon.Prototype syntax:fun
tion type identi�er ( type arg1, type arg2, ... ) ;80



Chapter 6. Operation.Note that a pro
edure is used as a 
ommand, and a fun
tion is used in a numeri
al expression.x6.7. Expressions.Expressions are of two types: numeri
 and string. String expressions are either quoted strings or are
reated by the SPRINTF 
ommand. Numeri
 expressions are always 
oating-point, not integer. Booleanvalues for 
onditions are also 
oating point, 0 for false, nonzero for true (1 for true result of booleanoperation).Numeri
 expressions are given in algebrai
 notation with the following terms and operators (in pre
eden
eorder):Values:
onstant an expli
it number: integer, �xed point, s
ienti�
, hexade
imal, or binary notationidenti�er variable (listed by A 
ommand);identi�er[expr℄... indexed arrayG 
urrent gravitational 
onstantE, PI spe
ial 
onstantsElement attributes:X1,X2,... 
oordinates of verti
es, 
omponents of edge ve
tor or fa
et normalX,Y,Z,W same as X1,X2,X3,X4P1,P2 parameters for boundariesID unsigned element identifying numberOID signed element identifying numberORIGINAL number of parent data�le elementCOLOR integer representing 
olor of fa
et (
olor of front if ba
k di�erent) or edgeFRONTCOLOR 
olor of front of fa
etBACKCOLOR 
olor of ba
k of fa
etVALENCE number of edges on a vertex, fa
ets on edge, edges on a fa
et,or fa
ets on a bodyAREA area of fa
etLENGTH length of edgeVOLUME a
tual volume of bodyTARGET target �xed volume of bodyVOLFIXED read-only, 1 if body volume �xed, 0 if not.VOLCONST 
onstant added to 
al
ulated volume of bodyDENSITY density of edge, fa
et, or bodyDIHEDRAL dihedral angle of fa
ets on an edge (soap�lm model)or edges at a vertex (string model)ORIENTATION sign for oriented integrals of edges or fa
etsON CONSTRAINT n test if element on given 
onstraintHIT CONSTRAINT n test if a vertex on a one-sided 
onstraint has hit the 
onstraintON BOUNDARY n test if element on given boundaryWRAP numeri
al edge wrap in torus model or other quotient spa
eON QUANTITY quantityname test if given quantity applies to elementON METHOD INSTANCE instan
ename test if given method instan
e applies to elementMIDV in the quadrati
 model, the midpoint of an edge.quantity name 
ontribution to a named quantity of an elementextra attribute[expr℄ name of user-de�ned extra attribute, with subs
ripts if an array attribute.TETRA POINT For telling Evolver six �lms meet at this vertex.TRIPLE POINT For telling Evolver three �lms meet at this vertex.vertexnormal[n℄ 
omponents of a normal ve
tor at a vertex.operators: 81



Surfa
e Evolver Manual() grouping and fun
tional notation^ raise to real power** raise to real power*,/,%,mod,imod,idiv arithmeti
+,- arithmeti
==,>,<,<=,>=,!= 
omparisonNOT, ! logi
al NOTAND, && logi
al ANDOR, || logi
al OR? : 
onditional expression, as in C languagefun
tions: SQR, SQRT, SIN, COS, TAN, ACOS, SINH, COSH,ASIN, ATAN, ATAN2(y,x), LOG, EXP, ABS, FLOOR, CEILTANH, ASINH, ACOSH, ATANH, POW, MAXIMUM(a,b), MINIMUM(a,b)some internal read-only values:
lo
k pro
ess elapsed time in se
onds sin
e starting Evolver
pu_
ounter CPU 
y
les sin
e booting (available so far on x86 only)datafilename string 
ontaining name of 
urrent data�levertex_
ount number of verti
esedge_
ount number of edgesfa
et_
ount number of fa
etsbody_
ount number of bodiesfa
etedge_
ount number of fa
etedgestotal_time elapsed time in the form of total s
ale fa
torstotal_energy total energy of the surfa
etotal_area total area of the surfa
e (�lm model)total_length total length of the surfa
e (string model)estimated_
hange estimated 
hange during g step when estimate toggle is on.spa
e_dimension dimension of ambient spa
esurfa
e_dimension dimension of surfa
etorus whether torus domain (Boolean)torus_filled whether torus_filled spe
i�ed in e�e
t (Boolean)torus_periods[expr℄[expr℄ torus period ve
tors, as in data�le top se
tion; 1-based indexesinverse_periods[expr℄[expr℄ inverse of the torus periods matrix; 1-based indexessymmetry_group whether any symmetry a
tive (Boolean)simplex_representation whether fa
ets are represented as simpli
es (Boolean)iteration_
ounter value of index of 
urrent iteration loopfix_
ount number of elements �xed by fix 
ommandunfix_
ount number of elements un�xed by unfix 
ommandequi_
ount number of edges 
ipped by equiangulate or u 
ommandsedgeswap_
ount number of edges 
ipped by edgeswap 
ommandt1_edgeswap_
ount number of edges 
ipped by t1_edgeswap 
ommanddelete_
ount number of deletions by delete 
ommandnot
h_
ount number of edges not
hed by not
h 
ommandedge_refine_
ount number of edges re�ned by refine edges 
ommandfa
et_refine_
ount number of fa
ets re�ned by refine fa
ets 
ommandrefine_
ount sum of number of edge_refine_
ount and fa
et_refine_
ountedge_delete_
ount number of edges deleted by delete edges 
ommandfa
et_delete_
ount number of fa
ets deleted by delete fa
ets 
ommanddelete_
ount sum of edge_delete_
ount and fa
et_delete_
ountvertex_dissolve_
ount number of verti
es dissolved by dissolve verti
es 
ommandedge_dissolve_
ount number of edges dissolved by dissolve edges 
ommand82



Chapter 6. Operation.fa
et_dissolve_
ount number of fa
ets dissolved by dissolve fa
ets 
ommandbody_dissolve_
ount number of fa
ets dissolved by dissolve bodies 
ommanddissolve_
ount sum of vertex_dissolve_
ount, edge_dissolve_
ount, fa
et_dissolve_
ount, and body_dissolve_
ountvertex_pop_
ount number of verti
es popped by pop verti
es or `o' or `O' 
ommandedge_pop_
ount number of edges popped by pop edges or `O' 
ommandop_
ount sum of vertex_pop_
ount and edge_pop_
ountpop_tri_to_edge_
ount number of triangles 
ipped to edges by pop_tri_to_edge' 
ommandpop_edge_to_tri_
ount number of edges 
ipped to triangles by pop_edge_to_tri' 
ommandpop_quad_to_quad_
ount number of quadrilaterals 
ipped by pop_quad_to_quad' 
ommandwhere_
ount number of items satisfying last where 
lausetransform_
ount number of image transformations a
tive
he
k_
ount number of errors found by the most re
ent C 
ommandrandom random number between 0 and 1last_eigenvalue eigenvalue from last saddle, ritz, or eigenprobe 
ommand.eigenpos number of positive eigenvalues in last Hessian fa
toring.eigenneg number of negative eigenvalues in last Hessian fa
toring.eigenzero number of zero eigenvalues in last Hessian fa
toring.last_hessian_s
ale stepsize from last saddle or hessian_seek 
ommand.total quantity name value of a named quantityquantity name.value value of a named quantityquantity name.pressure Lagrange multiplier for a 
onstrained named quantity.date_and_time a string 
ontaining the 
urrent date and time.memory_arena Total memory allo
ated to the program's heap.SGI and Win32 versions only.memory_used Total memory used in the program's heap.SGI and Win32 versions only.some internal read-write values:ambient_pressure_value Value of the external pressure in the ideal gas model.random_seed seed for random number generator. Defaults to 1 at start of data�le.
onstraint_toleran
e 
onstraint value regarded as equivalent to zero.target_toleran
e Default value of �xed quantity error toleran
e, defaults to 0.0001.gravity_
onstant value of the gravitational 
onstant; also set by the G 
ommand.hessian_epsilon magnitude regarded as zero by hessian 
ommand.hessian_slant_
utoff Makes hessian 
ommands treat verti
es whose normal ve
tor isnearly perpendi
ular to 
onstraints as �xed.hessian slant 
uto� is the 
osine of angle. Works on verti
es withone degree of freedom in hessian normal mode.integral_order order of polynomial done by 1D and 2D Gaussian integrationMu
h better to set 1D and 2D separately.integral_order_1d order of polynomial done by 1D Gaussian integrationintegral_order_2d order of polynomial done by 2D Gaussian integrationjiggle_temperature 
urrent temperature for jiggling.lagrange_order Order of Lagrange model. Set with the lagrange 
ommand.last_error Number of last error message.s
ale 
urrent s
ale fa
torthi
kness thi
kness to separate fa
et sides of di�erent 
olorswhen doing 3D graphi
s, to prevent weird stippling e�e
tsquantity name.value the 
urrent value of a quantityquantity name.target 
onstrained value of a named quantityquantity name.modulus modulus of a named quantityrandom seed random number generator seed83



Surfa
e Evolver Manualpi
kvnum number of last vertex pi
ked in geomviewpi
kenum number of last vertex pi
ked in geomviewpi
kfnum number of last vertex pi
ked in geomviewbrightness median gray level used in PostS
ript output and s
reen graphi
s.ps_fixededgewidth width of �xed edges in PostS
ript output, in absolute terms relativeto an image width of 3ps_tripleedgewidth width of edges with valen
e three or more in PostS
ript output,in absolute terms relative to an image width of 3ps_
onedgewidth width of 
onstraint or boundary edges in PostS
ript output,in absolute terms relative to an image width of 3ps_bareedgewidth width of bare edges in PostS
ript output, in absolute termsrelative to an image width of 3ps_gridedgewidth width of edges in PostS
ript output for whi
h none of the spe
ial edge
ategories apply, in absolute terms relative to an image width of 3ps_stringwidth normal width of string model edges in PostS
ript output, in absolute termsrelative to an image width of 3ps_labelsize relative width of element labels in PostS
ript output. Default is 3; a value of 1 gives small but still readable labelsrelative to an image width of 3ba
kground ba
kground 
olor used on 
ertain s
reen graphi
s.s
rollbuffersize set 
ommand window s
roll bu�er size on Windowsma
hines. Meant for non-NT Windows that don'thave menu properties option for this.linear_metri
_mix fra
tion of linear interpolation in Hessian metri
,as opposed to vertex weighting.quadrati
_metri
_mix fra
tion of quadrati
e interpolation in Hessian metri
 in the quadrati
model. (Rather useless to 
hange from the default value of one.)breakflag When set to a non-zero value, 
auses the 
ommand interpreter toabort and return to the 
ommand prompt. Software equivalentof hitting the keyboard interrupt (typi
ally CTRL-C). Thebreak doesn't happen immediately, but at a 
ertain point inthe interpreter loop when it periodi
ally 
he
ks for userinterrupt. Meant for bailing out of nested 
ommands, sin
ereturn only breaks out of the 
urrent pro
edure.and some mis
ellaneous fun
tions:sizeof(name ) Number of entries in an array or an array extra attribute name (whi
h is not in quotes). Can also be applied to a string or string variable to get the number of 
hara
ters in the string.is_defined string Returns 1 if the identi�er in string is known to the Evolver,as keyword or variable name or quantity name or whatever, 0 if not. This fun
tion is evaluated at run-time, but variables in the whole 
ommand are parsed before the 
ommand is exe
uted, so a 
ommand like if is defined("newvar") then newvar := 1 else newvar := 2 will give newvar the value 1 even if this is its �rst appearan
e. A better way in s
ripts to test is to use the define 
ommand to de�ne the variable without initialization, and then test to see if it has the default value, i.e. 0 for a numeri
 variable and a sizeof 0 for a string variable.Also any toggle 
ommand may be used as a Boolean variable in an expression (full word toggles, notsingle letters). But beware the ambiguity in interpreting a toggle as a 
ommand or a value. You may haveto for
e the toggle to be interpreted as a value. ad := autodisplay sets ad as a 
ommand synonym forautodisplay, while ad := (autodisplay) re
ords the 
urrent boolean value.NOTES: A `+' or `-' pre
eded by whitespa
e and followed by a number is taken to be a signed number.Thus \3 - 5" and \3-5" are single expressions, but \3 -5" is not. This is for 
onvenien
e in separating multipleexpressions listed on the same line in the data�le.The boolean AND and OR operators use short-
ir
uit evaluation; i.e. the se
ond operand is evaluatedonly if ne
essary.The mod operator `%' does a real modulus operation:x%y = x� floor(x=y) � y;but it works �ne on integer values. The integer operator idiv rounds its operands toward zero before doinginteger division (as implemented in C). imod rounds its operands down:x imod y = floor(x) � floor(floor(x)=floor(y)) � floor(y):84



Chapter 6. Operation.Elements inherit the original number of their parent element from the data�le; this 
an be referred toas original. New verti
es and edges that subdivide fa
ets have an original value of -1.Coordinates for edges are 
omponents of the edge ve
tor. Coordinates for a fa
et are the 
omponentsof its normal ve
tor, whose length is the fa
et area (valid in 3D only). Note that these edge and normal
omponents are valid only in 
ommands. X, Y, Z appearing in the data�le, say in 
onstraint or quantityintegrals, refer to spa
e 
oordinates.The wrap number for an edge in a quotient spa
e su
h as a torus is the internal numeri
al representationof the wrap, as de�ned by the writer of the quotient group. For the torus, the 
urrent en
oding is four bitsper dimension, with 1 for '+' wrap and 7 for '-' wrap, low dimension in low bits.String expressions: A string expression evaluates to a string of 
hara
ters. At present, the only ways toprodu
e strings are:double-quoted string literals, e.g. "this is a string". The following standard C es
ape sequen
esare re
ognized:\n newline\r 
arriage return\t tab\b ba
kspa
e\q double-quote mark\
 the 
hara
ter '
' elsewisestring variables, either internal like datafilename, or user-de�ned.output from sprintf.In DOS, MS-Windows, or Windows NT paths, use / as the dire
tory separator, sin
e ba
kslash is anes
ape 
hara
ter. DOS and Windows have always a

epted / as a dire
tory separator.x6.8. Element generators.One feature di�erent from ordinary C is the presen
e of generators of geometri
 elements. Theseo

ur wherever an element type (verti
es, edges, fa
ets, bodies, fa
etedges; singular or plural) appears in a
ommand. Attributes of the generated element may be used later in the 
ommand. The general form of agenerator iselementtype [name℄ [ WHERE 
ondition ℄The generated element may be named (useful in nested iterations), in whi
h 
ase the name must be used whenthe element is referen
ed. Element types used as attributes will just generate the elements asso
iated withthe parent element, so if � is a fa
et, then �.vertex will generate its three verti
es. Currently implementedsubelements are vv.edge, vv.fa
et, ee.vertex, ee.fa
et, �.vertex, �.edge, �.body, and bb.fa
et, where vv, ee,�, and bb are the are names of verti
es, edges, fa
ets, and bodies respe
tively. But be sure to rememberthat in a nested iteration, an unquali�ed element type generates all elements of that type, not just thoseasso
iated with the parent element. Also, ea
h generator 
an take a "where" 
lause to limit the elementsin
luded. Example:list fa
et where 
olor == redforea
h edge ee where ee.length < .3 do list ee.vertexThe internal fa
et-edge stru
tures 
an also be generated with the element type fa
etedge.Indexed element generators. An element generator may 
arry an index to refer to just one of theelements. The index is in square bra
kets. Examples:list vertex[3℄print edge[2℄.vertex[1℄.idIndexing an element type dire
tly generates just the one element, without a linear sear
h through all theelements of that type. However, indexing a subelement does result in a linear sear
h through the subelements.85



Surfa
e Evolver ManualIndexing starts at 1. The index on an element type may be negative, e.g. edge[-12℄, whi
h generates thenegatively oriented element. The index on a subelement may not be negative, e.g. fa
et[2℄.edge[-1℄ isillegal.x6.9. Aggregate expressions.The maximum, minimum, sum, 
ount, and average of an expression over a set of elements may be donewith aggregate expressions. The histogram and loghistogram 
ommands have the same form. The generalform isaggregate(generator, expr)where aggregate may be max, min, sum, 
ount, or avg. The generator generates elements as dis
ussed above.Max and min over logi
al expressions may be used for logi
al any and all. The max of an empty set is largenegative, and the min of an empty set is large positive, so beware when using WHERE 
lauses..Example: This displays fa
et 4 and all its neighboring fa
ets:show fa
ets ff where max(ff.edge ee,max(ee.fa
et fff, fff.id == 4))x6.10. Single-letter 
ommands.The oldest and most 
ommonly used 
ommands are just single letters. Case is signi�
ant for these.Single letters are always interpreted as 
ommands, so you may not use single letters for variable names.It is possible to reassign a single letter to your own 
ommand by the syntaxletter :::= 
ommandbut this should only be used in spe
ial 
ir
umstan
es, su
h as rede�ning r to do additional a
tions along withre�nement. The old meaning 
an be restored with a null assignment, \letter :::=". Use single quotes aroundthe letter to get the old meaning, i.e. 'r' will do a standard re�ne when r has been rede�ned. Rede�nitionsare 
leared when a new surfa
e is loaded. Be 
areful when using rede�ned 
ommands in de�ning other
ommands. Rede�nition is e�e
tive on exe
ution of the rede�nition 
ommand, not on parsing. Rede�nitionis not retroa
tive to uses in previously de�ned 
ommands.x6.10.1. Single-letter 
ommand summary.There are �ve groups of 
ommands:Reporting:C Run 
onsisten
y 
he
ks.
 Report 
ount of elements.e Extrapolate.i Information on status.v Report volumes.X List element extra attributes.z Do 
urvature test.Model 
hara
teristi
s:A Set adjustable 
onstants.a Toggle area normalizationb Set body pressures.f Set di�usion 
onstant.G Set gravity.J Toggle jiggling on every move. 86



Chapter 6. Operation.k Set boundary gap 
onstant.M Toggle linear/quadrati
 model.m Toggle �xed motion s
ale.p Set ambient pressure.Q Report or set quantities.U Toggle 
onjugate gradient method.W Homothety toggle.Surfa
e modi�
ation:g Go one iteration step. Often followed by a repetition 
ount.j Jiggle on
e.K Skinny triangle long edge divide.l Subdivide long edges.N Set target volumes to a
tual.n Not
h ridges and valleys.O Pop non-minimal edges.o Pop non-minimal verti
es.r Re�ne triangulation.t Remove tiny edges.u Equiangulate.V Vertex averaging.w Weed out small triangles.y Torus dupli
ation.Z Zoom in on vertex.Output:D Toggle display every iteration.d Dump surfa
e to data�le.P Create graphi
s display �le.s Show triangulation graphi
ally.Mis
ellaneous:F Toggle 
ommand logging.H,h,? Help s
reen.q,x Exit.The G, j, l,m,n,t, and w 
ommands require real values, whi
h may be entered on the same line, or givenin response to a prompt if not.x6.10.2. Alphabeti
al single-letter 
ommand referen
e.A Adjustable values. Displays 
urrent values and allows you to enter new values. Newvalue is entered as the number of the 
onstant (from the list) and the new value. Valuesof named quantities, their moduli, and the target values of �xed named quantities alsoappear here. The modulus and target value may be 
hanged. Only expli
itly user-de�nednamed quantities appear here, unless show all quantities is toggled on.a Toggles area normalization of vertex for
es and other gradient. Be sure you have a smallenough s
ale fa
tor, or else things tend to blow up. Redu
e s
ale fa
tor temporarily after87



Surfa
e Evolver Manualre�nement, sin
e triangle areas are 
ut by a fa
tor of 4 but the old 
reases remain. Whenthis option is ON, there is an optional 
he
k that 
an be made for fa
ets that move toomu
h. This is done by 
omputing the ratio of the length of the normal 
hange to thelength of the old normal. If this ex
eeds the user-spe
i�ed value, then all verti
es arerestored to their previous position. The user should redu
e the motion s
ale fa
tor anditerate again.b Permits user to 
hange body pres
ribed volumes or pressures. Prints old value for ea
hbody and prompts for new.C Runs various internal 
onsisten
y 
he
ks. If no problems, just prints \Che
ks 
ompleted."The number of errors found is stored in the variable 
he
k 
ount. The 
he
ks are:Element list integrity - 
he
ks that data stru
tures are inta
t.Fa
et-edge 
he
k - that if a fa
et adjoins an edge, then the edge adjoins the fa
et, andthat the three edges around a fa
et link up.Fa
et-body 
he
k - whether adja
ent fa
ets have the same body on the same side.Collapsed elements - 
he
k if endpoints of an edge are the same, and whether neighboringfa
ets share more than one edge and two verti
es.
 Prints 
ount of elements and memory used (just for element stru
tures, not everything)and prints various model parameters. Synonym: 
ounts.D Toggles displaying every iteration. Default is ON.d Dumps data to ASCII �le in same format as initial data �le. You will be promptedfor a �lename. An empty reponse will use the default dump name, whi
h is the data�lename with a \.dmp" extension. Useful for 
he
king your input is being read 
orre
tly, forsaving 
urrent 
on�guration, and for debugging.e Extrapolates total energy to in�nite re�nement if at least two re�nements have been done.Uses last energy values at three su

essive levels of re�nement. Synonym: extrapolate.F Toggle logging of 
ommands in �le. If starting logging, you will be prompted for thename of a log �le. Any existing �le of that name will be overwritten. Logging stopsautomati
ally when the surfa
e is exited. Only 
ommands that 
hange the surfa
e arelogged.f Set di�usion 
onstant. Prints old and prompts for new.G Toggles gravity on or o�. Gravity starts ON if any body has DENSITY; otherwise OFF. Iffollowed by a value, sets gravity to that value. Otherwise prints old value of gravitational
onstant and prompts for new. Optionally takes new gravity value on 
ommand line.g Same as go 
ommand. Do iteration step. Ea
h iteration 
al
ulates the for
e on ea
h vertexdue to its 
ontribution to the total energy and moves the vertex by a multiple of thefor
e. There is a global s
ale fa
tor that multiplies the for
e to give the displa
ement. Ifarea normaliztion is turned on, the for
e at ea
h vertex is also divided by the total area offa
ets adja
ent to the vertex to better approximate motion by mean 
urvature (but thisseems to be often numeri
ally badly behaved due to long skinny fa
ets). If any bodieshave pres
ribed volumes, the verti
es are also displa
ed to bring the volumes ba
k to nearthe pres
ribed values.If s
ale optimizing (see 
ommand m) is ON, then di�erent global s
ale values will be trieduntil a quadrati
 interpolation 
an be done to �nd the optimal value. (This 
an blow upunder 
ertain 
ir
umstan
es.) The s
ale fa
tor used for motion is then multipied by thes
ale s
ale variable (default value 1). 88



Chapter 6. Operation.The output 
onsists of the number of iterations left (for people who wonder how 
lose their1000 iterations are to ending), the area and energy, and the s
ale fa
tor. The user 
anabort repeated iterations by sending an interrupt to the pro
ess (SIGINT, to be pre
ise;CTRL-C or whatever on your keyboard).h,H,? Prints help s
reen listing these 
ommands.i Prints mis
ellaneous information:Total energyTotal area of fa
etsCount of elements and memory usageArea normalization, if onLINEAR or QUADRATIC modelWhether 
onjugate gradient onOrder of numeri
al integrationS
ale fa
tor value and option (�xed or optimizing)Di�usion option and di�usion 
onstant valueGravity option and gravitational 
onstant valueJiggling status and temperatureGap 
onstant (for gap energy, if a
tive)Ambient pressure (if ideal gas model in e�e
t)J Toggles jiggling on every iteration. If jiggling gets turned on, prompts for temperaturevalue.j Jiggles all verti
es on
e. Useful for shaking up surfa
es that get in a rut, espe
ially
rystalline integrands. You will be prompted for a \temperature" whi
h is used as as
aling fa
tor, if you don't give a temperature with the 
ommand. The a
tual jiggle is arandom displa
ement of ea
h vertex independently with a Gaussian distribution. See thelongj 
ommand below for a user-de�nable perturbation.K Finds skinny triangles whose smallest angle is less than a spe
i�ed 
uto�. You will beprompted for a value. Su
h triangles will have their longest edge subdivided. Should befollowed with tiny edge removal (t) and equiangulation (u).k Sets \gap 
onstant" for gap energy for CONVEX boundaries. Adds energy roughly pro-portional to area between edge and boundary. You will be prompted for a value. Normalvalues are on the order of magnitude of unity. Value k = 1 is 
losest to true area. Use 0to eliminate the energy.l Subdivides long edges, 
reating new fa
ets as ne
essary. You will be prompted for a 
uto�edge length, if you don't give a value with the 
ommand. Existing edges longer than the
uto� will be divided on
e only. Newly 
reated edges will not be divided. Hen
e theremay be some long edges left afterward. If you enter h, you will get a histogram of edgelengths. If you hit RETURN with no value, nothing will be done. It is mu
h better tore�ne than to subdivide all edges. A synonym for "l value" is "edge divide value".M Sets model type to LINEAR, QUADRATIC, or LAGRANGE. Changing from LINEAR toQUADRATIC adds verti
es at the midpoints of ea
h edge. Changing from QUADRATIC toLINEAR deletes the midpoints. Likewise for Lagrange. Optionally takes new model type (1 (linear), 2 (quadrati
), or > 2 (Lagrange of given order) ) on 
ommand line.m Toggles quadrati
 sear
h for optimal global motion s
ale fa
tor. If sear
h is toggled OFF,you will be prompted for a s
ale fa
tor. If you give a value with the 
ommand, then89



Surfa
e Evolver Manualyou are setting a �xed s
ale fa
tor. Values around 0.2 work well when the triangulationis well-behaved and area normalization (
ommand a) is o�. In optimizing mode, a s
alefa
tor getting small, say below 0.01, indi
ates triangulation problems. Too large a s
alefa
tor will show up as total energy in
reasing. If you have motion by area normalizationON (
ommand a), use a small s
ale fa
tor, like 0.001, until you get a feel for what works.N Normalize body pres
ribed volumes to 
urrent a
tual volumes.n Not
hing ridges and valleys. Finds edges that have two adja
ent fa
ets, and those fa
ets'normals make an angle greater than some 
uto� angle. You will be prompted for the
uto� angle (radians) if you don't give a value with the 
ommand. Qualifying edges willhave the adja
ent fa
ets subdivided by putting a new vertex in the 
enter. Should followwith equiangulation. In the string model, it will re�ne edges next to verti
es with anglebetween edges (parallel orientation) ex
eeding the given value. Optionally takes 
uto�angle on 
ommand line.O Pop non-minimal edges. S
ans for edges with more than three fa
ets atta
hed. Splits su
hedges into triple-fa
et edges. Splits propagate along a multiple edge until they run intosome obsta
le. It also tries to pop edges on walls properly. Try o
ta.fe for an example.For �ner 
ontrol, use the pop 
ommand.o Pop non-minimal verti
es. This 
ommand s
ans the surfa
e for verti
es that don't havethe topologies of one of the three minimal tangent 
ones. These are \popped" to properlo
al topologies. The algorithm is to repla
e the vertex with a sphere. The fa
ets into theoriginal vertex are trun
ated at the sphere surfa
e. The sphere is divided into 
ells by thosefa
ets, and the largest 
ell is deleted, whi
h preserves the topology of the 
omplement ofthe surfa
e. A spe
ial 
ase is two 
ones meeting at a vertex; if the 
ones are broad enough,they will be merged, otherwise they will be split. In 
ase of merging 
ones, if both 
oneinteriors are de�ned to be part of the same body, then no fa
et is pla
ed a
ross the ne
k
reated by the merger; if they are di�erent bodies or no bodies, a fa
et will be pla
eda
ross the ne
k. Only verti
es in the interior of a surfa
e, not �xed or on 
onstraints orboundaries, are tested. This 
ommand tends to 
reate a lot of small edges and skinnytriangles. Try popstr.fe and o
ta.fe for examples.P Produ
e graphi
s output �les. The view is the same as seen with the s 
ommand. Severalformats are 
urrently available, and a menu will appear. These are now Pixar, geomview,PostS
ript, SoftImage, and a personal format 
alled Triangle. You may optionally givethe menu item number on the 
ommand line. If you are doing a torus surfa
e, you willbe asked for a display option, for whi
h see the Torus se
tion. You will be promptedfor a �lename. For Pixar format, you will be asked whether verti
es should have normalve
tors for normal interpolation (
al
ulated as the average normal of all fa
ets around avertex); whether inner fa
ets (adja
ent to two bodies) outer fa
ets (adja
ent to zero orone body), or all fa
ets are to be plotted; and whether di�erent 
olors should be used fordi�erent bodies. If so, you are asked for the name of a �le with a 
olormap in the formatof RGB values, one set per line, values between 0 and 1. (This map may not be e�e
tiveon all devi
es.)You may also be asked if you want thi
kening. If you do, ea
h fa
et will be re
ordedtwi
e, with opposite orientations, with verti
es moved from their original positions by thethi
kening distan
e (whi
h the option lets you enter) in the normal dire
tion. The normalused at ea
h vertex is the same as used for normal interpolation, so all the fa
ets arounda planar vertex will have that vertex moved the same amount. Triple jun
tions will beseparated. Thi
kening is good for rendering programs that insist on 
onsistently orientedsurfa
es, or that 
an't see the ba
kside of a surfa
e. The default thi
kening distan
e is oneone-thousandth of the diameter of the obje
t.For �le formats, see the se
tion on Graphi
s �le formats.90



Chapter 6. Operation.For those of you that have geomview, the relevant 
ommands are here. Geomview uses apipe interfa
e at the moment. Besides options for starting and stopping simultaneousgeomview, there are options for starting a named pipe without invoking geomview. Youwill be told the name of the pipe, and it is up to you to start a pipe reader. Evolverblo
ks until a pipe reader is started. This is useful for having a se
ond instan
e of Evolverfeed a se
ond surfa
e to geomview by having geomview load the pipe. Commands in thegeomview 
ommand language may be sent with the 
ommand GEOMVIEW string.This 
ommand 
an be followed by a number to pi
k a menu option without displaying themenu. Thus P 8 starts geomview.See also the GEOMVIEW and POSTSCRIPT 
ommands.p Sets ambient pressure in ideal gas model. A large value gives more in
ompressible bodies.Q Report 
urrent values and optionally 
hange target values of user-de�ned quantities.q Exit program. You will be given a 
han
e to have se
ond thoughts. You may also loada new data�le. Automati
ally 
loses graphi
s if you really quit. Does not save anything.r Re�nes the triangulation. Edges are divided in two, and SOAPFILM fa
ets are dividedinto four fa
ets with inherited attributes. Reports the number of stru
tures and amountof memory used.s Shows the surfa
e on the s
reen. The proper display routines must have been linked infor the ma
hine the display is on. Goes into the graphi
s 
ommand mode (see below).Torus surfa
es have display options you will be asked for the �rst time, for whi
h see theTorus se
tion. The graphi
s window may be 
losed with the CLOSE_SHOW 
ommand.t Eliminates tiny edges and their adja
ent fa
ets. You will be prompted for a 
uto� edgelength if you don't give a value with the 
ommand. If you enter h, you will get an edgelength histogram. If you hit RETURN without a value, nothing will happen. Some edgesmay not be eliminable due to being FIXED or endpoints having di�erent attrtibutes fromthe edge.U This toggles 
onjugate gradient mode, whi
h will usually give faster 
onvergen
e to theminimum energy than the default gradient des
ent mode. The only di�eren
e is thatmotion is along the 
onjugate gradient dire
tion. The s
ale fa
tor should be in optimizingmode. The history ve
tor is reset after every surfa
e modi�
ation, su
h as re�nement orequiangulation. After large 
hanges (say, to volume), run without 
onjugate gradient afew steps to restore sanity.u This 
ommand, 
alled \equiangulation", tries to polish up the triangulation. In thesoap�lm model, ea
h edge that has two neighboring fa
ets (and hen
e is the diagonal ofa quadrilateral) is tested to see if swit
hing the quadrilateral diagonal would make thetriangles more equiangular. For a plane triangulation, a fully equiangulated triangulationis a Delaunay triangulation, but the test makes sense for skew quadrilaterals in 3-spa
ealso. It may be ne
essary to repeat the 
ommand several times to get 
omplete equiangu-lation. The tt edgeswap 
ommand 
an for
e 
ipping of pres
ribed edges. In the simplexmodel, equiangulation works only for surfa
e dimension 3. There, two types of move areavailable when a fa
e of a tetrahedron violates the Delaunay void 
ondition: repla
ingtwo tetrahedra with a 
ommon fa
e by three, or the reverse operation of repla
ing threetetrahedra around a 
ommon edge by two, depending on how the 
ondition is violated.This 
ommand does not work in the string model.V Vertex averaging. For ea
h vertex, 
omputes new position as area-weighted average of
entroids of adja
ent fa
ets. Only adja
ent fa
ets with the same 
onstraints and bound-aries are used. Preserves volumes, at least to �rst order. See the rawv 
ommand below for91



Surfa
e Evolver Manualvertex averaging without volume preservation, and rawestv for ignoring likeness of 
on-straints. Does not move verti
es on triple edges or �xed verti
es. Verti
es on 
onstraintsare proje
ted ba
k onto their 
onstraints. All new positions are 
al
ulated before moving.For sequential 
al
ulation and motion, see the vertex average 
ommand.v Shows pres
ribed volume, a
tual volume, and pressure of ea
h body. Also shows namedquantities. Only expli
itly user-de�ned named quantities are shown, unless show all quantitieshas been toggled on. Pressures are really the Lagrange multipliers. Pressures are 
om-puted before an iteration, so the reported values are essentially are one iteration behind.Synonym: show vol.W Toggles homothety. If homothety ON, then after every iteration, the surfa
e is s
aled upso that the total volume of all bodies is 1. Meant to be used on surfa
es without any
onstraints of any kind, to see the limiting shape as surfa
e 
ollapses to a point.w Tries to weed out small triangles. You will be prompted for the 
uto� area value if youdon't give a value with the 
ommand. If you enter h, you will get a histogram of areas toguide you. If you hit RETURN with no value, nothing will be done. Some small trianglesmay not be eliminable due to 
onstraints or other su
h obsta
les. The a
tion is to eliminatean edge on the triangle, eliminating several fa
ets in the pro
ess. Edges will be tried forelimination in shortest to longest order. WARNING: Although 
he
ks are made to see ifit is reasonable to eliminate an edge, it is predi
ated on fa
ets being relatively small. Ifyou tell it to eliminate all below area 5, Evolver may eliminate your entire surfa
e without
ompun
tion.X List the 
urrent element extra attributes, in
luding name, size, and type. Some internalattributes are also listed, beginning with double unders
ore.x Exit program. You will be given a 
han
e to have se
ond thoughts. You may also load anew data�le. Automati
ally 
loses graphi
s if you really quit. Does not save anything.y Torus dupli
ation. In torus model, prompts for a period number (1,2, or 3) and thendoubles the torus unit 
ell in that dire
tion. Useful for extending simple 
on�gurationsinto more extensive ones.Z Zooms in on a vertex. Asks for vertex number and radius. Number is as given in vertexlist in data�le. Beware that vertex numbers 
hange in a dump (but 
orre
t 
urrent zoomvertex number will be re
orded in dump). Eliminates all elements outside radius distan
efrom vertex 1. New edges at the radius are made FIXED. Meant to investigate tangent
ones and intri
ate behavior, for example, where wire goes through surfa
e in the overhandknot surfa
e. Zooming is only implemented for surfa
es without bodies.z Do 
urvature test on QUADRATIC model. Supposed to be useful if you're seeking asurfa
e with monotone mean 
urvature. Currently 
he
ks angle of 
reases along edgesand samples 
urvature on fa
et interiors. Orientation is with respe
t the way fa
ets wereoriginally de�ned.x6.11. General 
ommands.x6.11.1. SQL-type queries on sets of elements.These 
ommands generally operate on a set of elements de�ned by an element generator.FOREACH generator DO 
ommandRepeat a 
ommand for ea
h element generated by the generator. Examples:92



Chapter 6. Operation.forea
h vertex do print x^2 + y^2 + z^2forea
h edge ee where ee.dihedral > .4 do \f printf "id %g\n",id; forea
h ee.vertex do printf " %g %g %g\n",x,y,z; gLISTList elements on the s
reen in the same format as in the data�le, or lists individual 
onstraint, boundary,quantity, or method instan
e de�nitions. Piping to more 
an be used for long displays. Syntax:LIST generatorLIST 
onstraintnameLIST CONSTRAINT 
onstraintnumberLIST boundarynameLIST BOUNDARY boundarynumberLIST quantitynameLIST instan
enameExamples:list verti
es | "more"list verti
es where x < 1 and y > 2 and z >= 3 | "tee vfile"list edges where id == 12list 
onstraint 1REFINE generatorSubdivides edges by putting a vertex in the middle of ea
h edge and splitting neighboring fa
ets in two.It is the same a
tion as the long edge subdivide 
ommand (
ommand l). Fa
ets will be subdivided by puttinga vertex in the 
enter and 
reating edges out to the old verti
es. It is strongly suggested that you follow thiswith equiangulation to ni
en up the triangulation. Edge re�nement is better than fa
et re�nement as fa
etre�nement 
an leave long edges even after equiangulation. Example:refine edges where not fixed and length > .1DELETE generatorDeletes edges by shrinking the edge to zero length (as in the tiny edge weed 
ommand t) and fa
ets byeliminating one edge of the fa
et. Fa
et edges will be tried for elimination in shortest to longest order. Edgeswill not be deleted if both endpoints are �xed, or both endpoints have di�erent 
onstraints or boundariesfrom the edge. Example:delete fa
ets where area < 0.0001DISSOLVE generatorRemoves elements from the surfa
e without 
losing the gap left. The e�e
t is the same as if the linefor the element were erased from a data�le. Hen
e no element 
an be dissolved that is used by a higherdimensional element. (There are two ex
eptions: dissolving an edge on a fa
et in the string model, anddissolving a fa
et on a body in the soap�lm model.) Thus "dissolve edges; dissolve verti
es" is safebe
ause only unused edges and verti
es will be dissolved. No error messages are generated by doing this.Good for poking holes in a surfa
e.dissolve fa
ets where original == 2EDGE MERGE (id1,id2)Merges two edges into one in a side-by-side fashion. Meant for joining together surfa
es that bump intoea
h other. Should not be used on edges already 
onne
ted by a fa
et, but merging edges that already havea 
ommon endpoint(s) is �ne. Syntax:edge merge(integer,integer) 93



Surfa
e Evolver ManualNote the arguments are signed integer ids for the elements, not element generators. The tails of the edgesare merged, and so are the heads. Orientation is important. Example:edge merge(3,-12)EDGESWAP edge generatorIf any of the qualifying edges are diagonals of quadrilaterals, they are 
ipped in the same way as inequiangulation, regardless of whether equiangularity is improved. \edgeswap edge" will try to swap alledges, and is not re
ommended, unless you like weird things.edgeswap edge[22℄edgeswap edge where 
olor == redEQUIANGULATE edge generatorThis 
ommand tests the given edges to see if 
ipping them would improve equiangularity. It is the 'u'
ommand applied to a spe
i�ed set of edges. It di�ers from the edgeswap 
ommand in that only edges thatpass the test are 
ipped.FACET MERGE (id1,id2)Merges two soap�lm-model fa
ets into one in a side-by-side fashion. Meant for joining together surfa
esthat bump into ea
h other. The pairs of verti
es to be merged are sele
ted in a way to minimize the distan
ebetween merged pairs subje
t to the orientations given, so there are three 
hoi
es the algorithm has to 
hoosefrom. It is legal to merge fa
ets that already have some endpoints or edges merged. Syntax:fa
et merge(integer,integer)Note the syntax is a fun
tion taking signed integer fa
et id arguments, not element generators. IMPORTANT:The frontbody of the �rst fa
et should be equal to the ba
kbody of the se
ond (this in
ludes having no body);this is the body that will be squeezed out when the fa
ets are merged. If this is not true, then fa
et mergewill try 
ipping the fa
ets orientations until it �nds a legal mat
h. Example:fa
et merge(3,-12)FIX generator [ name ℄ [ WHERE expr ℄Sets the FIXED attribute for qualifying elements. Example:fix verti
es where on 
onstraint 2FIX variableConverts the variable to a non-optimizing parameter.FIX named quantityConverts an info only named quantity to a �xed quantity 
onstraint.SET generator [ name ℄ attrib expr [ WHERE expr ℄SET generator.attrib expr [ WHERE expr ℄Sets an attribute to the indi
ated value for qualifying elements. The new value expression may refer tothe element in question. The se
ond form permits the use of '.' for people who use '.' instin
tively in �eldnames. SET 
an 
hange the following attributes: 
onstraint, 
oordinates, density, orientation, non-globalnamed quantity or named method, user-de�ned extra attributes, body target volume, body vol
onst, �xed,pressure, 
olor, front
olor, ba
k
olor, boundary, and opa
ity (for the appropriate type elements). Fixed,named quantity, and named method attributes are just toggled on; they do not need the �rst expr. Settingthe pressure on a body automati
ally un�xes its volume. For 
onstraint, the expr is the 
onstraint number.If using set to put a vertex on a parametri
 boundary, set the vertex's boundary parameters p1, p2, et
.�rst. For 
olor, the 
olor value is an integer. The integers from 0 to 15 
an be referred to by the prede�nednames BLACK, BLUE, GREEN, CYAN, RED, MAGENTA, BROWN, LIGHTGRAY, DARKGRAY, LIGHTBLUE, LIGHTGREEN,94



Chapter 6. Operation.LIGHTCYAN, LIGHTRED, LIGHTMAGENTA, YELLOW, and WHITE. The spe
ial 
olor value CLEAR (-1) makes a fa
ettransparent. Edge 
olors may not show up in geomview unless you do `show edges where 1' to haveEvolver expli
itly feed edges to geomview instead of letting geomview just show fa
et edges on its own. On
ertain systems (Sili
on Graphi
s and Pixar at present) the opa
ity value sets the transparen
y of ALLfa
ets. A value of 0.0 
orresponds to transparent, and a value of 1.0 to opaque. Examples:set fa
ets density 0.3 where original == 2set verti
es x 3*x where id < 5 // multiplies x 
oordinate by 3set body target 5 where id == 1 // sets body 1 target volume to 5set verti
es 
onstraint 1 where id == 4set fa
et 
olor 
lear where original < 5SET name attrib exprInside a FOREACH loop with a named element, one 
an set an attribute for the named element. A '.'may be used as in sl name.attrib by people who like that sort of thing.SET quantityname attrib exprSET instan
ename attrib exprSet the value of a named quantity or named method instan
e attribute. For a named quantity, thesettable attributes are target, modulus, vol
onst, and toleran
e. For a named method instan
e, only modulus.There is no impli
it referen
e to the quantity in the expression, so sayset myquant target myquant.valuerather than set myquant target value.SET BACKGROUND 
olorSets the ba
kgound 
olor for native graphi
s (not geomview). The 
olor is an integer 0-15 or a 
olorname listed in the general SET 
ommand below. Example:set ba
kground bla
kT1_EDGESWAP edgegeneratorDoes a T1 topologi
al transition in the string model. When applied to an edge joining two triple points,it re
onne
ts edges so that opposite fa
es originally adja
ent are no longer adja
ent, but two originallynon-adja
ent fa
es be
ome adja
ent./ =>/ |/It will silently skip edges it is applied to that don't ful�ll the two triple endpoint 
riteria, or whose 
ipping isbarred due to �xedness or 
onstraint in
ompatibilities. The number of edges 
ipped 
an be a

essed throughthe t1_edgeswap_
ount internal variable. Running with the verbose toggle on will print details of whatit is doing. Syntax:T1 EDGESWAP edge generatorExamples:t1 edgeswap edge[23℄t1 edgeswap edge where length < 0.1UNFIX elements [ name ℄ [ WHERE expr ℄Removes the FIXED attribute for qualifying elements. Example:unfix verti
es where on 
onstraint 2UNFIX variable 95



Surfa
e Evolver ManualConverts the variable to an optimizing parameter.UNFIX named quantityConverts a �xed named quantity to an info only quantity.UNSET elements [ name ℄ attrib [ WHERE expr ℄Removes the attribute for qualifying elements. Attributes here are FIXED, VOLUME, PRESSURE, DENSITY,non-global named quantities or named methods, FRONTBODY, BACKBODY, CONSTRAINT n, or BOUNDARY n. Ause for the last is to use a boundary or 
onstraint to de�ne an initial 
urve or surfa
e, re�ne to get a de
enttriangulation, then use \unset verti
es boundary 1" and "unset edges boundary 1" to free the 
urve orsurfa
e to evolve. The form \unset fa
et bodies ..." is also available to disasso
iate given fa
ets fromtheir bodies.UNSET elements [ name ℄ CONSTRAINT expr [ WHERE expr ℄Removes 
onstraint of given number from qualifying elements.VALID ELEMENT (indexed element) Boolean fun
tion. Returns 1 or 0 depending on whether an element ofa given index exists. Syntax:VALID ELEMENT(indexed element)Examples:if valid element(edge[12℄) then re�ne edge[12℄if valid element(body[2℄) then set body[2℄.fa
et 
olor redVERTEX AVERAGE vertexgeneratorThe a
tion is the same as the V 
ommand, ex
ept that ea
h new vertex position is 
al
ulated sequentially,instead of simultaneously, and an arbitrary subset of verti
es may be spe
i�ed. Fixed verti
es do not move.Examples:vertex average vertex[2℄vertex average vertex where id < 10vertex average vertex vv where max(vv.fa
et,
olor==red) == 1WRAP VERTEX(v,w)In a symmetry group model, transforms the 
oordinates of vertex number n by symmetry group elementw and adjusts wraps of adja
ent edges a

ordingly.Single elements:The verbs set, unset, list, delete, re�ne, �x, un�x, dissolve, and vertex average 
an be used on singlenamed elements inside an iteration 
onstru
t. Examples:forea
h edge ee where ee.length < .01 do fprintf "Refining edge %g.",ee.id; refine ee; gx6.11.2. Variable assignment.Values 
an be assigned to variables. The variable names must be two or more letters, in order they notbe 
onfused with single-letter 
ommands. Note that ':=' is used for assignment, not '='. Numeri
, string,and 
ommand values may be assigned.The C-style arithmeti
 assignments +=, -=, *=, and /= work. For example, val += 2 is equivalent toval := val + 2. These also work in other assignment situations where I thought they made sense, su
h asattribute assignment. 96



Chapter 6. Operation.identi�er := expridenti�er ::= exprEvaluates expression and assigns it to the named variable. If the variable does not exist, it will be
reated. These are the same 
lass of variables as the adjustable parameters in the data�le, hen
e are all ofglobal s
ope and may also be inspe
ted and 
hanged with the 'A' 
ommand. If \::=" is used instead of \:=",then the variable be
omes permanent and will not be forgotten when a new surfa
e is begun.Nonpermanent assignment may also be done for single element attributes, named quantity attributes,and named method attributes. Examples:
ounter := 0body[1℄.density := 8.5vertex[2℄.x[2℄ += pimyquant.modulus := 2identi�er := 
ommandidenti�er ::= 
ommandMakes identi�er an abbreviation for 
ommand. Subsequently, identi�er may be used as a 
ommanditself. You are strongly urged to en
lose the 
ommand on the right side in bra
es so the parser 
an tell it'sa 
ommand and not an expression. Also multiline 
ommands then don't need linespli
ing. Examples:gg := fg 10; u ggg 12If \::=" is used instead of \:=", then the 
ommand be
omes permanent and will not be forgotten whena new surfa
e is begun. Su
h a 
ommand 
an only refer to permanent variables, permanent 
ommands, andinternal variables. See the permload 
ommand for an example of use.AREA FIXED := exprSets the target value for the �xed area 
onstraint. Does not a
tivate 
onstraint.AUTOCHOP := exprSets auto
hop length, so edges longer than this will automati
ally be subdivided ea
h iteration whenauto
hopping is on. Does not toggle auto
hopping on.COLORMAP := "�lename"Sets the 
olormap �le name.DIFFUSION := exprSets di�usion 
onstant. Does not toggle di�usion on.GAP CONSTANT := exprSets the gap 
onstant for assigning energy to gaps between fa
ets and 
urved walls. Use 1 for bestapproximation to area.GRAVITY := exprSets gravitational 
onstant. Does not toggle gravity ON if it is OFF.THICKEN := exprSets thi
kness for double layer display. Does not toggle it on.x6.11.3. Information 
ommands.EPRINT 97



Surfa
e Evolver ManualFun
tion that prints an expression and returns the value. Syntax:eprint exprMeant for debugging; probably an ar
hai
 leftover from when the 
ommand language was not as devel-oped. Example:print sum(fa
et, eprint area)will print out all the fa
et areas and then the sum.HELPPrints extra
t from the HTML do
umention for keywords, or prints some information on user-de�nednames. Syntax:help stringThe string is used as a look-up into the index of all an
hor names. If an exa
t mat
h is found, theextra
t is printed, up to the next horizontal rule. No formatting is done beyond line breaks and paragraphs,so the output may look a little rough. In any 
ase, the 
ommand also prints all an
hor names 
ontainingthe given string, so you should be able to �nd related referen
es. Note that string is not a stringexpr, but aliteral string. If the an
hor name is just one word, the quotes may be omitted from around the string. TheHTML �les must be on EVOLVERPATH.IS DEFINEDTo �nd out if a name is already in use as a keyword or user-de�ned name, use the is_defined fun
tion,whi
h has the syntaxis defined(stringexpr)The stringexpr must be a quoted string or other string expression. The return value is 0 if the nameis unde�ned, 1 if de�ned. This fun
tion is evaluated at parse-time, not run-time, so a 
ommand like ifis defined(newvar) then newvar := 1 else newvar := 0 will give newvar the value 0 if this is its �rstappearan
e.LIST ATTRIBUTESPrints a list of the "extra attributes" of ea
h type of element. Besides user-de�ned extra attributes,this list also 
ontains the prede�ned attributes that make use of the extra attribute me
hanism (being ofvariable size), su
h as 
oordinates, parameters, for
es, and velo
ities. It does not list permanent, �xed-sizeattributes su
h as 
olor or �xedness, or possible attributes that are not used at all.LIST BOTTOMINFOPrints what would be dumped in the \read" se
tion at the end of a dump�le: 
ommand de�nitions andvarious toggle states.LIST PROCEDURESLIST TOPINFOPrints the �rst se
tion of the data�le on the s
reen. This is everything before the verti
es se
tion.LOGFILE stringexprStarts re
ording all input and output to the �le spe
i�ed by stringexpr, whi
h must be a quoted stringor a string variable or expression. Appends to an existing �le. To end logging, use logfile off. For loggingjust in
oming keystrokes, use keylogfile instead.KEYLOGFILE stringexprStarts re
ording all in
oming keystrokes to the �le spe
i�ed by stringexpr, whi
h must be a quotedstring or a string variable or expression. Appends to an existing �le. To end logging, use keylogfile off.For logging input and output, use logfile instead. 98



Chapter 6. Operation.PRINT exprPrints the value of the expression. PRINT expr 
an also be used inside an expression, where it printsthe expression and evaluates to the value of its expression. Will do string expressions. Examples:print datafilenameprint max(edge,length)print max(vertex, print (x^2+y^2+z^2) )PRINT pro
edure namePrints the 
ommand assigned to the named pro
edure. These are re
onstru
ted from the parse tree, somay not be identi
al in appearan
e to the original 
ommands.PRINT arraysli
e rint array rrayThe arraysli
e option takes an array name or a partially indexed array name. If more than one elementresults, the sli
e is printed in nested 
urly bra
es. The arraysli
e 
an also be that of an array attribute ofan element. Remember array indexing starts at 1. Examples:de�ne parts real[3℄[2℄[3℄;print partsprint parts[3℄[2℄de�ne vertex attribute old
oords real[3℄print edge[2℄.vertex[1℄.old
oordsPRINT WARNING MESSAGESThis prints a

umulated warning messages. Useful to review warning messages generated early in loadinga data�le whi
h s
roll o� the s
reen too qui
kly to be read.PRINTF string,expr,expr,...Prints to standard output using the standard C sprintf fun
tion. Only string and real-valued numeri
expressions are valid, so the format string should use only %s, %f and %g formats. The format string 
an bea string variable or a quoted string. The format string is limited to 1000 
hara
ters, but otherwise there isno limit on the number of arguments. (Note: former quirks with string arguments have been removed, sothey 
an be used normally.) Example:printf "Datafile: %s area: %21.15g\n",datafilename,total_areaSPRINTF string,expr,...Prints to a string using the standard C printf fun
tion. Otherwise same as PRINTF. Can be used wherevera string expression is 
alled for. Examples:dump sprintf "file%g.dmp",
ountmessage := sprintf "Total area is %g\n",total_areaERRPRINTF string,expr,expr,...EXPRINT 
ommandnamePrints the original text of a user-de�ned 
ommand.Same as printf, ex
ept it sends its output to stderr instead of stdout. Useful in reporting error messagesin s
ripts that have their output redire
ted to a �le.HISTOGRAM(element [ WHERE expr1 ℄, expr2 ) 99



Surfa
e Evolver ManualLOGHISTOGRAM(element [ WHERE expr1 ℄, expr2 )Prints a histogram of the values of expr2 for the qualifying elements. The syntax is the same as theaggregate expressions. It uses 20 bins, and �nds its own maximum and minimum values, so the user doesnot have to spe
ify binsize. The log version will lump all zero and negative values into one bin. Example:histogram(edge,dihedral*180/pi)x6.11.4. A
tion 
ommands.ALICE exprA spe
ial private 
ommand.AREAWEED exprWeeds out fa
ets smaller than given area. Same as 'w' 
ommand, ex
ept does not need intera
tiveresponse.BODY METIS exprPartitions the set of bodies into expr parts using the METIS library of Karypis and Kumar, (http://www.
s.umn.edu/ karypis/metis/metis.html)if this library has been 
ompiled into the Evolver. Meant for experiments in partitioning the surfa
e for mul-tipro
essors. The partition number of a body is left in the body extra attribute bpart, whi
h is 
reated if itdoes not already exist. BODY METIS uses the PMETIS algorithm.BURCHARD exprA spe
ial private 
ommand.CHDIR stringexprChanges the 
urrent dire
tory, used for sear
hing for �les before EVOLVERPATH is used. In MS-Windows, use a front slash '/' or a double ba
kslash 'nn' instead of a single ba
kslash as the path 
hara
ter.Example: 
hdir "/usr/smith/proje
t"CLOSE SHOWCloses the native graphi
s window started by the `s' or SHOW 
ommands. Does not a�e
t geomview orOpenGL version. Synonym: show o�.DEFINEThe DEFINE 
ommand may be used to de�ne element attributes, arrays, array attributes, or singlevariables. The same de�nition syntax works in the top of the data�le or as a runtime 
ommand. Note thatarray indexing starts at 1, not 0. Zero is a legal dimension for an array, if you want an empty array, say asa syntax pla
eholder. Array sizes may be rede�ned dynami
ally with preservation of data as possible, butthe number of dimensions must remain the same. There is runtime 
he
king on array bounds.It is possible to de�ne multidimensional arrays of integers or reals with the syntaxDEFINE variablename REAL|INTEGER [expr℄...This syntax works both in the data�le header and at the 
ommand prompt. If the array already exists, itwill be resized, with old elements kept as far as possible. Do not resize with a di�erent number of dimensions.Example:de�ne fvalues integer[10℄[4℄de�ne base
oord real[10℄[spa
e dimension℄The PRINT 
ommand may be used to print whole arrays or array sli
es in bra
keted form. Example:print fvaluesprint fvalues[4℄ 100



Chapter 6. Operation.It is possible to dynami
ally de�ne extra attributes for elements, whi
h may be single values or up toeight-dimensional arrays. Array element attributes may be de�ned with the syntaxDEFINE elementtype ATTRIBUTE name REAL|INTEGER [ [dim℄ ... ℄where elementtype is vertex, edge, fa
et, or body, name is an identi�er of your 
hoi
e, and [dim℄ is anoptional expression for the dimension (with the bra
kets). There is no pra
ti
al distin
tion between real andinteger types at the moment, sin
e everything is stored internally as reals. But there may be more datatypesadded in the future. It is not an error to rede�ne an attribute that already exists, as long as the de�nition isthe same. Extra attributes are inherited by elements of the same type generated by subdivision. Examples:define edge attribute 
harlie realdefine vertex attribute oldx real[3℄define fa
et attribute knots real[5℄[5℄[5℄The value of an extra attribute 
an also be 
al
ulated by user-supplied 
ode. The attribute de�nition isfollowed by the keyword "fun
tion" and then the 
ode in bra
kets. In the 
ode, the keyword "self" is usedto refer to the element the attribute is being 
al
ulated for. Example: To implement the lowest z value ofa fa
et as an attribute:define fa
et attribute minz real fun
tionfself.minz := min(self.vertex,z);gThese attributes 
an also be indexed. Due to 
urrent parser limitations on parsing exe
utable 
ode, this typeof extra attribute de�nition 
annot o

ur in the top se
tion of the data�le, although the non-fun
tion version
an to de
lare the attribute name, and the fun
tion part added in a re-de�nition in the READ se
tion of thedata�le.It is also possible to use DEFINE to de
lare a variable without giving it an initial value. This is primarilya me
hanism to be sure a variable is de�ned before use, without overwriting an existing value. If the variableis new, the initial value is zero or the null string. Syntax:DEFINE name REAL|INTEGER|STRINGThe DEFINE 
ommand may also be used to make runtime de�nitions of level-set 
onstraints, boundaries,named quantities, and method instan
es. The syntax is the same as in the top of the data�le, ex
ept thatthe word "de�ne" 
omes �rst. Multi-line de�nitions should be en
losed in bra
kets and terminated with asemi
olon. Or they 
an be en
losed in quotes and fed to the exe
 
ommand. Of 
ourse, using exe
 meansthe parser doesn't know about the de�ne until the exe
 is exe
uted, so you 
annot use the de�ned item in
ommands until then.de�ne 
onstraint 
oor
on formula z = 0de�ne 
onstraint front
on formula x = 1energy:e1: -y/2e2: x/2e3: 0;exe
 "de�ne boundary newboundary parameters 1x: sin(p1)y: 
os(p1)z: 3"exe
 "de�ne quantity qarea info only method fa
et area global"DIRICHLETDoes one iteration of minimizing the Diri
hlet integral of the surfa
e. The 
urrent surfa
e is the domain,and the Diri
hlet integral of the map from the 
urrent surfa
e to the next. This is a

ording to a s
hemeof Konrad Polthier and Ulri
h Pinkall [PP℄. At minimum Diri
hlet integral, the area is minimized also.Works only on area with �xed boundary; no volume 
onstraints or anything else. Seems to 
onverge veryslowly near minimum, so not a substitute for other iteration methods. But if you have just a simple soap101
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e Evolver Manual�lm far, far from the minimum, then this method 
an make a big �rst step. DIRICHLET SEEK will do anenergy-minimizing sear
h in the dire
tion. See se
tion in Te
hni
al Referen
e 
hapter.DUMP �lenameDumps 
urrent surfa
e to named �le in data�le format. The �lename 
an be a quoted string or a stringvariable or expression. With no �lename, dumps to the default dump �le, whi
h is the data�le name with\.dmp" extension.EDGEWEED exprWeeds out edges shorter than given value. Same as 't' 
ommand, ex
ept does not need intera
tiveresponse.EIGENPROBE exprEIGENPROBE(expr,expr)Prints the number of eigenvalues of the energy Hessian that are less than, equal to, and greater thanthe given value. It is OK to use an exa
t eigenvalue (like 0, often) for the value. Useful for probing stability.Se
ond form will further do inverse power iteration to �nd an eigenve
tor. The se
ond argument is thelimit on the number of iterations. The eigenvalue will be stored in the last eigenvalue variable, and theeigenve
tor 
an be used by the move 
ommand. The dire
tion of the eigenve
tor is 
hosen to be downhill inenergy, if the energy gradient is nonzero.EXECExe
utes a 
ommand in string form. Good for runtime generation of 
ommands. Syntax:exe
 stringexprExample:exe
 sprintf "de�ne vertex attribute propFLUSH_COUNTSPrints of various internal 
ounters that have be
ome nonzero. The 
ounters are: equi_
ount,edge_delete_
ount, fa
et_delete_
ount, edge_refine_
ount, fa
et_refine_
ount, not
h_
ount,vertex_dissolve_
ount, edge_dissolve_
ount, fa
et_dissolve_
ount, body_dissolve_
ount, ver-tex_pop_
ount, edge_pop_
ount, fa
et_pop_
ount, pop_tri_to_edge_
ount, pop_edge_to_tri_
ount,pop_quad_to_quad_
ount, where_
ount, edgeswap_
ount, fix_
ount, unfix_
ount, t1_edgeswap_
ount,and not
h_
ount. Normally, these 
ounts are a

umulated during the exe
ution of a 
ommand and printedat the end of the 
ommand. Flush_
ounts 
an be used to display them at some point within a 
ommand.Flush_
ounts is usually followed by reset_
ounts, whi
h resets all these 
ounters to 0.HESSIANAttempt to minimize energy in one step using Newton's method with the Hessian matrix of the energy.See the Hessian se
tion of the Model 
hapter, and the Hessian se
tion of the Te
hni
al Referen
e 
hapter.HESSIAN MENUBrings up a menu of experimental stu� involving the Hessian matrix. Not all of it works well, andmay disappear in future versions. A one-line prompt with options appears. Use option \?" to get a fullerdes
ription of the 
hoi
es. A qui
k summary of the 
urrent options:1. Fill in hessian matrix.Allo
ation and 
al
ulation of Hessian matrix.2. Fill in right side. (Do 1 first)Cal
ulates gradient and 
onstraint values.3. Solve. (Do 2 first) 102



Chapter 6. Operation.Solves system for a motion dire
tion.4. Move. (Do 3, A, B, C, E, K, or L first)Having a motion dire
tion, this will move some stepsize in that dire
tion. Will prompt for stepsize.7. Restore original 
oordinates.Will undo any moves. So you 
an move without fear.9. Toggle debugging. (Don't do this!)Prints Hessian matrix and right side as they are 
al
ulated in other options. Produ
es 
opious output,and is meant for development only. Do NOT try this option.B. Chebyshev (For Hessian solution ).Chebyshev iteration to solve system. This option takes 
are of its own initialization, so you don't haveto do steps 1 and 2 �rst. Not too useful.C. Chebyshev (For most negative eigenvalue eigenve
tor).Chebyshev iteration to �nd most negative eigenvalue and eigenve
tor. Will ask for number of iterations,and will prompt for further iterations. End by just saying 0 iterations. Prints Rayleigh quotient every 50iterations. After �nding an eigenpair, gives you the 
han
e to �nd next lowest. Last eigenve
tor foundbe
omes motion for step 4. Last eigenvalue is stored in the last eigenvalue variable. Self initializing. Nottoo useful.E. Lowest eigenvalue. (By fa
toring. Do 1 first)Uses fa
toring to probe the inertia of H��I until it has the lowest eigenvalue lo
ated within .01. Thenuses inverse iteration to �nd eigenpair. The eigenvalue is stored in the last eigenvalue variable.F. Lowest eigenvalue. (By 
onjugate gradient. Do 1 first)Uses 
onjugate gradient to minimize the Rayleigh quotient. The eigenvalue is stored in the last eigenvaluevariable.L. Lan
zos. (Finds eigenvalues near probe value. )Uses Lan
zos method to solve for 15 eigenvalues near the probe value left over from menu 
hoi
es'P' or 'V'. These are approximate eigenvalues, but the �rst one is usually very a

urate. Do not trustapparent multipli
ities. From the main 
ommand prompt, you 
an use the lan
zos expr 
ommand. The�rst eigenvalue printed is stored in the last eigenvalue variable.R. Lan
zos with sele
tive reorthogonalization.Same as 'L', but a little more elaborate to 
ut down on spurious multipli
ities by saving some ve
tors toreorthogonalize the Lan
zos ve
tors. Not quite the same as the oÆ
ial \sele
tive reorthogonalization" foundin textbooks. Last eigenvalue is stored in the last eigenvalue variable.Z. Ritz subspa
e iteration for eigenvalues. (Do 1 first)Same as \ritz" main 
ommand. Will prompt for parameters. The �rst eigenvalue printed is stored inthe last eigenvalue variable.X. Pi
k Ritz ve
tor for motion. (Do Z first)For moving by the various eigenve
tors found in option Z. Parti
ularly useful for multiple eigenvalues.P. Eigenvalue probe. (By fa
toring. Do 1 first)Reports inertia of H��I for user-supplied values of �. The HessianH in
ludes the e�e
ts of 
onstraints.Will prompt repeatedly for �. Null response exits. From the main 
ommand prompt, you 
an use theeigenprobe expr 
ommand.S. Seek along dire
tion. (Do 3, A, B, E, C, K, or L first)Can do this instead of option 4 if you want Evolver to seek to lowest energy in an already found dire
tionof motion. Uses the same line sear
h algorithm as the optimizing `g' 
ommand.Y. Toggle YSMP/alternate minimal degree fa
toring.103
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e Evolver ManualDefault Hessian fa
toring is by Yale Sparse Matrix Pa
kage. The alternate is a minimal degree fa
toringroutine of my own devising that is a little more aware of the surfa
e stru
ture, and maybe more eÆ
ient. IfYSMP gives problems, like running out of storage, try the alternate. This option is available at the mainprompt as the ysmp toggle.U. Toggle Bun
h-Kaufman version of min deg.YSMP is designed for positive de�nite matri
es, sin
e it doesn't do any pivoting or anything. Thealternate minimal degree fa
toring method, though, has the option of handling negative diagonal elementsin a spe
ial way. This option is available at the main prompt as the bun
h kaufman toggle.M. Toggle proje
ting to global 
onstraints in move.Toggles proje
ting to global 
onstraints, su
h as volume 
onstraints. Default is ON. Don't mess withthis. A
tually, I don't remember why I put it in.G. Toggle minimizing square gradient in seek.For 
onverging to unstable 
riti
al points. When this is on, option \S" will minimize the square of theenergy gradient rather than minimizing the energy. Also the regular saddle and hessian seek 
ommandswill minimize square gradient instead of energy.=. Start an Evolver 
ommand subshell. Useful for making PostS
ript �les of eigenmodes, for example,without permanenently 
hanging the surfa
e. To exit the subshell, just do 'q' or "quit".k 0. Exit hessian.Exits the menu. `q' also works.HESSIAN SEEK maxs
aleSeeks to minimize energy along the dire
tion found by Newton's method using the Hessian. maxs
aleis an optional upper bound for the distan
e to seek. The default maxs
ale is 1, whi
h 
orresponds to a plainhessian step. The seek will look both ways along the dire
tion, and will test down to 1e-6 of the maxs
alebefore giving up and returning a s
ale of 0. This 
ommand is meant to be used when the surfa
e is farenough away from equilibrium that the plain hessian 
ommand is unreliable, as hessian seek guarantees anenergy de
rease, if it moves at all.HISTORYPrint the saved history list of 
ommands.LAGRANGE exprConverts to the Lagrange model of the given order. Note that lagrange 1 gives the Lagrange modelof order 1, whi
h has a di�erent internal representation than the linear model. Likewise, lagrange 2 doesnot give the quadrati
 model.LANCZOS exprLANCZOS (expr,expr)Does a little Lan
zos algorithm and reports the nearest approximate eigenvalues to the given probe value.In the �rst form, expr is the probe value, and 15 eigenvalues are found. In the se
ond form, the �rst argumentis the probe value, the se
ond is the number of eigenvalues desired. The output begins with the number ofeigenvalues less than, equal to, and greater than the probe value. Then 
ome the eigenvalues in distan
eorder from the probe. Not real polished yet. Beware that multipli
ities reported 
an be ina

urate. Theeigenvalue nearest the probe value is usually very a

urate, but others 
an be misleading due to in
omplete
onvergen
e. Sin
e the algorithm starts with a random ve
tor, running it twi
e 
an give an idea of itsa

ura
y. The �rst eigenvalue printed is stored in the last eigenvalue variable.LINEARConverts to the LINEAR model. Removes midpoints from quadrati
 model, and interior verti
es fromthe Lagrange model.LOAD �lename 104



Chapter 6. Operation.Terminates the 
urrent surfa
e and loads a new data�le. The �lename is the data�le name, and 
anbe either a quoted string or a string variable. Sin
e the automati
 re-initialization makes Evolver forget all
ommands (in
luding whatever 
ommand is doing the load), this 
ommand is not useful ex
ept as the lasta
tion of a 
ommand. For loading a new surfa
e and 
ontinuing with the 
urrent 
ommand, see permload.Wild
ard mat
hing is in e�e
t on some systems (Windows, linux, maybe others), but be very 
areful whenusing wild
ards sin
e there 
an be unexpe
ted mat
hes.LONGJLong jiggle on
e. This provides long wavelength perturbations that 
an test a surfa
e for stability.The parameters are a waveve
tor, a phase, and a ve
tor amplitude. The user will be prompted for values.Numbers for ve
tors should be entered separated by blanks, not 
ommas. An empty reply will a

ept thedefaults. A reply of r will generate random values. Any other will exit the 
ommand without doing a jiggle.In the random 
ases, a random amplitude ~A and a random wavelength ~L are 
hosen from a sphere whoseradius is the size of the obje
t. The wavelength is inverted to a waveve
tor ~w. A random phase  is pi
ked.Then ea
h vertex ~v is moved by ~A sin(~v � ~w+ ). More 
ontrol over perturbations may be had with the "setvertex 
oord ..." type of 
ommand.METIS exprKMETIS exprPartitions the set of fa
ets (edges in string model) into expr parts using the METIS library of Karypisand Kumar, (http://www.
s.umn.edu/ karypis/metis/metis.html) if this library has been 
ompiled intothe Evolver. Meant for experiments in partitioning the surfa
e for multipro
essors. The partition numberof a fa
et is left in extra attribute fpart (edge epart for string model), whi
h is 
reated if it does not alreadyexist. METIS uses the PMETIS algorithm, KMETIS uses the KMETIS algorithm.MOVE exprMoves the surfa
e along the previous dire
tion of motion by the stepsize given by expr. The previousdire
tion 
an be either from a gradient step or a hessian step (hessian, saddle, hessian seek, et
.). Thestepsize does not a�e
t the 
urrent s
ale fa
tor. A negative step is not a perfe
t undo, sin
e it 
annotundo proje
tions to 
onstraints. Move sometimes does not work well with optimizing parameters and hessiantogether.NEW VERTEX ( expr, expr, ... )For 
reating a new vertex. The syntax is that of a fun
tion instead of a verb, sin
e it returns the idnumber of the new vertex. The arguments are the 
oordinates of the vertex. The new vertex is not 
onne
tedto anything else; use the new edge 
ommand to 
onne
t it. Usage:newid := NEW VERTEX( expr, expr, ... )Examples:newid := new vertex(0,0,1)newid := new vertex(pi/2,0,max(vertex,x))NEW EDGE ( expr, expr )For 
reating a new edge. The syntax is that of a fun
tion instead of a verb, sin
e it returns the idnumber of the new edge. The arguments are the id's of the tail and head verti
es. Usage:newid := NEW EDGE( expr, expr )The new edge has the same default properties as if it had been 
reated in the data�le with no attributes, soyou will need to expli
itly add any attributes you want. Example to 
reate a set of 
oordinate axes in 3D:newv1 := new vertex(0,0,0); fix vertex[newv1℄;newv2 := new vertex(1,0,0); fix vertex[newv2℄;newv3 := new vertex(0,1,0); fix vertex[newv3℄;newv4 := new vertex(0,0,1); fix vertex[newv4℄;105
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e Evolver Manualnewe1 := new edge(newv1,newv2); fix edge[newe1℄;newe2 := new edge(newv1,newv3); fix edge[newe2℄;newe3 := new edge(newv1,newv4); fix edge[newe3℄;set edge[newe1℄ no refine; set edge[newe1℄ bare;set edge[newe2℄ no refine; set edge[newe2℄ bare;set edge[newe3℄ no refine; set edge[newe3℄ bare;NEW FACET ( expr, expr, ... )For 
reating a new fa
et. The syntax is that of a fun
tion instead of a verb, sin
e it returns the idnumber of the new edge. The arguments are the oriented id's of the edges around the boundary of the fa
et,in the same manner that a fa
e is de�ned in the data�le. The number of edges is arbitrary, and they neednot form a 
losed loop in the string model. In the soap�lm model, if more than three edges are given, thenew fa
e will be triangulated by insertion of a 
entral vertex. In that 
ase, the returned value will be theoriginal attribute of the new fa
ets. In the simplex model, the arguments are the id's of the fa
et verti
es.Usage:newid := NEW FACET(expr, expr, ... )The new fa
et has the same default properties as if it had been 
reated in the data�le with no attributes,so you will need to expli
itly add any attributes you want. Example:newf := new fa
et(1,2,-3,-4); fix fa
et where original == newf;NEW BODYFor 
reating a new body. The syntax is that of a fun
tion instead of a verb, sin
e it returns the idnumber of the new body. There are no arguments. Usage:newid := NEW BODYThe body is 
reated with no fa
ets. Use the set fa
et frontbody and set fa
et ba
kbody 
ommandsto install the body's fa
ets. The new body has the same default properties as if it had been 
reated in thedata�le with no attributes, so you will need to expli
itly add any attributes you want, su
h as density ortarget volume. Example:newb := new bodyset fa
et frontbody newb where 
olor == redNOTCH exprNot
hes ridges and valleys with dihedral angle greater than given value. Same as 'n' 
ommand.OMETIS exprComputes an ordering for Hessian fa
toring using the METIS library of Karypis and Kumar,(http://www.
s.umn.edu/ karypis/metis/metis.html) if this library has been 
ompiled into the Evolver(whi
h it isn't in the publi
 distribution, yet). The optional expr is the smallest partition size, whi
h defaultsto 100. To a
tually use METIS ordering during fa
toring, use the toggle metis fa
tor.OPTIMIZE exprSet 'g' iteration mode to optimizing with upper bound of expr on the s
ale fa
tor. Synonym: optimise.PAUSEPauses exe
ution until the user hits RETURN. Useful in s
ripts to give the user a 
han
e to look atsome output before pro
eeding.PERMLOAD �lenameLoads a new data�le and 
ontinues with the 
urrent 
ommand after the read se
tion of the data�le�nishes. The �lename is the data�le name, and 
an be either a quoted string or a string variable. Sin
e theautomati
 re-initialization makes Evolver forget all non-permanent variables, 
are should be taken that the106
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urrent 
ommand only uses permanently assigned variables (assigned with ::= ). Useful for writing s
riptsthat run a sequen
e of evolutions based on varying parameter values. Using permload is a little tri
ky, sin
eyou don't want to be rede�ning your permanent 
ommands and variables every time you reload the data�le,and your permanent 
ommand 
annot refer dire
tly to variables parameterizing the surfa
e. One way to doit is to read in 
ommands from separate �les. For example, the 
atenoid of 
at.fe has height 
ontrolled bythe variable zmax. You 
ould have a �le perm
at.
md 
ontaining the overall series s
ript 
ommandrun series ::=for ( height ::= 0.5 ; height < 0.9 ; height ::= height + .05 )permload "
at"; read "perm
at.gogo";and a �le perm
at.gogo 
ontaining the evolution 
ommandsu; zmax := height; re
al
; r; g 10; r; g 10; hessian;printf "height:Then at the Evolver 
ommand prompt,Enter 
ommand: read "perm
at.
md"Enter 
ommand: run seriesFor loading a new surfa
e and not 
ontinuing with the 
urrent 
ommand, see load. Wild
ard mat
hing isin e�e
t on some systems (Windows, linux, maybe others), but be very 
areful when using wild
ards sin
ethere 
an be unexpe
ted mat
hes.POP Pops an individual edge or vertex or set of edges or verti
es, giving �ner 
ontrol than the universalpopping of the O and o 
ommands. The spe
i�ed verti
es or edges are tested for not being minimal inthe soap �lm sense. For verti
es, this means having more than four triple edges adja
ent; higher valen
eedges are automati
ally popped. For edges, this means having more than three adja
ent fa
ets when not on
onstraints or otherwise restri
ted. It tries to a
t properly on 
onstrained edges also, but beware that myidea of proper behavior may be di�erent from yours. Normally, popping puts in new edges and fa
ets to keeporiginally separated regions separate, but that behavior 
an be 
hanged with the pop_disjoin toggle. Also,the pop_to_edge and pop_to_fa
e toggles 
ause favoring of popping out
omes. Examples: Examples:pop edge[2℄pop edge where valen
e==5POP_EDGE_TO_TRIThis 
ommand does a parti
ular topologi
al transformation 
ommon in three-dimensional foam evolu-tion. An edge with tetrahedral point endpoints is transformed to a single fa
et. A preliminary geometry
he
k is made to be sure the edge satis�es the ne
essary 
onditions, one of whi
h is that the triple edges radi-ating from the endpoints have no 
ommon farther endpoints. If run with the verbose toggle on, messages areprinted when a spe
i�ed edge fails to be transformed. This 
ommand is the inverse of the pop_tri_to_edge
ommand. Works in linear and quadrati
 mode. Examples:pop edge to tri edge[2℄pop edge to tri edge where valen
e==3 and length < 0.001POP_QUAD_TO_QUADThis 
ommand does a parti
ular topologi
al transformation 
ommon in three-dimensional foam evolu-tion. A quadrilateral bounded by four triple edges is transformed to a quadrilateral oriented in the oppositedire
tion. The shortest pair of opposite quadrilateral edges are shrunk to zero length, 
onverting the quadri-lateral to an edge, then the edge is expanded in the opposite dire
tion to form the new quadrilateral. Thenew quadrilateral inherits attributes su
h as 
olor from the �rst quadrilateral, although all the fa
et numbersare di�erent. A preliminary geometry 
he
k is made to be sure the edge satis�es the ne
essary 
onditions,one of whi
h is that the triple edges radiating from the quadrilateral 
orners have no 
ommon farther end-points. If run with the verbose toggle on, messages are printed when a spe
i�ed quadriteral fails to be107



Surfa
e Evolver Manualtransformed. The spe
i�ed fa
et 
an be any one of the fa
ets of the quadrilateral with a triple line on itsborder. It doesn't hurt to apply the 
ommand to all the fa
ets of the quadrilateral, or to fa
ets of multilplequadrilaterals. Quadrilaterals may be arbitrarily subdivided into fa
ets; in parti
ular, they may have somepurely interior fa
ets. Works in linear and quadrati
 mode. Examples:pop quad to quad fa
et[2℄pop quad to quad fa
et where 
olor==redPOP_TRI_TO_EDGEThis 
ommand does a parti
ular topologi
al transformation 
ommon in three-dimensional foam evolu-tion. A fa
et with three tetrahedral point verti
es is transformed to a single fa
et. A preliminary geometry
he
k is made to be sure the edge satis�es the ne
essary 
onditions, one of whi
h is that the triple edges radi-ating from the verti
es have no 
ommon farther endpoints. If run with the verbose toggle on, messages areprinted when a spe
i�ed edge fails to be transformed. This 
ommand is the inverse of the pop_edge_to_tri
ommand. Works in linear and quadrati
 mode. Examples:pop tri to edge fa
et[2℄pop tri to edge fa
et where 
olor == redQUADRATICChanges to the quadrati
 model by inserting midpoints in edges.QUIT, BYEExits Evolver or starts new data�le. Same as `q' single-letter 
ommand.RAWESTVDoes vertex averaging on all verti
es without regard for 
onserving volume or whether averaged verti
eshave like 
onstraints. But doesn't move verti
es on boundaries. Use rawest vertex average for doing onevertex at a time.RAWEST VERTEX AVERAGE generatorVertex average a set of verti
es. Ea
h vertex is moved to the average position of its edge-
onne
tedneighbors without regard for volume preservation or any 
onstraints. Verti
es are proje
ted ba
k to level-set
onstraints after motion. Example:rawest vertex average vertex[23℄READ �lenameReads 
ommands from the named �le. The �lename 
an be either a quoted string or a string variable.RAWVDoes vertex averaging on all verti
es without 
onserving volume on ea
h side of surfa
e. Will only averageverti
es with those of like type of 
onstraints. Doesn't move verti
es on boundaries. Use raw vertex averagefor doing one vertex at a time.RAW VERTEX AVERAGE generatorVertex average a set of verti
es. Ea
h vertex is moved to the average position of its edge-
onne
ted neigh-bors without regard for volume preservation. Only averages with verti
es on the same level-set 
onstraints.Verti
es are proje
ted ba
k to level-set 
onstraints after motion. Example:raw vertex average vertex[23℄REBODYRe
al
ulates 
onne
ted bodies. Useful after a body has been dis
onne
ted by a ne
k pin
hing o�. Fa
etsof an old body are divided into edge-
onne
ted sets, and ea
h set de�nes a new body (one of whi
h getsthe old body number). The new bodies inherit the attributes of the old body. If the original body volume108



Chapter 6. Operation.was �xed, then the new bdoies' target volumes be
ome the new a
tual volumes. If the original body hada vol
onst, then the new bodies will inherit the same value; this will probably lead to in
orre
t volumes,so you will need to adjust it by hand. In 
ommands, you may spe
ify the new bodies des
ended from anoriginal body by using the `original' atttribute.RECALCRe
al
ulates everything. Useful after 
hanging some variable or something and re
al
ulation is notautomati
ally done.RENUMBER ALLReassigns element id numbers in a

ordan
e with order in storage, i.e. as printed with the LIST 
om-mands. Besides renumbering after massive topology 
hanges, this 
an be used with the reorder_storage
ommand to number elements as you desire. Do NOT use this 
ommand inside an element generator loop!REORDER STORAGEReorders the storage of element data stru
tures, sorted by the extra attributes vertex_order_key,edge_order_key, fa
et_order_key, body_order_key, and fa
etedge_order_key. Originally writtenfor testing dependen
e of exe
ution speed on storage ordering, but 
ould be useful for other purposes,parti
ularly when renumber_all is used afterwards. Example:de�ne vertex attribute vertex order key realde�ne edge attribute edge order key realde�ne fa
et attribute fa
et order key realde�ne body attribute body order key realde�ne fa
etedge attribute fa
etedge order key realreorder :=set vertex vertex order key x+y+z;set edge ee edge order key min(ee.vertex,vertex order key);set fa
etedge fe fa
etedge order key fe.edge[1℄.edge order key;set fa
et � fa
et order key min(�.vertex,vertex order key);set body bb body order key min(bb.fa
et,fa
et order key);reorder storage;RESET_COUNTSResets to 0 various internal 
ounters that have be
ome nonzero. The 
ounters are: equi_
ount,edge_delete_
ount, fa
et_delete_
ount, edge_refine_
ount, fa
et_refine_
ount, not
h_
ount,vertex_dissolve_
ount, edge_dissolve_
ount, fa
et_dissolve_
ount, body_dissolve_
ount, ver-tex_pop_
ount, edge_pop_
ount, fa
et_pop_
ount, pop_tri_to_edge_
ount, pop_edge_to_tri_
ount,pop_quad_to_quad_
ount, where_
ount, edgeswap_
ount, fix_
ount, unfix_
ount, t1_edgeswap_
ount,and not
h_
ount. Normally, a 
ount is set to 0 at the start of a 
ommand that potentially a�e
ts it, a
-
umulated during the exe
ution of the 
ommand, and printed at the end of the 
ommand. To be pre
ise,ea
h 
ounter has a "reported" bit asso
iated with it, and if the "reported" bit is set when the appropriate
ommand (su
h as 'u') is en
ountered, the 
ounter will be reset to 0 and the "reported" bit 
leared. The"reported" bit is set by either flush_
ounts or the end of a 
ommand. The idea is to have the 
ountsfrom previous 
ommands available to subsequent 
ommands as long as possible, but still have the 
ounterre
e
t re
ent a
tivity.RITZ(expr,expr)Applies powers of inverse shifted Hessian to a random subspa
e to 
al
ulate eigenvalues near the shiftvalue. First argument is the shift. Se
ond argument is the dimension of the subspa
e. Prints out eigenvaluesas they 
onverge to ma
hine a

ura
y. This may happen slowly, so you 
an interrupt it by hitting whateveryour interrupt key is, su
h as CTRL-C, and the 
urrent values of the remaining eigenvalues will be printedout. Good for examining multipli
ities of eigenvalues.109



Surfa
e Evolver ManualSADDLESeek to minimum energy along the eigenve
tor of the lowest eigenvalue of the Hessian. The eigenvalueis stored in the last eigenvalue variable.SHELLInvokes a system subshell for the user.SOBOLEVUses a positive de�nite approximation to the area Hessian to do one Newton iteration, following as
heme due to Renka and Neuberger [RN℄. See se
tion in Te
hni
al Referen
e 
hapter for more. Works onlyon area with �xed boundary; no volume 
onstraints or anything else. Seems to 
onverge very slowly nearminimum, so not a substitute for other iteration methods. But if you have just a simple soap �lm far, farfrom the minimum, then this method 
an make a big �rst step. SOBOLEV SEEK will do an energy-minimizingsear
h in the dire
tion.STABILITY TESTCal
ulates the largest eigenvalue of the mobility matrix. Generates a random ve
tor and applies mobilitymatrix 20 times. Prints out ratios of su

essive ve
tor lengths. Useful in investigating stability when usingapproximate 
urvature.SYSTEM stringexprInvokes a subshell to exe
ute the given 
ommand. Command must be a quoted string or a stringvariable. Will wait for 
ommand to �nish before resuming.UTESTRuns a test to see if the triangulation is Delaunay. Meant for higher dimensions and simplex model.VERTEX MERGEMerges two soap�lm-model verti
es into one. Meant for joining together surfa
es that bump into ea
hother. Should not be used for verti
es already joined by an edge. Syntax:vertex merge(integer,integer)Note the syntax is a fun
tion taking integer vertex id arguments, not element generators. Example:vertex merge(3,12)ZOOM [ integer expr ℄Zooms in on vertex whose id is the given integer, with radius the given expression. Same as 'Z' 
ommand,but not intera
tive. If id and radius omitted, then uses 
urrent values.x6.11.5. Toggles.Various features 
an be toggled on or o� by giving the toggle name with ON or OFF. The default is ON.This is di�erent from the single-letter 
ommand toggles, whi
h always 
hange the state. The toggle namesbelow have brief des
riptions of their a
tions in the ON state. Toggles will usually print their previous state.The 
urrent value of a toggle may be found by print togglename.AMBIENT PRESSUREToggles ideal gas mode, where there is a �xed external pressure. The external pressure 
an be set withthe pressure phrase in the topwith the top of the data�le, or at runtime with the 'p' 
ommand, e.g. p 10.APPROXIMATE CURVATURE 110



Chapter 6. Operation.Use polyhedral 
urvature (linear interpolation over fa
ets for metri
) for mean 
urvature ve
tor. A
tuallyestablishes the inner produ
t for forms or ve
tors to be integration over fa
ets of eu
lidean inner produ
tsof linear interpolation of values at verti
es. synonyms: approx_
urv, approx_
urvature.AREA NORMALIZATIONConvert for
e on vertex to mean 
urvature ve
tor by dividing for
e by area of star around vertex.ASSUME ORIENTEDTells squared mean 
urvature routines that they 
an assume the surfa
e is lo
ally 
onsistently oriented.Signi�
ant only for extreme shapes.AUGMENTED HESSIANSolves 
onstrained Hessians by putting the body and quantity 
onstraint gradients in an augmentedmatrix with the Hessian, and using sparse matrix te
hniques to fa
tor. Vastly speeds things up when thereare thousands of sparse 
onstraints, as in a foam. The default state is unset (prints as a value of -1), inwhi
h 
ase augmentation is used for 50 or more 
onstraints, but not for less.AUTOCHOPDo auto
hopping of long edges ea
h iteration. Use AUTOCHOP := expr to set auto
hop length. Ea
hiteration, any edge that is proje
ted to be
ome longer than the 
uto� is bise
ted. If any bise
tions are done,the motion 
al
ulation is redone.AUTODISPLAY Toggle automati
 display every time the surfa
e 
hanges. Same e�e
t as 'D' 
ommand.Default is ON.AUTOPOPToggles automati
 deletion of short edges and popping of improper verti
es ea
h iteration. Before ea
hiteration, any edge proje
ted to shorten to under the 
riti
al length is deleted by identifying its endpoints.The 
riti
al length is 
al
ulated as L
 = p2�t, where �t is the time step or s
ale fa
tor. Hen
e this shouldbe used only with a �xed s
ale, not optimizing s
ale fa
tor. The 
riti
al length is 
hosen so that instabilitiesdo not arise in motion by mean 
urvature. If any edges are deleted, then verti
es are examined for improperverti
es as in the 'o' 
ommand. Useful in string model. Not fully implemented in soap�lm model yet, sin
eit doesn't 
he
k fa
et areas.AUTORECALCToggles automati
 re
al
ulation of the surfa
e whenever adjustable parameters or energy quantity moduliare 
hanged. Default is ON.BACKCULLPrevents display of fa
ets with normal away from viewer. May have di�erent e�e
ts in di�erent graphi
sdisplays. For example, to see the inside ba
k of a body only, "set front
olor 
lear" alone works in 2D displays,but needs ba
k
ull also for dire
t 3D.BEZIER BASIS When Evolver is using the Lagrange model for geometri
 elements, this toggle repla
es theLagrange interpolation polynomials (whi
h pass through the 
ontrol points) with Bezier basis polynomials(whi
h do not pass through interior 
ontrol points, but have positive values, whi
h guarantees the edge orfa
et is within the 
onvex hull of the 
ontrol points).BLAS FLAGToggles using BLAS versions of some matrix routines, if the Evolver program has been 
ompiled withthe -DBLAS option and linked with some BLAS library. For developer use only at the moment.111



Surfa
e Evolver ManualBOUNDARY CURVATUREWhen doing integrals of mean 
urvature or squared 
urvature, the 
urvature of a boundary vertex
annot be de�ned by its neighbor verti
es, so the area of the boundary vertex star instead is 
ounted withan adja
ent interior vertex.BREAK AFTER WARNINGCauses Evolver to 
ease exe
ution of 
ommands and return to 
ommand prompt after any warningmessage. Same e�e
t as 
ommand line option -y.BUNCH KAUFMANToggles Bun
h-Kaufman fa
toring in the alternative minimal degree fa
toring method (ysmp o�). Thisfa
tors the Hessian as LBLT where L is lower triangular with ones on the diagonal, and B is blo
k diagonal,with 1x1 or 2x2 blo
ks. Supposed to be more stable when fa
toring inde�nite hessians.CHECKRuns internal surfa
e 
onsisten
y 
he
ks; the same as the C 
ommand, but with no message if there areno errors. The number of errors is re
orded in the variable 
he
k 
ount.CHECK INCREASEToggles 
he
king for in
rease of energy in an iteration loop. If energy in
reases, then the iteration loopis halted. Meant for early dete
tion of instabilities and other problems 
ausing the surfa
e to misbehave.Useful in doing a multiple iteration with a �xed s
ale. Caution: there are 
ir
umstan
es where an energyin
rease is appropriate, for example when there are volume or quantity 
onstraints and 
onforming to the
onstraints means an energy in
rease initially.CIRCULAR ARC DRAWIf on, then in quadrati
 string mode, an edge is drawn as a 
ir
ular ar
 (a
tually 16 subsegments)through the endpoints and midpoint, instead of a quadrati
 spline.CLIPPED, CLIPPED CELLSSets torus quotient spa
e display to 
lip to fundamental region. Not an on-o� toggle. 3-way toggle withRAW CELLS and CONNECTED.COLORMAPUse 
olormap from �le. Use COLORFILE := "filename" to set �le.CONF EDGECal
ulation of squared 
urvature by �tting sphere to edge and adja
ent verti
es (
onformal 
urvature).CONJ GRADUse 
onjugate gradient method. See also RIBIERE.CONNECTEDSets quotient spa
e display to do ea
h body as a 
onne
ted, wrapped surfa
e. Not an on-o� toggle.3-way toggle with CLIPPED and RAW CELLS.CONVERT TO QUANTITIESThis will do an automati
 
onversion of old-style energies to new-style named quantities. This has thesame e�e
t as the -q 
ommand line option, but 
an be done from the Evolver 
ommand prompt. Usefulwhen \hessian" 
omplains about not being able to do a type of energy. A few energies don't 
onvert yet.112



Chapter 6. Operation.It is my intention that this will be the default sometime in the near future, if it 
an be made suÆ
iently fastand reliable.CROSSINGFLAGMakes the POSTSCRIPT 
ommand put breaks in ba
kground edges in the string model.DEBUGPrint YACC debug tra
e of parsing of 
ommands.DETURCKMotion by unit velo
ity along normal, instead of by 
urvature ve
tor.DIFFUSIONA
tivates di�usion step ea
h iteration.DIRICHLET MODEWhen the fa
et area method is being used to 
al
ulate areas in hessian 
ommands, this toggles usingan approximate fa
et area hessian that is positive de�nite. This permits hessian iteration to make big stepsin a far-from-minimal surfa
e without fear of blowing up. However, sin
e it is only an approximate hessian,�nal 
onvergen
e to the minimum 
an be slow. Linear model only. Does 
onvert to quantities impli
itly.Another variant of this is triggered by sobolev mode.DIV NORMAL CURVATUREToggle to make sq_mean_
urvature energy 
al
ulate the mean 
urvature by the divergen
e of thenormal ve
tors at the verti
es of a fa
et.EFFECTIVE AREAIn area normalization, the resistan
e fa
tor to motion is taken to be only the proje
tion of the vertexstar area perpendi
ular to the motion. If squared mean 
urvature is being 
al
ulated, this proje
ted area isused in 
al
ulating the 
urvature.ESTIMATEA
tivates estimation of energy de
rease in ea
h gradient des
ent step g 
ommand). For ea
h g iteration,it prints the estimated and a
tual 
hange in energy. The estimate is 
omputed by the inner produ
t ofenergy gradient with a
tual motion. Useful only for a �xed s
ale fa
tor mu
h less than optimizing, so linearapproximation is good. The internal variable estimated 
hange re
ords the estimated value.FACET COLORSEnables 
oloring of fa
ets in 
ertain graphi
s interfa
es (e.g. xgraph). If o�, fa
et 
olor is white. Defaulton.FORCE POS DEFIf this is on during YSMP fa
toring of Hessian and the Hessian turns up inde�nite, something will beadded to the diagonal element to make it positive de�nite. Left over from some experiment probably.FULL BOUNDING BOXCauses bounding box in PostS
ript output to be the full window, rather than the a
tual extent of thesurfa
e within the window. Default o�.GRAVITYIn
ludes gravitational energy in total energy.GRIDFLAG 113



Surfa
e Evolver ManualMakes the POSTSCRIPT 
ommand draw all edges of displayed fa
ets, not just those satisfying the
urrent edge-show 
ondition.GV BINARYToggles sending data to geomview in binary format, whi
h is faster than as
ii. Default is binary on SGI,as
ii on other systems, sin
e there have been problems with binary format on some systems. As
ii is alsouseful for debugging.H INVERSE METRICRepla
es for
e by Lapla
ian of for
e. For doing motion by Lapla
ian of mean 
urvature.HESSIAN DOUBLE NORMALWhen hessian normal is also on and the spa
e dimension is even, then the normal ve
tor 
omponentsin the last half of the dimensions are 
opies of those in the �rst half. Sounds weird, huh? But it is usefulwhen using a string model in 4D to 
al
ulate the stability of 
ylindri
ally symmetri
 surfa
es.HESSIAN DIFFCal
ulates Hessian by �nite di�eren
es. Very slow. For debugging Hessian routines.HESSIAN NORMALConstrains hessian iteration to move ea
h vertex perpendi
ular to the surfa
e. This eliminates all the�ddly sideways movement of verti
es that makes 
onvergen
e diÆ
ult. Perpendi
ular is de�ned as the volumegradient, ex
ept at triple jun
tions and su
h, whi
h are left with full degrees of freedom.HESSIAN NORMAL ONEIf this and hessian normal are on, then the normal at any point will be one-dimensional. This is meant forsoap �lms with Plateau borders, where there are triple jun
tions with tangent �lms. Ordinary hessian normalpermits lateral movement of su
h triple jun
tions, but hessian normal one does not. Valid only for the stringmodel in 2D and the soap�lm model in 3D. The normal ve
tor is 
omputed as the eigenve
tor of the largesteigenvalue of the sum of the normal proje
tion matri
es of all the edges or fa
ets adjoining the vertex.HESSIAN NORMAL PERPIf this is on, then the Hessian linear metri
 uses only the 
omponent of the normal perpendi
ular to thefa
et or edge. This raises eigenvalues slightly.HESSIAN QUIETSuppresses status messages during Hessian operations. Default on. For debugging.HESSIAN SPECIAL NORMALWhen hessian normal is on, this toggles using a spe
ial ve
tor�eld for the dire
tion of the perturbation,rather than the usual surfa
e normal. The ve
tor�eld is spe
i�ed in the hessian spe
ial normal ve
torse
tion of the data�le header. Beware that hessian spe
ial normal also applies to the normal 
al
ulated bythe vertexnormal attribute and the normal used by regular vertex averaging.HOMOTHETYAdjust total volume of all bodies to �xed value after ea
h iteration by uniformly s
aling entire surfa
e.INTERP BDRY PARAMFor edges on parameterized boundaries, 
al
ulate the parameter values of new verti
es (introdu
ed byre�ning) by interpolating parameter values, rather than extrapolating from one end. Useful only whenparameters are not periodi
.INTERP NORMALSDisplay using interpolated vertex normals for shading for those graphi
s interfa
es that support it.114



Chapter 6. Operation.ITDEBUGPrints some debugging information during a 'g' step. For gurus only.JIGGLEToggles jiggling on every iteration.KRAYNIKPOPEDGEToggles edge-popping mode ('O' or 'pop' 
ommands) in whi
h poppable edges look for adja
ent fa
etsof di�erent edge pop attribute values to split o� from the original edge; failing that it reverts to the regularmode of popping the edge. This is meant to give the user greater 
ontrol on how edge popping is done. Itis up to the user to de
lare the edge pop attribute integer fa
et attribute and assign values.KRAYNIKPOPVERTEXToggles 3D vertex popping mode in whi
h a poppable vertex is examined to see if it is a spe
ial 
on-�guration of six edges and 9 fa
ets. If it is, a spe
ial pop is done that is mu
h ni
er than the defaultpop.KUSNERCal
ulation of squared 
urvature by edge formula rather than vertex formula.LABELFLAGMakes the POSTSCRIPT 
ommand print labels on elements.LINEAR METRICEigenvalues and eigenve
tors of the Hessian are de�ned with respe
t to a metri
. This 
ommandtoggles a metri
 that imitates the smooth surfa
e natural metri
 of L2 integration on the surfa
e. Use withHESSIAN NORMAL to get eigenvalues and eigenve
tors similar to those on smooth surfa
es.MEMDEBUGPrints memory allo
ation/deallo
ation messages, and has '
' 
ommand print memory usage. For debug-ging.METIS FACTORToggles experimental Hessian matrix fa
toring using the METIS library of Karypis and Kumar. Not inthe publi
 distribution.METRIC CONVERTIf a Riemannian metri
 is de�ned, whether to use the metri
 to do gradient form to ve
tor 
onversions.Synonym: metri
 
onversion.NORMAL CURVATURECal
ulation of squared 
urvature by taking area of vertex to be the 
omponent of the volume gradientparallel to the mean 
urvature ve
tor.NORMAL MOTIONProje
ts motion to surfa
e normal, de�ned as the volume gradient. May be useful with squared 
urvatureif verti
es tend to slither sideways into ugly patterns.OLD AREAIn the string model with area normalization, at a triple vertex Evolver normally tries to 
al
ulate themotion so that Von Neumann's law will be obeyed, that is, the rate of area 
hange is proportional to thenumber of sides of a 
ell. If old area is ON, then motion is 
al
ulated simply by dividing for
e by star area.PINNING 115



Surfa
e Evolver ManualChe
k for verti
es that 
an't move be
ause adja
ent verti
es are not on same 
onstraint when they 
ouldbe. Obs
ure.POP_DISJOINChanges the behavior of popping edges and verti
es to a
t like merging Plateau borders, i.e. produ
edisjoined �lms instead of �lms joined with 
ross-fa
ets. In the edge 
ase, if four fa
ets meet along an edgeand two opposite bodies are the same body, then popping the edge will join the bodies if pop disjoin isin e�e
t. In the vertex 
ase, if the vertex has one body as an annulus around it, then the vertex will beseparated into two verti
es so the annulus be
omes a 
ontinuous disk. This is all done regardless of theangles at whi
h fa
ets meet. Applies to pop, o, and O 
ommands.POP_TO_EDGEThe non-minimal 
one over a triangular prism frame 
an pop in two ways. If this toggle is on, thenpopping to an edge rather that a fa
et will be done. Default o�.POP_TO_FACEThe non-minimal 
one over a triangular prism frame 
an pop in two ways. If this toggle is on, thenpopping to a fa
et rather that an edge will be done. Default o�.PSCOLORFLAGMakes the POSTSCRIPT 
ommand do 
olor.QUANTITIES ONLYIna
tivates all energies ex
ept named quantities. Meant for programmer's debugging use.QUIETSuppresses all normal output messages automati
ally generated by 
ommands. Good while runnings
ripts, or for loading data�les with long read se
tions. Expli
it output from print, printf, and list 
ommandswill still appear, as will prompts for user input. Applies to redire
ted output as well as 
onsole output. Anerror or user interrupting a 
ommand will turn QUIET o�, for sanity.QUIETGOSuppresses only iteration step output.POST PROJECTIntrodu
es extra proje
tions to volume and �xed quantity 
onstraints ea
h iteration. If 
onvergen
efails after 10 iterations, you will get a warning message, repeated iterations will stop, and the variableiteration 
ounter will be negative.RAW CELLSSets quotient spa
e display for plain, unwrapped fa
ets. Not an on-o� toggle. 3-way toggle with CLIPPEDand CONNECTED.RGB COLORSToggles graphi
s to use user-spe
i�ed red-green-blue 
omponents of 
olor for elements rather than the
olor attribute indexing the pre-de�ned 16 
olor palette. The individual element rgb values are in elementextra attributes: ergb for edges, frgb for fa
ets, and fbrgb for fa
et ba
k
olor. It is up to the user to de�nethese attributes; if they are not de�ned, then they are not used and do not take up spa
e. If frgb is de�nedbut not fbrgb, then frgb is used for both front and ba
k 
olor. The attributes are real of dimension 3 or 4;if 4 dimensional, the fourth 
omponent is passed to the graphi
s system as the alpha value, but probablywon't have any e�e
t. The value range is 0 to 1. Be sure to initialize the rgb attributes, or else you will getan all-bla
k surfa
e. The attribute de�nitions to use are:de�ne edge attribute ergb real[3℄ 116



Chapter 6. Operation.de�ne fa
et attribute frgb real[3℄de�ne fa
et attribute fbrgb real[3℄RIBIEREMakes the 
onjugate gradient method use the Polak-Ribiere version instead of Flet
her-Reeves. (Thetoggle doesn't turn on 
onjugate gradient.) Polak-Ribiere seems to re
over mu
h better from stalling. Ribiereis the default mode.RUNGE KUTTAUse Runge-Kutta method in iteration step (�xed s
ale fa
tor only).SELF SIMILARIf squared mean 
urvature energy is being used, this s
ales the velo
ity toward a self-similar motion.SMOOTH_GRAPHIn Lagrange model, 
auses edges and fa
ets to be plotted with 8-fold subdivision rather than Lagrangeorder subdivision.SHADINGToggles fa
et shading in 
ertain graphi
s interfa
es (xgraph, psgraph). Darkness of fa
et depends onangle of normal from verti
al, simulating a light sour
e above surfa
e. Default is ON.SHOW ALL QUANTITIESBy default, only expli
itly user-de�ned named quantities are displayed by the 'Q' or 'v' 
ommands. Ifshow all quantities is on, then all internal named quantities (
reated by the -q option or by 
onvert to quantities)are also shown.SHOW INNERDisplay interior fa
ets, those on 2 bodies.SHOW OUTERDisplay outer fa
ets, those on 0 or 1 body.SOBOLEV MODEWhen the fa
et area method is being used to 
al
ulate areas in hessian 
ommands, this toggles usingan approximate fa
et area hessian that is positive de�nite. This permits hessian iteration to make big stepsin a far-from-minimal surfa
e without fear of blowing up. However, sin
e it is only an approximate hessian,�nal 
onvergen
e to the minimum 
an be slow. Linear model only. Does 
onvert to quantities impli
itly.Another variant of this is triggered by diri
hlet mode. A detailed explanation is in the Te
hni
al Referen
e
hapter.SPARSE CONSTRAINTSToggles using sparse matrix te
hniques to a

umulate and handle body and quantity gradients in iter-ation and hessian 
ommands. Now the default.SQUARED GRADIENTCauses the hessian_seek 
ommand to minimize the square of the gradient of the energy rather thanminimize the energy itself. Useful for 
onverging to unstable 
riti
al points.THICKENDisplay thi
kened surfa
e, for use when di�erent sides of a fa
et are 
olored di�erently. Use THICKEN:= expr to set thi
kness. The default thi
kness is 0.001 times the maximum linear dimension of the surfa
e.VERBOSE 117



Surfa
e Evolver ManualPrints a
tion messages from pop edge, pop vertex, delete, not
h, re�ne, dissolve, edgeswap, and someother 
ommands.VISIBILITY TESTToggles an o

luded-triangle test for graphi
s output that uses the Painter's Algorithm to produ
e 2Doutput (PostS
ript, Xwindows). This 
an greatly redu
e the size of a PostS
ript �le, but inspe
t the outputsin
e the implementation of the algorithm may have 
aws.VOLGRADS EVERYToggles re
al
ulating volume 
onstraint gradients every proje
tion step during 
onstraint enfor
ement.Good for sti� problems.YSMPToggles between Yale Sparse Matrix Pa
kage routines for fa
toring hessians, and my own minimal degreefa
toring.ZENER DRAGToggles Zener drag feature, in whi
h the velo
ity of the surfa
e is redu
ed by a magnitude given by thevariable zener 
oe�, and the velo
ity is set to zero if it is smaller than zener 
oe�.x6.12. Graphi
s 
ommands.Graphi
s 
ommands 
ontrol the display of the surfa
e, both the viewing transformation and whi
helements are seen. Keep in mind that there are two ways to display graphi
s on many systems: a native orinternal mode entirely under the 
ontrol of the Evolver (su
h as the X-windows display), and an externalmode where information is provided to an external program su
h as geomview. Remember that hard
opyoutput (su
h as Posts
ript) will show what the native mode shows, not what geomview shows. Some general
ommands that a�e
t both modes 
an be made from the main prompt Enter 
ommand:. Others, that
ontrol the native graphi
s, are made in a spe
ial graphi
s 
ommand mode entered by the `s' or `show'
ommands.Note: native mode graphi
s are assumed to be slow, and don't automati
ally redraw by default. Inparti
ular, there usually is no polling for window redraw events from the operating system, so after movingor resizing a graphi
s window you may have to give an expli
it 's' 
ommand to redraw.The display 
onsists entirely of fa
ets and edges. Spe
ial edges (�xed edges, boundary edges, 
onstraintedges, triple edges) are always shown, unless you make their 
olor CLEAR. The individual fa
et edges 
anbe toggled with the graphi
s 
ommand `e' or the geomview 
ommand `ae'.Pi
king: If you use geomview or a Windows OpenGL version of the Evolver, you 
an right mouse 
li
kon a vertex, edge, or fa
et in the geomview window, and Evolver will print the number of the items pi
ked.These numbers are saved in the internal variables pi
kvnum, pi
kenum, pi
kfnum. The 'F' key 
ommandon the graphi
s window sets the rotation and s
aling 
enter to the pi
kvnum vertex. Pi
kvnum is settablewith ordinary assignment 
ommands, so the user 
an zoom in on any vertex desired.Note: Sin
e verti
es are not drawn individually, Evolver reports a vertex as pi
ked only when two edgeswith a 
ommon vertex are simultaneously pi
ked. Therefore a vertex at the end of a single edge 
annot bepi
ked.This se
tion lists the graphi
s mode 
ommands �rst and then the general 
ommands.The graphi
s mode prompt is \Graphi
s 
ommand: ". A graphi
s 
ommand is a string of lettersfollowed by RETURN. Ea
h letter 
auses an a
tion. Some 
ommands may be pre
eded by an integer 
ountof how many repetitions to do. Example 
ommand: rr15u2z. Rotation 
ommands may be pre
eded by areal number giving the degrees of rotation; an integer will give a repetition 
ount with the default angle of6 degrees. If you mean to spe
ify the angle, be sure to in
lude a de
imal point.Commands in graphi
s 
ommand mode: 118



Chapter 6. Operation.Repeatable 
ommands:u Tip up. Rotates image six degrees about horizontal axis.d Tip down. Rotates image six degrees other way.r Rotate right. Rotates by six degrees about verti
al axis.l Rotate left. Rotates by six degrees the other way.
 Rotate 
lo
kwise by six degrees about 
enter of s
reen.C Rotate 
ounter
lo
kwise by six degrees about 
enter of s
reen.z Zoom. Expands image by fa
tor of 1.2.s Shrink. Contra
ts image by fa
tor of 1.2.arrow keys Move image half s
reen width in appropriate dire
tion. May not work on all terminals.For MS-Windows versions, arrow keys work when the mouse is in the display window.Non-repeatable 
ommands:R Reset viewing angles to original defaults and res
ale the image to �t the viewing window.e Toggle showing all the fa
et edges.h Toggle hiding hidden surfa
es. When ON, takes longer to display images, but looks better.b Toggles display of bounding box. Useful for visualizing orientation.t Reset mode of displaying torus surfa
es. Choi
e of raw 
ell, 
onne
ted bodies, or 
lippedunit 
ell. See the Torus se
tion for more explanation.w Toggles display of fa
ets entirely on 
onstraints. Meant to show tra
es where surfa
esmeet 
onstraints. \w" stands for \wall". Applies to fa
ets run up against inequality
onstraints.B Toggles display of fa
ets on boundaries or equality 
onstraints attribute.v Toggles showing of 
onvex and 
on
ave edges in di�erent 
olors. \v" stands for \valleys".+ In
rements 
olor number used for fa
et edges.- De
rements 
olor number used for fa
et edges.? Prints help s
reen for graphi
s 
ommands.q,x Exit from graphi
s mode, and return to main 
ommand mode.OpenGL graphi
sIdeally, you have a version of the Evolver that uses OpenGL for its s
reen graphi
s. OpenGL is standardon Windows NT, Unix, Linux, and Ma
 OS X. Tbe graphi
s display is invoked with the 's' 
ommand, whi
hleaves you at the graphi
s prompt, whi
h you should quit 'q' right away sin
e graphi
s 
ommands arebetter given in the graphi
s window. Besides all the standard s
reen graphi
s 
ommands, there are manygeomview-like features. The left mouse button moves the surfa
e 
ontinuously, and the right mouse button119
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ks verti
es, edges, and fa
ets. With the graphi
s window in the foreground, these keyboard 
ommandsare a
tive:h Print a help s
reen on the 
onsole windowr Rotate mode for left mouse buttont Translate mode for left mouse buttonz Zoom mode for left mouse button
 Clo
kwise/
ounter
lo
kwise spin mode for left mouse button+ Widen edges- Narrow edgesR Reset the viewp Toggle orthogonal/perspe
tive proje
tions Toggle 
ross-eyed stereoe Toggle showing all edges, regardless of "show edge" 
onditionf Toggle showing all fa
ets, regardless of "show fa
et" 
onditionF Move the rotate/zoom origin to the last pi
ked vertexG Start another graphi
s window with independent 
amera.o Toggle drawing a bounding box.g Toggle Gourard (smooth) shading.x Close the graphi
s window.arrow keys Translate a bit.And some more advan
ed 
ommands most users will never use, but are listed here for 
ompleteness:H Print advan
ed help.a Toggle using OpenGL element arrays.i Toggle interleaved elements in OpenGL arrays.I Toggle indexed OpenGL arrays.S Toggle OpenGL triangle strips.Y Toggle strip 
oloring (I was 
urious as to what OpenGL triangle strips would look like).D Toggle using a display list.Q Toggle printing drawing statisti
s.Graphi
s 
ommands in main 
ommand mode.The following 
ommands are entered at the main 
ommand prompt:GEOMVIEW [ON|OFF℄Toggles geomview display. Same as P menu options 8 and 9.GEOMVIEW stringexprSends the string to geomview. Useful for Evolver s
ripts using geomview to make movies.GEOMPIPE [ON|OFF℄Toggles sending geomview output through named pipe. Same as P menu options A and B.GEOMPIPE stringexprRedire
ts Evolver's geomview output through the 
ommand stringexpr, whi
h is a quoted string or astring variable. Good for debugging, but be sure to have gv binary off so the output is human readable.OOGLFILE stringexpr 120



Chapter 6. Operation.Writes a �le 
ontaining OOGL-formatted graphi
s data for the surfa
e as a POLY or CPOLY quad�le. This is a non-intera
tive version of the P 2 
ommand. The string gets ".quad" appended to form the�lename. This 
ommand does not ask any of the other questions the <tt>P 2</tt> 
ommand asks; it usesthe default values, or whatever the last responses were to the previous use of the intera
tive <tt>P 2</tt>
ommand. Good for use in s
ripts. Example:oogl�lename := sprintf "frameoogl�le oogl�lename;frame
ounter += 1;POSTSCRIPT stringexprCreates a PostS
ript �le of name stringexpr for the 
urrent surfa
e. If the �lename is missing a .ps or.eps extension, a .ps extension will be added. This is the same as the P 3 
ommand, ex
ept there are nointera
tive responses needed, so it is useful in s
ripts. The PostS
ript output options are 
ontrolled by theps
olor
ag, grid
ag, 
rossing
ag, and label
ag toggles. The median gray level 
an be set with the variablebrightness. The relative label size may be 
ontrolled by the variable ps_labelsize, whose default value is3.0. The linewidth of edges may be 
ontrolled by the user. Widths are relative to the image size, whi
h is3 units square. If the real-valued edge extra attribute ps_linewidth is de�ned, that value is used as theedge width. Otherwise some internal read-write variables are 
onsulted for various types of edges, in order:ps_stringwidth - edges in the string model, default 0.004ps_bareedgewidth - "bare" edges, no adja
ent fa
ets, default 0.005ps_fixededgewidth - "�xed" edges, default 0.004ps_
onedgewidth - edges on 
onstraints or boundaries, default 0.004ps_tripleedgewidth - edges with three or more adja
ent fa
ets, default 0.003ps_gridedgewidth - other edges, default 0.002The bounding box listed in the PostS
ript �le is normally the a
tual extent of the surfa
e in the window(i.e. the bounding box is never bigger than the window, but may be smaller). The full_bounding_boxtoggle will for
e the bounding box to be the full window. This is useful in 
ontrolling the image size whilemaking a series of images of di�erent views or evolution stages of a surfa
e.SHOW elements [ name ℄ [ WHERE expr ℄Shows surfa
e with s
reen graphi
s and goes into graphi
s 
ommand mode. The 
ondition will pres
ibewhi
h fa
ets or edges will be displayed with graphi
s 
ommands. The pres
ription will remain in e�e
t untilthe next show query. It will also be saved in any dump �le. Example:show fa
ets where area < .01The default for fa
ets is to show all fa
ets. This 
an be done with 'show fa
ets'. But sin
e manygraphi
s displays (su
h as geomview) like to handle showing edges themselves, the default for edges is justto show triple jun
tions, borders, and other spe
ial edges. To for
e showing of all edges, do `show edgeswhere 1'. Su
h edges will be displayed by geomview despite the status of its ae 
ommand.SHOWQWill show surfa
e and return immediately to main 
ommand mode, without going into graphi
s 
om-mand mode.SHOW EXPR elements [ name ℄ [ WHERE expr ℄This sets the display pres
ription without a
tually doing any graphi
s. Useful when graphi
s are notavailable, as when working remotely, and you want to generate graphi
al �le output with a pres
ription, orin start-up 
ommands at the end of a data�le.SHOW TRANS stringApplies string of graphi
s 
ommands to the image transformation matrix without doing any graphi
display. The string must be in double quotes or be a string variable, and is the same format as is a

eptedby the regular graphi
s 
ommand prompt. Example:121
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e Evolver Manualshow trans "rrdd5z"TRANSFORMS [ON|OFF℄Toggles displaying of multiple viewing transforms. These are either those listed expli
itly in the data�leor those generated with a previous transform expr 
ommand.TRANSFORM DEPTH nQui
k way of generating all possible view transforms from view transform generators, to a given depthn. I.e. generates all possible produ
ts of n or less generators.TRANSFORM EXPR stringIf view transform generators were in
luded in the data�le, then a set of view transforms may be generatedby a expression with a syntax mu
h like a regular expression. An expression generates a set of transforms,and are 
ompounded by the following rules. Here a lower-
ase letter stands for one of the generators, andan upper-
ase letter for an expression.a Generates set I; a.AB Generates all ordered produ
ts of pairs.nA Generates all n-fold ordered produ
ts.AjB Generates union of sets A and B.(A) Grouping; generates same set as A.The pre
eden
e order is that nA is higher than AB whi
h is higher that AjB. Note that the expressionstring must be en
losed in double quotes or be a string variable. Examples:transform expr "3(a|b|
)" (All produ
ts of 3 or fewer generators.)transform expr "ab
d" (Generates sixteen transforms)All dupli
ate transforms are removed, so the growth of the sets do not get out of hand. Note that theidentity transform is always in
luded. The letter denoting a single generator may be upper or lower 
ase.The order is the same order as in the data�le. If 26 generators are not enough for somebody, let me know.The 
urrent transform expr may be used as a string, and the number of transformations generated
an be a

essed as transform 
ount. For example,print transform exprVIEW 4D [ON|OFF℄For geomview graphi
s, sends a full 4D �le in 4OFF and 4VECT format. Default is OFF, so geomviewgets just the 3D proje
tion.x6.13. S
ript examples.Here are some longer examples using the 
ommand language. Sin
e the language expe
ts one 
ommandper line, long 
ommands have line breaks only within bra
es so Evolver 
an tell the 
ommand 
ontinues.I tend to break long 
ommands up into several little named 
ommands. The best way to use these longer
ommands is to put their de�nitions at the end of your data�le in a "read" se
tion, or have them in aseparate �le you 
an read with the "read" 
ommand.1. A s
ript to evolve and regularly save dumps in di�erent �les:nn := 1while nn < 100 do f g 100; ff := sprintf "stage%g.dmp",nn; dump ff; nn:=nn+1g2. Your own iterate 
ommand to print out what you want, like energy 
hange ea
h step:olde := total_energy; 122



Chapter 6. Operation.gg := f g; printf "Change: %10.5g\n",total_energy-olde; olde:=total_energyg3. A 
ommand to print a �le listing verti
es and edges (happens to be the OFF format for geomview):aa:=forea
h vertex vv do f printf "%f %f %f \n",x,y,z gbb:=forea
h fa
et ff do f printf "3 ";forea
h ff.vertex do printf "%g ",id-1; printf "\n"gdo_off:= f printf "OFF\n%g %g %g\n",vertex_
ount,fa
et_
ount,edge_
ount;aa;bbgThis prints to stdout, so you would use it with redire
tion:Enter 
ommand: do_off | "
at >test.off"4. A 
ommand to dupli
ate the fundamental region of a symmetri
 surfa
e a
ross a plane of mirrorsymmetry.// Produ
ing datafile surfa
e dupli
ated a
ross a mirror.// This is set up to do 
onstraint 1 only.// Mirrored 
onstraints given x numbers.// Resulting datafile needs mirrored 
onstraints added by hand.// Usage: mm | "
at >filename.fe"// Mirror plane aa*x + bb*y + 

*z = dd// You have to set these to the proper 
oeffi
ients for 
onstraint 1// before doing mm.aa := 1; bb := 0; 

 := 0; dd := 0ma := forea
h vertex do f printf "%g %g %g %g ",id,x,y,z;if fixed then printf "fixed ";if on_
onstraint 1 then printf "
onstraint 1 " ;printf "\n";gmb := f voff := vertex_
ount gm
 := forea
h vertex do if not on_
onstraint 1 then flam := 2*(dd-aa*x-bb*y-

*z)/(aa*aa+bb*bb+

*

);printf "%g %g %g %g ",id+voff,x+lam*aa,y+lam*bb,z+lam*

;if fixed then printf "fixed ";if on_
onstraint 1 then printf "
onstraint 1x " ;printf "\n";gmd := forea
h edge ee do fprintf "%g ",id;forea
h ee.vertex do printf "%g ",oid;if ee.fixed then printf "fixed ";if ee.on_
onstraint 1 then printf "
onstraint 1 " ;printf "\n";gme := f eoff := edge_
ount gmf := forea
h edge ee do if not on_
onstraint 1 then fprintf "%g ",id+eoff;forea
h ee.vertex do fif on_
onstraint 1 then f printf "%g ",oid;g123
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e Evolver Manualelse f printf "%g ", id+voff;g g ;if ee.fixed then printf "fixed ";if ee.on_
onstraint 1 then printf "
onstraint 1x " ;printf "\n";gmg := forea
h fa
et ff do fprintf "%g ",id;forea
h ff.edge do printf "%g ",oid;if ff.fixed then printf "fixed ";if ff.on_
onstraint 1 then printf "
onstraint 1 " ;printf "\n";gmh := f foff := fa
et_
ountgmi := forea
h fa
et ff do if not on_
onstraint 1 then fprintf "%g ",id+foff;forea
h ff.edge dof if on_
onstraint 1 then f printf "%g ",id;gelse printf "%g ",(oid<0?-(id+eoff):id+eoff); g ;if ff.fixed then printf "fixed ";if ff.on_
onstraint 1 then printf "
onstraint 1x " ;printf "\n";gmm := f list topinfo;printf "\nVerti
es\n"; ma;mb;m
;printf "\nEdges\n"; md;me;mf;printf "\nFa
es\n"; mg;mh;mi;gx6.14. Interrupts.Evolver operation may be interrupted with the standard keyboard interrupt, CTRL-C usually (SIGINTfor you unix gurus). During repeated iteration steps, this will set a 
ag whi
h 
auses the repetition to 
easeafter the 
urrent step. Otherwise, the 
urrent 
ommand is aborted and 
ontrol returns to the main prompt.If Evolver re
eives SIGTERM (say from the unix kill 
ommand), it will dump to the default dump �le andexit. This is useful for stopping ba
kground pro
esses running on a s
ript and saving the 
urrent state. Thesame thing will happen with SIGHUP, so losing a modem 
onne
tion will save the 
urrent surfa
e.Note: In Windows NT/95/98, the se
ond interrupt doesn't do anything mu
h sin
e Windows 
reates aseparate thread to handle the interrupt, and I 
an't �nd any way to for
e the o�ending thread to stop andlongjmp ba
k to where it should. So if the Evolver is really, really stu
k, you may just have to kill the wholeprogram.x6.15. Graphi
s output �le formats.This se
tion explains the �le formats produ
ed by the P 
ommand.x6.15.1. Pixar .A �le extension \.quad" is automati
ally added to the �lename.This format lists the fa
ets as quadrilaterals, with the third vertex being repeated. Two options areavailable:1. Interpolated normals. This requires re
ording the normal ve
tor at ea
h vertex.2. Colors. This requires re
ording 
olor values (red,green,blue,alpha) at ea
h vertex.124



Chapter 6. Operation.The �le starts with a keyword:CNPOLY 
olors and normalsNPOLY normalsCPOLY 
olorsPOLY verti
es only.There follows one fa
et per line. Ea
h vertex is printed as three 
oordinates, three normal ve
tor
omponents (if used), and four 
olor values (if used).The 
oordinates are the true 
oordinates, not transformed for viewing. Fa
ets are not ordered ba
k tofront, sin
e Pixar handles viewing and hidden surfa
es itself.x6.15.2. Geomview.The P 
ommand menu option 8 starts the geomview program and feeds it data through a pipe. The �lefed into the pipe follows the geomview 
ommand �le format. Parts of it may be in binary format for speed.A 
opy of the �le may be 
reated by using the P menu option A to 
reate a named pipe, and then using 
aton the pipe to read the pipe into your own �le. End the �le with P option B.Some handy geomview keyboard 
ommands (to be entered with mouse in the geomview image window):r Set mouse to rotate mode.t Set mouse to translate mode.z Set mouse to zoom mode.ab Toggle drawing bounding box.ae Toggle fa
et edge drawing.af Toggle drawing fa
ets.Remember that what you see in geomview is not what you will get with a Posts
ript output, sin
eEvolver knows nothing about the 
ommands you give geomview.x6.15.3. PostS
ript.A PostS
ript �le 
an be 
reated with the POSTSCRIPT 
ommand or the P 
ommand option 3. Theoutput �le is suitable for dire
t input to a PostS
ript devi
e. If the output �lename you give is missing a .psor .eps extension, a .ps extension will be added. The view is from the 
urrent viewing angle as establishedwith the s 
ommand or the show trans string 
ommand. Edges and fa
ets are drawn ba
k to front.The P 3 
ommand is intera
tive. You are given a 
hoi
e whether to draw all the grid lines (all thefa
et edges). Even if you don't 
hoose to, all spe
ial edges (�xed, boundary, triple edges, bare edges) willstill be drawn. You 
an prevent an edge from being drawn by giving it the 
olor CLEAR. Color data isoptionally in
luded; you will be prompted for your 
hoi
e. For a string model in at least 3 dimensions, youwill also be asked whether you want to show edge 
rossings with breaks in the ba
kground edge, whi
h helpsin depth per
eption. There is also a label option, whi
h prints element numbers, for easy 
ross-referen
ingwith data�les. Edge orientation is indi
ated by the labels being slightly displa
ed toward the edge head,and fa
e labels are signed a

ording to whi
h side you are seeing. By responding with `i' or `o' at the labelsprompt, you 
an get either 
urrent id numbers or original id numbers.The POSTSCRIPT 
ommand is not intera
tive. You give the �lename with the 
ommand, and theoutput options are 
ontrolled by the ps
olor
ag, grid
ag, 
rossing
ag, and label
ag options.The linewidth of edges may be 
ontrolled by the user. Widths are relative to the image size, whi
h is3 units square. If the real-valued edge extra attribute ps_linewidth is de�ned, that value is used as theedge width. Otherwise some internal read-write variables are 
onsulted for various types of edges, in order:ps_stringwidth - edges in the string model, default 0.004ps_bareedgewidth - "bare" edges, no adja
ent fa
ets, default 0.005ps_fixededgewidth - "�xed" edges, default 0.004125
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onedgewidth - edges on 
onstraints or boundaries, default 0.004ps_tripleedgewidth - edges with three or more adja
ent fa
ets, default 0.003ps_gridedgewidth - other edges, default 0.002The relative label size may be 
ontrolled by the variable ps_labelsize, whose default value is 3.0.x6.15.4. Triangle �le.This is a format I put in to get the data I wanted for a 
ertain external appli
ation. This lists one fa
etper line. Coordinates are viewing transformed to the s
reen plane. Fa
ets are listed ba
k to front. Theformat for a line isx1 y1 x2 y2 x3 y3 w1 w2 w3 dHere (x1,y1), (x2,y2), and (x3,y3) are the vertex 
oordinates, and w1, w2, and w3 are types of edges:type 0: ordinary edge, no 
onstraints or boundaries, two adja
ent fa
ets.type 1: edge on 
onstraint or boundary, but not �xed.type 3: �xed edge.type 4: edge adja
ent to at least 3 fa
ets.These values 
an be used to weight di�erent types of edges to illustrate the stru
ture of the surfa
e. d isthe 
osine of the angle of the fa
et normal to the s
reen normal. Useful for shading fa
ets.x6.15.5. SoftImage �le.This 
onsists of two �les, one with extension .mdl and one with .def. The extensions are addedautomati
ally.
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Chapter 7. Te
hni
al Referen
e.Chapter 7. Te
hni
al Referen
e.This 
hapter explains the mathemati
s and algorithms used by the Evolver. You don't need to knowthis stu� to use the Evolver, but it's here for anybody who want to know what exa
tly is going on and fora programmer's referen
e.This 
hapter 
urrently des
ribes mostly the linear soap�lm model, although some of the named quantitymethods are done for quadrati
 model.x7.1. Notation.The term \original orientation" refers to the orientation of an element as re
orded in its stru
ture.Original orientations begin with the orientations in the data�le, and are inherited thereafter during re�nementand other operations.Edges.In referring to a edge e:~t and ~h are the tail and head of the side.~s is the edge ve
tor, ~s = ~h� ~t.ai and wi are the abs
issas and weights for Gaussian quadrature on the interval [0,1℄.Fa
ets.In referring to a fa
et f :T is the fa
et surfa
e tension.v0, v1, and v2 are the verti
es around a fa
et in 
ounter
lo
kwise order.~s0, ~s1, and ~s2 are the edges in 
ounter
lo
kwise order around a fa
et, and v0 is the tail of ~s0.aij and wi are the bary
entri
 
oordinates (j is the vertex index) and weights for evaluation point i forGaussian quadrature on a triangle.x7.2. Surfa
e representation.The basi
 geometri
 elements are verti
es, edges, three-sided fa
ets, and bodies. There is a stru
turetype for ea
h (see skeleton.h for de�nitions). In addition, there is a fa
et-edge stru
ture for ea
h in
identfa
et and edge pair. Edges, fa
ets, and fa
et-edges are oriented. Verti
es and bodies 
ould in prin
iple beoriented, but they are not. Elements 
an be referred to by identi�ers whi
h impli
itly 
ontain an orientationfor the element. Currently these identi�ers are 32-bit bit�elds with one bit for an orientation bit, bits forelement type, a bit for validity, and the rest for a list pointer. Thus one stru
ture is used for both orientations,and the programmer doesn't have to worry about the orientation of the stored stru
ture; all the orientation
onversions are taken 
are of by the stru
ture a

ess fun
tions and ma
ros.The topology of the surfa
e is de�ned by the 
ross-referen
es among the elements. Ea
h fa
et-edge isin two doubly-linked lists: one of fa
et-edges around the edge, and another of fa
et-edges around the fa
et.Ea
h edge points to its two endpoints (
alled head and tail) and to one fa
et-edge in the fa
et-edge looparound it. Ea
h fa
et points to one fa
et-edge in the fa
et-edge loop around it, and to the two bodies on itstwo sides. Ea
h body points to one fa
et-edge on its boundary. The upshot of all this is that it is easy to�nd all the fa
ets around an edge or all the edges around a fa
et. There are also various other linked lists
onne
ting elements; see the Iterators se
tion of the Operation 
hapter.x7.3. Energies and for
es.As des
ribed in the Energies se
tion of the Model 
hapter, all energies are 
arried by fa
ets or edges.(Volumes for ideal gas energy are 
al
ulated from fa
ets and edges also.) Hen
e it is straightforward to runthrough all the edges and fa
ets, adding up their energies and a

umulating their energy gradients onto thetotal for
es on their verti
es. This se
tion gives the formulas used for all the types of energies and for
es.127
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e tension.Energy of fa
et. E = T2 k~s0 � ~s1k: (1)For
e on vertex. ~F (v0) = T2 ~s1 � (~s0 � ~s1)k~s0 � ~s1k : (2)x7.3.2. Crystalline integrand.~W is the Wul� ve
tor 
orresponding to the normal of the fa
et. The fa
et has its original orientation.Energy of fa
et. E = T2 ~W � ~s0 � ~s1: (3)For
e on vertex. ~F (v0) = T2 ~s1 � ~W: (4)x7.3.3. Gravity.Let G be the a

eleration of gravity. Let �+ be the density of the body from whi
h the fa
et normal isoutward, and let �� be the density of the body with inward normal. Let zi be the z 
oordinate of vi. Thefollowing formulas are exa
t for 
at fa
ets.Energy of fa
et. E = G(�+ � ��) Z Zfa
et 12z2~k � ~dA= G(�+ � ��) 112(z20 + z21 + z22 + z0z1 + z0z2 + z1z2)12(~k � ~s0 � ~s1): (5)For
e on vertex.~F (v0) = �G(�+ � ��)24 ((2z0 + z1 + z2)(~k � ~s0 � ~s1)~k + (z20 + z21 + z22 + z0z1 + z0z2 + z1z2)(~k � ~s1)): (6)x7.3.4. Level set 
onstraint integrals.This o

urs for ea
h 
onstraint with energy integrand that an edge is deemed to satisfy. The edgeorientation is the original one. The points evaluated for Gaussian quadrature are~xi = ai~h+ (1� ai)~t: (7)Energy of edge. 128



Chapter 7. Te
hni
al Referen
e.E = Zedge ~E � ~ds � Xi wi ~E(~xi) � ~s: (8)For
e on vertex.Component notation and the Einstein summation 
onvention are used here, as ve
tor notation gets
onfusing. Comma subs
ript denotes partial derivative.Fj(head) = �wi(aiEk;j(~xi)sk +Ej(~xi));Fj(tail) = �wi((1� ai)Ek;j(~xi)sk �Ej(~xi)): (9)x7.3.5. Gap areas.Every edge on a CONVEX 
onstraint 
ontributes here. Let ~qt be the proje
tion of ~s on the 
onstrainttangent spa
e at the tail, and ~qh likewise at the head. k is the gap 
onstant.Energy of edge. E = k12 �q(s2 � q2t )q2t +q(s2 � q2h)q2h� : (10)For
e on vertex.This energy is not the dire
t derivative of the previous formula. Rather it 
omes dire
tly from thegeometri
 de
rease in gap area due to vertex motion. The formula is derived for the 
ase of a 
at gapsurfa
e, whi
h should be 
lose enough to the truth to be useful.~F (tail) = kp(s2 � q2t )q2t2q2t ~qt;~F (head) = �kp(s2 � q2h)q2h2q2h ~qh: (11)x7.3.6. Ideal gas 
ompressibility.The ideal gas mode is in e�e
t when the keyword is listed in the �rst part of the data�le. Thenpres
ribed volumes be
ome in essen
e moles of gas. Pamb is the ambient pressure. A body has pres
ribedvolume V0, a
tual volume V , and pressure P . The temperature is assumed 
onstant, so PV = PambV0.Energy of body. E = Z P � PambdV = Z PambV0=V � PambdV= PambV0 ln(V=V0)� Pamb(V � V0) (12)Note the energy starts at 0 for V = V0.For
e on vertex.Let ~gm be the gradient of the volume body m as a fun
tion of the 
oordinates of the vertex. Let Pm bethe pressure of body m. Then ~F (v) = �Xm (Pm � Pamb)~gm: (13)x7.3.7. Pres
ribed pressure. 129
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e Evolver ManualAmbient pressure is taken to be zero, and body pressures are 
onstant.Energy of body. E = Z PdV = PV: (14)For
e on vertex.Let ~gm be the gradient of the volume body m as a fun
tion of the 
oordinates of the vertex. Let Pm bethe pressure of body m. Then ~F (v) = �Xm Pm~gm: (15)x7.3.8. Squared mean 
urvature.The integral of squared mean 
urvature in the soap�lm model is 
al
ulated as follows: Ea
h vertex vhas a star of fa
ets around it of area Av . The for
e due to surfa
e tension on the vertex isFv = ��Av�v : (16)Sin
e ea
h fa
et has 3 verti
es, the area asso
iated with v is Av=3. Hen
e the average mean 
urvature at v ishv = 12 FvAv=3 ; (17)and this vertex's 
ontribution to the total integral isEv = h2vAv=3 = 14 F 2vAv=3 : (18)The 
orresponding 
al
ulation is done for the string model. Ev 
an be written as an exa
t fun
tion of thevertex 
ooordinates, so the gradient of Ev 
an be fed into the total for
e 
al
ulation.Philosophi
al note: The squared mean 
urvature on a triangulated surfa
e is te
hni
ally in�nite, sosome kind of approximation s
heme is needed. The alternative to lo
ating 
urvature at verti
es is to lo
ateit on the edges, where it really is, and average it over the neighboring fa
ets. But this has the problem thata least area triangulated surfa
e would have nonzero squared 
urvature, whereas in the vertex formulationit would have zero squared 
urvature.Pra
ti
al note: The above de�nition of squared mean 
urvature seems in pra
ti
e to be subje
t toinstablities. One is that sharp 
orners grow sharper rather than smoothing out. Another is that some fa
etswant to get very large at the expense of their neighbors. Hen
e a 
ouple of alternate de�nitions have beenadded.E�e
tive area 
urvature: The area around a vertex is taken to be the magnitude of the gradient of thevolume. This is less than the true area, so makes a larger 
urvature. This also eliminates the spike instability,sin
e a spike has more area gradient but the same volume gradient. Letting Nv be the volume gradient at v,hv = 12 FvjjNv jj=3 ; (19)and Ev = h2vAv=3 = 34 F 2vjjNvjj2Av ; (20)The fa
ets of the surfa
e must be 
onsistently oriented for this to work, sin
e the evolver needs an \inside"and \outside" of the surfa
e to 
al
ulate the volume gradient. This mode is toggled by the \effe
tive areaON | OFF" 
ommand. There are still possible instabilities where some fa
ets grow at the expense of others.130
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e.Normal 
urvature: To alleviate the instability of e�e
tive area 
urvature, the normal 
urvature mode
onsiders the area around the vertex to be the 
omponent of the volume gradient parallel to the mean
urvature ve
tor, rather than the magnitude of the volume gradient. Thushv = 12 Fv jjFv jjNv � Fv=3 ; (21)Ev = 34 � Fv � FvNv � Fv �2Av: (22)This is still not perfe
t, but is a lot better. This mode is toggled by the \normal 
urvature ON | OFF"
ommand. If you have e�e
tive area on, then normal 
urvature will supersede it, but e�e
tive area will bein e�e
t when normal 
urvature is toggled o�.Curvature at boundary: If the edge of the surfa
e is a free boundary on a 
onstraint, then the above
al
ulation gives the proper 
urvature under the assumption the surfa
e is 
ontinued by re
e
tion a
ross the
onstraint. This permits symmetri
 surfa
es to be represented by one fundamental region. If the edge of thesurfa
e is a �xed edge or on a 1-dimensional boundary, then there is no way to 
al
ulate the 
urvature on aboundary vertex from knowledge of neighboring fa
ets. For example, the rings of fa
ets around the bases ofa 
atenoid and a spheri
al 
ap may be identi
al. Therefore 
urvature is 
al
ulated only at interior verti
es,and when the surfa
e integral is done, area along the boundary is assigned to the nearest interior vertex.WARNING: For some extreme shapes, e�e
tive area and normal 
urvature modes have problems de-te
ting 
onsistent lo
al surfa
e orientation. The assume_oriented toggle lets Evolver assume that thefa
ets have been de�ned with 
onsistent lo
al orientation.x7.3.9. Squared Gaussian 
urvature.The integral of squared Gaussian 
urvature over a soap�lm model surfa
e only applies where the starof fa
ets around ea
h vertex is planar. It is 
al
ulated as follows. The total Gaussian 
urvature at a vertexis the angle de�
it around the vertex, 2��P �i, where �i are the vertex angles of the fa
ets adja
ent to thevertex. The average Gaussian 
urvature is the total Gaussian 
urvature divided by one third of the area ofthe star. The average is then squared and integrated over one third of the star.At boundary: Treated the same way squared mean 
urvature is.x7.4. Named quantities and methods.This se
tion gives details on the 
al
ulations of the methods used in named quantities. For those methodswhere exa
t evaluation is impossible (due to integrals of fun
tions or quadrati
 model), evaluation is done byGaussian integration with the number of evaluation points 
ontrolled by the integration_order variable.In the formulas below, edge are parameterized by 0 � u � 1 and fa
ets by 0 � u1 � 1; 0 � u2 � 1 � u1.S is the di�erential of the immersion into spa
e, Sij = �xi=�uj . J is the Ja
obian, J = (det(STS))1=2. ~umare Gaussian integration points in the domain, ~xm are the 
orresponding points in spa
e, and wm are theGaussian weights. For the linear model, S and J are 
onstant, but in the quadrati
 model they are fun
tionsof u: S(~um) and J(~um). Likewise for the fa
et normal ~N , whi
h in
ludes the Ja
obian fa
tor.x7.4.1. Vertex value.Method name vertex s
alar integral. A s
alar fun
tion f(~x) is evaluated at ea
h vertex the methodapplies to.x7.4.2. Edge length.Method name edge tension or edge length. This method is entirely separate from the default energy
al
ulation for strings. For ea
h edge, the value is the length in Eu
lidean 
oordinates. The edge densityattribute, used in the default energy 
al
ulation, is not used. No metri
 is used.E =Xm wmJ(um) (1)131
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e Evolver ManualHowever, the density_edge_length method does use the edge density �:E = �Xm wmJ(um) (2)x7.4.3. Fa
et area.Method name fa
et tension or fa
et area. This method is entirely separate from the default energy
al
ulation for surfa
es. For ea
h fa
et, the value is the area in Eu
lidean 
oordinates. The area densityattribute, used in the default energy 
al
ulation, is not used. No metri
 is used.E =Xm wmJ(~um) (3)However, the density_fa
et_area method does use the fa
et density �:E = �Xm wmJ(~um) (4)Method name fa
et area u. In the quadrati
 model, this gives an upper bound of area, for the paranoidswho don't trust the regular fa
et area method. It uses the fa
t thatArea = Z Z (det(STS))1=2du1du2 � �Z Z det(STS)du1du2�1=2�Z Z du1du2�1=2 (5)The integrand on the right is a fourth degree polynomial, and so may be done exa
tly with 7-point Gaussianintegration. This method sets the integral order to at least 4.Method name spheri
al area. This is the area of the triangle proje
ted out to the unit sphere,assuming the verti
es are all on the unit sphere. The 
al
ulation is done in terms of the edge lengths a; b; 
(
hord lengths, not ar
s) by 
al
ulating the angle de�
it. The formula for angle C isa
os"pa2b2(1� a2=4)(1� b2=4)2(a2 + b2 � 
2 � ab=2) # :Note this formula avoids taking 
ross produ
ts (so it works in any ambient dimension), and avoids dotprodu
ts of ve
tors making a small angle.x7.4.4. Path integrals.Method name edge s
alar integrand. A s
alar integrand f(~x) is evaluated on a edge by Gaussianquadrature: E =Xm wmf(~xm)J(um): (6)x7.4.5. Line integrals.Method name edge ve
tor integrand. A ve
tor integrand ~f(~x) is evaluated on a edge by Gaussianquadrature: E =Xm wm ~f(~xm) � ~S(um) (7)x7.4.6. S
alar surfa
e integral.Method name fa
et s
alar integral. A s
alar integrand f(~x) is evaluated on a fa
et by Gaussianquadrature: E =Xm wmf(~xm)J(~um) (8)132
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e.x7.4.7. Ve
tor surfa
e integral.Method name fa
et ve
tor integral. A ve
tor integrand ~f(~x) is evaluated on a fa
et by Gaussianquadrature: E =Xm wm ~f(~xi) � ~N(~um) (9)For 3D only.x7.4.8. 2-form surfa
e integral.Method name fa
et 2form integral. A 2-form integrand !(~xi) is evaluated on a fa
et by Gaussianquadrature: E =Xm wm < A(~um); !(~xm) >where A is the 2-ve
tor representing the fa
et, wi are the Gaussian weights, and xi are the evaluation points.For any dimensional ambient spa
e.x7.4.9. General edge integral.Method name edge general integral. A s
alar fun
tion f(~x;~t ) of position and tangent dire
tion isintegrated over the edge by Gaussian quadrature:E =Xm wmf(~xm; ~S(um)) (10)For proper behavior, f should be homogeneous of degree 1 in ~t.x7.4.10. General fa
et integral.Method name fa
et general integral. A s
alar fun
tion f(~x;~t) of position and normal dire
tion isintegrated over the edge by Gaussian quadrature:E =Xm wmf(~xm; ~N(um)) (11)For proper behavior, f should be homogeneous of degree 1 in ~t.x7.4.11. String area integral.Method name edge area. This is the 
ontribution of one edge to the area of a 
ell in the string model.E = Z �ydxIt in
ludes 
orre
tions for torus domains, along the same lines as explained below for fa
et volume.x7.4.12. Volume integral.Method name fa
et volume. This is the 
ontribution of one fa
et to the volume of a body, using theDivergen
e Theorem: E = Z Z z~k � ~NThis is done exa
tly, without the need for Gaussian integration. Note that this method has no automati

onne
tion to body volumes. If you want to use this to 
al
ulate body volumes, you must de�ne a separatequantity for ea
h body. Further, it applies to the positive orientation of the fa
et, so if your body hasnegative fa
ets, you must de�ne a separate method instan
e with modulus -1 for those fa
ets. A little ugly,but maybe it will be 
leaned up in a later version. 133
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e Evolver ManualIn a torus domain, wrap 
orre
tions are in
luded. Assume the fundamental region is a unit 
ube.Otherwise, 
onvert to parallelpiped 
oordinates and multiply the resulting volume by the volume of thefundamenatal parallelpiped. For a body B,V = Z Z ZB 1dxdydzCon�ne the body to one fundamental region by introdu
ing 
ut surfa
es where the body wraps around. LetMk be the 
ut on the k period fa
e of the fundamental region. A
tually, one has two 
opies M�k and M+k ,di�ering only by translation by the kth period ve
tor. By the Divergen
e Theorem,V = Z Z�B zdxdy +Xk Z ZM+k zdxdy �Xk Z ZM�k zdxdy= Z Z�B zdxdy + Z ZM+z 1dxdy:The surfa
e M+z is bounded by interior 
urves �M+z and by 
ut lines C+x , C�x , C+y , and C�y . SoV = Z Z�B zdxdy + Z�M+z xdy ZC+x 1dy= Z Z�B zdxdy + Z�M+z xdy +X y+ �X y�where the positive and negative y's are at the endpoints of C+x . Note that all of the quantities in the lastline 
an be 
omputed lo
ally on ea
h fa
et just from the edge wraps. The only ambiguity is in the values ofthe y's by units of 1. So the �nal body volumes may be o� by multiples of the torus volume. Careful set-upof the problem 
an avoid this.x7.4.13. Gravity.Method name gravity methodThis does the same 
al
ulation as the usual gravity, but not in
luding in
orporating body densities or thegravitational 
onstant. The modulus should be set as the produ
t of the body density and the gravitational
onstant. Let zi be the z 
oordinate of vi. The following formulas are exa
t for 
at fa
ets.E = � Z Zfa
et 12z2~k � ~dA= �12(z20 + z21 + z22 + z0z1 + z0z2 + z1z2)12(~k � ~s0 � ~s1): (12)It is also exa
tly 
al
ulable in the quadrati
 model.x7.4.14. Hooke energy.Method name Hooke energy. One would often like to require edges to have �xed length. The totallength of some set of edges may be 
onstrained by de�ning a �xed quantity. This is used to �x the totallength of an evolving knot, for example. But to have one 
onstraint for ea
h edge would be impra
ti
al,sin
e proje
ting to n 
onstraints requires inverting an n� n matrix. Instead there is a Hooke's Law energyavailable to en
ourage edges to have equal length. Its form per edge isE = jL� L0jp (13)where L is the edge length, L0 is the equilibrium length, embodied as an adjustable parameter `hooke length',and the power p is an adjustable parameter `hooke power'. The default power is p = 2, and the defaultequilibrium length is the average edge length in the initial data�le. You will want to adjust this, espe
ially134



Chapter 7. Te
hni
al Referen
e.if you have a total length 
onstaint. A high modulus will de
rease the hooke 
omponent of the total energy,sin
e the restoring for
e is linear in displa
ement and the energy is quadrati
 (when p = 2). As an extraadded bonus, a `hooke power' of 0 will give E = � log jL� L0j:To give ea
h edge its own equilibrium length, use the hooke2 energy method. Ea
h edge has an equi-librium length extra attribute `hooke size'.To give ea
h edge an energy a

ording to an elasti
 model,E = 12 L� L0)2L0use the hooke3 energy method. Ea
h edge has an equilibrium length extra attribute `hooke size'. Theexponent 
an be altered from 2 by setting the parameter hooke3 power.x7.4.15. Lo
al Hooke energy.Method name lo
al hooke energy. Energy of edges as springs with equilibrium length being averageof lengths of neighbor edges. A
tually, the energy is 
al
ulated per vertex,E = �L1 � L2L1 + L2�2 (14)where L1 and L2 are the lengths of the edges adja
ent to the vertex.x7.4.16. Integral of mean 
urvature.Method name mean 
urvature integral. This 
omputes the integral of the signed s
alar mean 
ur-vature (average of se
tional 
urvatures) over a surfa
e. The 
omputation is exa
t, in the sense that fora polyhedral surfa
e the mean 
urvature is 
on
entrated on edges and singular there, but the total mean
urvature for an edge is the edge length times its dihedral angle. The 
ontribution of one edge isE = L ar

os (~a �~b)(~a �~b)� (~a � ~a)(~b � ~
)((~a � ~a)(~b �~b)� (~a �~b)2)1=2((~a � ~a)(~
 � ~
)� (~a � ~
)2)1=2! ; (15)where L is the edge length, ~a is the edge, and ~b;~
 are the two adja
ent sides from the tail of ~a.x7.4.17. Integral of squared mean 
urvature.Method name sq mean 
urvature. This is the named method version of the integral of squared mean
urvature dis
ussed earlier in this 
hapter. In
luding IGNORE CONSTRAINTS in the method de
larationwill for
e the 
al
ulation of energy even at �xed points and ignoring 
onstraints.Method name eff_area_sq_mean_
urvature. This is the named method version of the integral ofsquared mean 
urvature dis
ussed earlier in this 
hapter, with the e�e
tive area dis
retization of mean
urvature.Method name normal_sq_mean_
urvature. This is the named method version of the integral ofsquared mean 
urvature dis
ussed earlier in this 
hapter, with the normal 
urvature dis
retization of mean
urvature.x7.4.18. Integral of Gaussian 
urvature.Method name Gauss 
urvature integral. This 
omputes the total Gaussian 
urvature of a surfa
ewith boundary. The Gaussian 
urvature of a polyhedral surfa
e may be de�ned at an interior vertex as theangle de�
it of the adja
ent angles. But as is well-known, total Gaussian 
urvature 
an be 
omputed simplyin terms of the boundary verti
es, whi
h is what is done here. The total Gaussian 
urvature is implemented135
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e Evolver Manualas the total geodesi
 
urvature around the boundary of the surfa
e. The 
ontribution of a boundary vertexis E =  Xi �i!� �: (16)The total over all boundary verti
es is exa
tly equal to the total angle de�
it of all interior verti
es plus 2��,where � is the Euler 
hara
teristi
 of the surfa
e.x7.4.19. Average 
rossing number.Method name average 
rossings. Between pairs of edges, energy is inverse 
ube power of distan
ebetween midpoints of edges, times triple produ
t of edge ve
tors and distan
e ve
tor:E = 1=d3 � (e1; e2; d): (17)x7.4.20. Linear elasti
 energy.Method name linear elasti
.Cal
ulates a linear elasti
 strain energy for fa
ets based on the Cau
hy-Green strain matrix. Let S beGram matrix of the unstrained fa
et (dot produ
tss of sides). Let Q be the inverse of S. Let F be Grammatrix of strained fa
et. Let C = (FQ�I)=2, the Cau
hy-Green strain tensor. Let v be Poisson ratio. Thenenergy density is (1=2=(1 + v))(Tr(C2) + v � (TrC)2=(1� (dim� 1) � v))Ea
h fa
et has extra attribute poisson ratio and the extra attribute array form fa
tors[3℄ = fs11,s12,s22g .If form fa
tor is not de�ned by the user, it will be 
reated by Evolver, and the initial fa
et shape will beassumed to be unstrained.x7.4.21. Knot energies.One way of smoothing a knotted 
urve is to put \ele
tri
 
harge" on it and let it seek its minimumenergy position. To prevent the 
urve from 
rossing itself and unknotting, the potential energy should have ahigh barrier (preferably in�nite) to 
urve 
rossing. This is often done by using a inverse power law potentialwith a higher power than the standard inverse �rst power law of ele
trostati
s. A length 
onstraint on the
urve is generally ne
essary to prevent the 
harges from repelling ea
h other o� to in�nity.The Evolver implements several dis
rete approximations of these potentials. All use the quantity-methodfeature des
ribed in the next se
tion. That is, ea
h type of energy is a method, and these methods 
an beatta
hed to user-named quantities. The power in the power law is an adjustable parameter knot power, orperhaps some other variable in spe
i�
 
ases. It may be 
hanged intera
tively with the `A' 
ommand. Themodulus is the multiple of the method added to the quantity. A modulus of 0 ina
tivates the method. Thevalue of the quantity 
an be seen with the 'A' 
ommand under the name of the quantity.One of the general problems with dis
retization is that edges don't know when they are 
rossing ea
hother. Edges 
an 
ross without either their endpoints or midpoints getting 
lose, espe
ially if said edges getlong. To keep edge lengths 
lose to equal, there is also an energy 
alled `hooke energy' des
ribed in the Model
hapter. Another energy of interest is total squared 
urvature, whi
h is elasti
 bending energy. However, itdoes not provide any barrier to 
rossing.All the knot energies proper 
orrespond to double integrals in the 
ontinuous limit, so are double sums.Hen
e the 
omputation time is quadrati
 in the number of verti
es. Hooke energy and square 
urvature arelinear time.Generally, the 
ontinuous integrals are divergent, and in the literature have various regularization termssubtra
ted o�. However, the Evolver dis
retizations do not have su
h regularization. The logi
 is that thedis
rete versions are �nite, and the dis
ete regularization terms are pra
ti
ally 
onstant, so there is no sensein wasting time 
omputing them.A sample data�le in
orporating some of these is knotty.fe.136
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hni
al Referen
e.These dis
rete knot energies are 
lassi�ed below by whether they are 
omputed over all pairs of verti
es,edges, or fa
ets.I. Vertex pair energies. The total energy is the sum over all pairs of verti
es v1; v2:E = 12 Xv1 6=v2Ev1v2 :Ia. Condu
ting wire. There is a unit 
harge on ea
h vertex, and edge lengths are not �xed.Ev1v2 = 1jv1 � v2jpThis is approximating the 
ontinuous integralE = Z Z � 1jx(s)� x(t)jp � 1d(s; t)p� �(s)�(t) ds dtwhere s; t are ar
length parameters, d(s; t) is the shortest ar
 distan
e between points, and � is 
harge density.The se
ond term in this integral is a normalization term to prevent in�nite energy. It is not present in thedis
rete version, sin
e the dis
rete energy is �nite and the normalization term is approximately 
onstant.Note that re�ning doubles the total 
harge, so re�ning should be a

ompanied by redu
ing the modulus bya fa
tor of 4.Note that the dis
rete energy 
an apply to any dimension surfa
e in any dimension ambient spa
e sin
eit does not use the regularization. It 
an be used as a dust energy for sphere pa
king (high knot power fora hard 
ore potential) or an energy for knotted 2-spheres in 4-spa
e.The default power is 2.Data�le line:quantity knot energy ENERGY modulus 1 global method knot energyIb. Insulating wire. Ev1v2 = L1L2jv1 � v2jpwhere L1 is the average length of the two edges adja
ent to v1 and L2 is the average length of the two edgesadja
ent to v2. This is approximating the 
ontinuous integralE = Z Z � 1jx(s)� x(t)jp � 1d(s; t)p� ds dtwhere s; t are ar
length parameters, d(s; t) is the shortest ar
 distan
e between points. This 
orrespondsto a uniform 
harge density, whi
h is why it is an `insulating wire'. The se
ond term in the integral is anormalization term, whi
h is not in
luded in the dis
rete version sin
e it is approximately 
onstant. However,a dis
rete normalization term 
an be 
al
ulated as a separate quantity.This energy assumes that ea
h vertex has exa
tly 2 edges atta
hed to it, so it is not suitable for surfa
es.Data�le line:quantity knot energy ENERGY modulus 1 global method edge knot energyThe `edge' in the method name refers to the edge-weighting of the vertex 
harges. The default power is2. Data�le line for normalization term:quantity norm term INFO ONLY modulus 1 global method uniform knot energy normalizerI
. Insulating surfa
e. Ev1v2 = A1A2jv1 � v2jp137
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e Evolver Manualwhere A1 is the area of the fa
ets adja
ent to v1 and A2 is the area of the fa
ets adja
ent to v2. This
orresponds to a uniform 
harge density, whi
h is why it is an `insulating surfa
e'.Data�le line:quantity knot energy ENERGY modulus 1 global method fa
et knot energyThe `fa
et' in the method name refers to the edge-weighting of the vertex 
harges. The default poweris 4. II. Edge pair energies. The total energy is the sum over all pairs of edges e1; e2 with endpointsv11; v12; v21; v22: E = 12 Xe1 6=e2 Ee1e2IIa. Box energy. This energy is due to Gregory Bu
k. It has the formEe1e2 = L1L2(d1 + d2 + d3 + d4 � 2(L1 + L2))p :Here L1; L2 are the edge lengths and d1; d2; d3; d4 are the distan
es between endpoints on di�erent edges.This provides an in�nite barrier to 
rossing in the dis
rete 
ase in a simple form involving only the edgeendpoints. The denominator be
omes zero for parallel 
oin
ident lines or for perpendi
ular lines on oppositeedges of a tetrahedron. This energy should not be turned on until the 
urve is re�ned enough that thedenominator is always positive. The default power is 2.Data�le line:quantity bu
k energy ENERGY modulus 1 global method bu
k knot energyIIb. Normal proje
tion energy. This energy is also due to Gregory Bu
k. It tries to eliminate theneed for a normalization term by proje
ting the energy to the normal to the 
urve. Its form isEe1e2 = L1L2 
osp �jx1 � x2jpwhere x1; x2 are the midpoints of the edges and � is the angle between the normal plane of edge e1 and theve
tor x1 � x2. The default power is 2.Data�le line:quantity proj energy ENERGY modulus 1 global method proj knot energyII
. Conformal 
ir
le energy. This energy is due to Peter Doyle, who says it is equivalent in the
ontinuous 
ase to the insulating wire with power 2. Its form isEe1e2 = L1L2(1� 
os�)2jx1 � x2j2 ;where x1; x2 are the midpoints of the edges and � is the angle between edge 1 and the 
ir
le through x1tangent to edge 2 at x2. Only power 2 is implemented.Data�le line:quantity 
ir
le energy ENERGY modulus 1 global method 
ir
le knot energYIII. Fa
et pair energies. These energies are sums over all pairs of fa
ets.IIIa. Conformal sphere energy. This is the 2D surfa
e version of the 
onformal 
ir
le energy. Itsmost general form is Ef1f2 = A1A2(1� 
os�)pjx1 � x2jq ;138
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e.where A1; A2 are the fa
et areas, x1; x2 are the bary
enters of the fa
ets, and � is the angle between f1 andthe sphere through x1 tangent to f2 at x2. The energy is 
onformally invariant for p = 1 and q = 4. Forp = 0 and q = 1, one gets ele
trostati
 energy for a uniform 
harge density. Note that fa
et self-energies arenot in
luded. For ele
trostati
 energy, this is approximately 2:8A3=2 per fa
et.The powers p and q are Evolver variables; see the data�le lines below. The defaults are p = 1 and q = 4.There is a ni
e expression for the general dimensional version of the 
onformal version of the energy:4Ef1f2 = A1A2r4 � 1r6 det24 r � r r � s1 r � s2t1 � r t1 � s1 t1 � s2t2 � r t2 � s1 t2 � s2 35where r = jx1 � x2j and s1; s2; t1; t2 are the sides of the two fa
ets.Data�le lines: parameter surfa
e knot power = 1 // this is q parameter surfa
e 
os power= 0 // this is p quantity sphere energy ENERGY modulus 1 global method sphere knot energyx7.5. Volumes.A body 
an get volume from a surfa
e integral over its boundary fa
ets and from 
ontent integrals ofboundary fa
ets edges on 
onstraints. Also important are the gradients of body volumes at verti
es. Thereare two 
hoi
es built-in surfa
e integrals: default and SYMMETRIC_CONTENT.x7.5.1. Default fa
et integral.A fa
et oriented with normal outward from a body makes a 
ontribution to its volume ofV = Z Zfa
et z~k � ~dA = 16(z0 + z1 + z2)~k � ~s0 � ~s1: (1)The gradient of the volume of the body as a fun
tion of the vertex v0 
oordinates is~g = 16 �(~k � ~s0 � ~s1)~k + (z0 + z1 + z2)~k � ~s1� : (2)x7.5.2. Symmetri
 
ontent fa
et integral.A fa
et oriented with normal outward from a body makes a 
ontribution to its volume ofV = 13 Z Zfa
et(x~i+ y~j + z~k) � ~dA = 16~v0 � ~v1 � ~v2: (3)This 
an be seen most easily by looking at the fa
et as the base of a tetrahedron with its fourth vertex atthe origin. The integral over the three new fa
es is zero, so the integral over the original fa
et must be thevolume of the tetrahedron.The gradient of the volume of the body as a fun
tion of the vertex v0 
oordinates is~g = 16~v1 � ~v2: (4)x7.5.3. Edge 
ontent integrals.Let body b have fa
et f with outward normal. Suppose f has edge s deemed to have 
ontent integrand~U . Then b gets volume V = Ze ~U � ~ds � Xi wi ~U(~xi)~s: (5)139



Surfa
e Evolver ManualThe volume gradients for the body are (summation 
onvention again)gj(head) = wi(aiUk;j(~xi)sk + Uj(~xi));gj(tail) = wi((1� ai)Uk;j(~xi)sk � Uj(~xi)): (6)x7.5.4. Volume in torus domain.The wrapping of the edges a
ross the fa
es of the unit 
ell makes the 
al
ulation of volumes a bit tri
ky.Suppose body b has verti
es vk. Ideally, we would like to adjust the verti
es by multiples of the unit 
ellbasis ve
tors to get a body whose volume we 
ould �nd with regular Eu
lidean methods. Unfortunately, allwe know are the edge wraps, i.e. the di�eren
es in the adjustments to endpoints of edges. But this turnsout to be enough, if we are a little 
areful with the initial volumes in the data�le.Let ~Ak be the vertex adjustment for vertex k, and ~Tj be the wrap ve
tor (di�eren
e in endpointadjustments) for fa
et-edge j. Let m index fa
ets. ThenV = 16 Xfa
ets m(~vm0 + ~Am0) � (~vm1 + ~Am1)� (~vm2 + ~Am2)= 16(S1 + S2 + S3 + S4) (7)where S1 = Xfa
ets m~vm0 � ~vm1 � ~vm2;S2 = Xfa
et�edges j ~vj0 � ~vj1 � ~Aj2;S3 = Xfa
et�verts k ~vk � ~Ak1 � ~Ak2;S4 = Xfa
ets m ~Am0 � ~Am1 � ~Am2: (8)
The �rst of these sums is straightforward. The se
ond sum 
an be regrouped, pairing the two oppositelyoriented fa
et-edges j and �j for ea
h edge together:S2 = Xedges j ~vj0 � ~vj1 � ~Aj2 + ~v�j0 � ~v�j1 � ~A�j2= Xedges j ~vj0 � ~vj1 � ( ~Aj2 � ~A�j2)= 12 Xedges j ~vj0 � ~vj1 � (~T�j2 + ~Tj1 � ~Tj2 � ~T�j1) (9)

whi
h 
an be regrouped into a sum over fa
et-edges, whi
h 
an be done fa
et by fa
et:S2 = Xfa
et�edges j ~vj0 � ~vj1 � (~Tj1 � ~Tj2):The third sum we group terms with a 
ommon vertex together, with the inner fa
et sum over fa
ets140
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hni
al Referen
e.around vertex k: S3 = Xverti
es k0�~vk � Xfa
etsi ~Ai1 � ~Ai21A= Xverti
es k0�~vk � Xfa
etsi( ~Ai1 � ~Ak0)� ( ~Ai2 � ~Ak)1A= Xverti
es k0�~vk � Xfa
ets i ~Ti0 ��~Ti21A= Xfa
et�verti
es k~vk � ~Tk2 � ~Tk0; (10)
whi
h again 
an be done fa
et by fa
et.The fourth sum is a 
onstant, and so only needs to be �gured on
e. Also, it is a multiple of the unit
ell volume. Therefore, if we assume the volume in the data�le is a

urate to within 112V
, we 
an 
al
ulatethe other sums and �gure out what the fourth should be.The body volume gradient at v0 will be~g = 16 0� Xfa
ets m on v ~vm1 � ~vm2 + 12~vm1 � (~Tm1 � ~Tm2) + ~Tm0 � ~Tm21A : (11)x7.6. Constraint proje
tion.Suppose vertex v has 
onstraints that are the zero sets of fun
tions f1; : : : ; fn.x7.6.1. Proje
tion of vertex to 
onstraints.The solution will be by Newton's method. Several steps may be ne
essary to get within the toleran
edesired of the 
onstraint. Inequality 
onstraints are in
luded if and only if the inequality is violated.For one step, we seek a displa
ement Æ~v that is a linear 
ombination of the 
onstraint gradients and will
an
el the di�eren
e of the vertex from the 
onstraints:Æ~v =Xi 
irfi su
h that Æ~v � rfj = �fj(v) for ea
h j: (1)Thus Xi 
irfi � rfj = �fj(v) for ea
h j. (2)This is a linear system that 
an be solved for the 
i and thus Æ~v.x7.6.2. Proje
tion of ve
tor onto 
onstraint tangent spa
e.We want to proje
t a ve
tor ~F (say, a for
e ve
tor) onto the interse
tion of all the tangent planes of the
onstraints at a vertex. We proje
t ~F by subtra
ting a linear 
ombination of 
onstraint gradients:~Fproj = ~F �Xi 
irfi su
h that ~Fproj � rfj = 0 for ea
h j. (3)This leads to the system of linear equations for the 
i:Xi 
irfi � rfj = ~F � rfj : (4)141



Surfa
e Evolver Manualx7.7. Volume and quantity 
onstraints.This se
tion explains how volume and quantity 
onstraints are enfor
ed. Hen
eforth in this se
tion,everything referring to the volume of a body 
an also refer to the value of a quantity 
onstraint. There aretwo parts to this enfor
ement on ea
h iteration: a volume restoring motion that 
orre
ts for any volumedeviations, and a proje
tion of the vertex motions to the subspa
e of volume-preserving motions. Let gbv bethe gradient of the volume of body b as a fun
tion of the position of vertex v. We will also use B as a bodyindex. If the bodies �ll a torus, then one body is omitted to prevent singular systems of equations.x7.7.1. Volume restoring motion.Let the 
urrent ex
ess volume of body b be Æb (whi
h may be negative, of 
ourse). We want a volumerestoring motion ~Rv ~Rv =XB 
B~gBv and Xv ~Rv � ~gbv = �Æb for ea
h b (1)whi
h leads to the linear system for the 
B :XB 
BXv ~gBv � ~gbv = �Æb for ea
h b. (2)x7.7.2. Motion proje
tion in gradient mode.The motion in this mode is the s
ale fa
tor times the for
e on a vertex. Let ~Fv be the total for
e at v.We want a proje
ted for
e ~Fvproj su
h that~Fvproj = ~Fv �XB aB~gBv and Xv ~Fvproj � ~gbv = 0 for ea
h b (3)whi
h leads to the linear system for aBXB aBXv ~gBv � ~gbv =Xv ~Fv � ~gbv for ea
h b: (4)The 
oeÆ
ients aB are the pressures in the bodies when the surfa
e is in equilibrium.x7.7.3. For
e proje
tion in mean 
urvature mode.The motion in this mode is the s
ale fa
tor times the for
e on a vertex divided by the area of the vertex.Let ~Fv be the total for
e at v and Av its area. We want a proje
ted for
e ~Fvproj su
h that~Fvproj = ~Fv �XB aB~gBv and Xv ~Fvproj � ~gbv=Av = 0 for ea
h b (5)whi
h leads to the linear system for abXb abXv ~gBv � ~gbv=Av =Xv ~Fv � ~gbv=Av for ea
h b: (6)The 
oeÆ
ients ab are the pressures in the bodies even when the surfa
e is not in equilibrium. At equilibrium,the pressures 
al
ulated with or without the mean 
urvature option are equal.x7.7.4. Pressure at z = 0.The pressure reported by the v 
ommand is a
tually the Lagrange multiplier for the volume 
onstraint.The pressure may vary in a body due to gravitational for
e, for example. In that 
ase, the Lagrange multiplieris the pressure where other potential energies are 0. For example, if gravitational for
e is a
ting, then the142



Chapter 7. Te
hni
al Referen
e.Lagrange multiplier is the pressure at z = 0. Let � be surfa
e tension, H the s
alar mean 
urvature, ~Nthe unit normal ve
tor to the surfa
e, � the body density, G the gravitational 
onstant, and � the lagrangemultiplier. The gradient of area energy is 2�H ~N , the gradient of gravitational potential energy is G�z ~N ,and the gradient of volume is ~N . Therefore at equilibrium2�H ~N +G�z ~N = � ~N:At z = 0 2�H ~N = � ~N:So pressure(z = 0) = 2�H = �.x7.8. Iteration.This se
tion explains what happens during ea
h iteration ( g 
ommand). �t is the 
urrent s
ale fa
tor.x7.8.1. Fixed s
ale motion.1. Do di�usion if 
alled for. For ea
h fa
et f , let Af be the area of the fa
et. Let m1 and P1 be thepres
ribed volume (mass) of a body on one side of f , and m2 and P2 those of the body on the otherside. Let � be the di�usion 
onstant. If there is no body on one side, the pressure there is zero orambient pressure for the ideal gas model. The mass transfers are:dm1 = ��(P1 � P2)Af�t and dm2 = ��(P2 � P1)Af�t: (1)2. All the for
es on verti
es are 
al
ulated, as detailed in the Energies and For
es se
tion above. If themean 
urvature option is a
tive, ea
h for
e is divided by the vertex's asso
iated area.3. All for
es at FIXED verti
es are set to zero. For
es on 
onstrained verti
es are proje
ted to the 
onstrainttangent spa
es. For
es on verti
es on boundaries are 
onverted to for
es in boundary parameter spa
es.4. The volume restoring motion is 
al
ulated, and the for
es are proje
ted a

ording to body volume
onstraints.5. Jiggle if jiggling is toggled on.6. Move verti
es by volume restoring motion and 
urrent s
ale times for
e.7. Enfor
e 
onstraints on verti
es. Do up to 10 proje
tion steps until vertex is within toleran
e of 
on-straints.8. Re
al
ulate volumes, pressures, areas, and energy.x7.8.2. Optimizing s
ale motion.The idea is to �nd three s
ale fa
tors that bra
ket the energy minimum and then use quadrati
 inter-polation to estimate the optimum s
ale fa
tor. The �rst four steps are the same as for �xed s
ale motion.5. Save 
urrent 
oordinates.6. Move verti
es by volume restoring motion and 
urrent s
ale times for
e and enfor
e 
onstraints. Re
al-
ulate energy.7. Restore 
oordinates, double s
ale fa
tor, move surfa
e, and re
al
ulate energy. If this energy is higher,keep 
utting s
ale fa
tor in half until energy in
reases again. If it is lower, keep doubling s
ale fa
toruntil energy in
reases.8. Eventually get three s
ale fa
tors s1; s2; s3 with energies e1; e2; e3 bra
keting a minimum. The s
alefa
tors are su

essive doublings: s2 = 2s1, s3 = 2s2. Do quadrati
 interpolation to �nd approximateoptimum: sopt = 0:75s2(4e1 � 5e2 + e3)=(2e1 � 3e2 + e3): (2)9. Jiggle if jiggling is on. 143



Surfa
e Evolver Manual10. Move verti
es by volume restoring motion and optimum s
ale times for
e.11. Proje
t to 
onstraints.12. Re
al
ulate volumes, pressures, areas, and energy.x7.8.3. Conjugate gradient mode.The U 
ommand toggles 
onjugate gradient mode. The 
onjugate gradient method does not follow thegradient downhill, but makes an adjustment using the past history of the minimization. It usually results inmu
h faster 
onvergen
e. At iteration step i, let Si be the surfa
e, Ei its energy, ~Fi(v) the for
e at vertex v,and ~hi(v) the \history ve
tor" of v. Then ~hi(v) = ~Fi(v) + 
~hi�1 (3)where 
 = Pv ~Fi(v) � ~Fi(v)Pv ~Fi�1(v) � ~Fi�1(v) : (4)Then a one-dimensional minimization is performed in the dire
tion of ~hi, as des
ribed in steps 6,7,8 above.It is important that all volumes and 
onstraints be enfor
ed during the one-dimensional minimization, orelse the method 
an go 
razy. The history ve
tor is reset after every surfa
e modi�
ation, su
h as re�nementor equiangulation.The above formula is the Flet
her-Reeves version of 
onjugate gradient. The version a
tually used isthe Polak-Ribiere version, whi
h di�ers only in having
 = Pv(~Fi(v)� ~Fi�1(v)) � ~Fi(v)Pv ~Fi�1(v) � ~Fi�1(v) : (5)Polak-Ribiere seems to re
over mu
h better from stalling. The ribiere 
ommand toggles between the twoversions.Conjugate gradient blowups: Sometimes 
onjugate gradient wants to move so far and fast that it loses
onta
t with volume 
onstraints. Before, Evolver did only one or two Newton method proje
tions ba
k tovolume 
onstraints ea
h iteration; now it will do up to 10. Ordinary iteration does only one proje
tion still,but you 
an get the extra proje
tions with the \post proje
t" toggle. If 
onvergen
e fails after 10 iterations,you will get a warning message, repeated iterations will stop, and the variable \iteration 
ounter" will benegative.x7.9. Hessian iteration.The \hessian" 
ommand 
onstru
ts a quadrati
 approximation of the energy and solves for the mini-mum (or whatever the 
riti
al point happens to be). See the Hessian se
tion of the Model 
hapter for remarkson its use. The independent variables used are the displa
ements of vertex 
oordinates. For verti
es on levelset 
onstraints, the 
oordinates are repla
ed by set of variables equal in number to the degrees of freedom.Fixed verti
es are not represented. Let X denote the ve
tor of independent variables. Let B denote theenergy gradient, and let H be the Hessian matrix of se
ond partial derivatives. Hen
e the energy 
hange isE = 12XTHX +BTX: (1)Global 
onstraints like volumes and �xed named quantities are a
tually s
alar fun
tions of X with �xedtarget values. Index these 
onstraints by i, and let Ci be the gradient and Qi the Hessian of 
onstrainti. Let Fi be the 
urrent value and Fi0 be the target value of 
onstraint i. Then we have the 
onstraint
onditions on X 12XTQiX + CTi X = Fi0 � Fi: (2)144



Chapter 7. Te
hni
al Referen
e.Let �i be the Lagrange multiplier for 
onstraint i. The Lagrange multiplier is shown in the \pressure"
olumn of the `v' 
ommand. At a 
riti
al point we haveXTH +BT =Xi �i(XTQi + CTi ):So we want to solve the system (H �Xi �iQi)X �Xi �iCi = �B12XTQiX + CTi X = Fi0 � Fi: (3)We do this by Newton's method. This means solve the augmented system�H �Pi �iQi CCT 0 �� Xd�� = �C��BF0 � F � (4)where C is the matrix with 
olumns Ci, � is the ve
tor of �i, d� is the 
hange in �, and F0; F are the ve
torsof 
onstraint values. This matrix is typi
ally sparse, and is fa
tored with sparse matrix algorithms suitablefor inde�nite matri
es. The index of the Hessian proper turns out to be the index of the augmented Hessianminus the rank of C.There is another approa
h to solving this, whi
h was the default approa
h until version 2.17, and whi
h
an be reinstated by the 
ommand augmented hessian off. For 
onvenien
e, denote A = H �Pi �iQi.The solution of this is d� = (CTA�1C)�1(CTA�1(C��B)� (F0 � F ))X = A�1(C��B)�A�1Cd�: (5)I 
hoose to solve for A�1 �rst for two reasons: (1) A is sparse, while C is not, and (2) �nding A�1 andCTA�1C 
an tell us about the stability of the 
riti
al point. A
tually, A�1 is never found as su
h. Instead,a Cholesky fa
torization A = UTDU is found and used to solve AY = C for Y = A�1C and so forth. HereU is an upper triangular matrix, and D is a diagonal matrix. The fa
toring is done with routines from theYale Sparse Matrix Pa
kage, modi�ed a bit sin
e the matrix A may not be positive de�nite. Negative entriesin D are allowed, and the total number of them is the index of A. Zero entries are also allowed, sin
e manysurfa
es have degenerate minimums of energy (due to translational invarian
e, for example). The index ofthe 
onstrained Hessian is given by the relationindex(H
onstrained) = index(A)� index(CTA�1C): (6)End of explanation of old method.Degenera
y is dete
ted during fa
toring of the Hessian by the appearan
e of a zero diagonal entry. Ifthe zero does represent a true degenera
y, then the whole row and 
olumn of that zero should also be zeroat that stage of the fa
toring. The fa
toring routine then puts a 1 on the diagonal to insure an invertibleD. This has no e�e
t on any of the solutions. The 
uto� value for 
onsidering a diagonal element to bezero is given by the variable \hessian epsilon" whi
h may be set by the user with an ordinary assignment
ommand. Its default value is 1e-8.If the 
onstrained Hessian index is positive, then a warning message is printed. On
e the Hessian methodhas 
onverged, this provides a test for being a lo
al minimum. At a saddle point, the 
onstrained index ispositive and it is possible to �nd a downhill dire
tion. The 
ommand saddle implements this.Now a word on handling verti
es on level-set 
onstraints. Note that above, X was 
omposed of indepen-dent variables. For a vertex on k level-set 
onstraints, there are n� k independent variables, where n is thespa
e dimension. Let the 
onstraints have the quadrati
 approximation (here X is original spa
e variables)KTi X + 12XTGiX = 0; 1 � i � k: (7)145



Surfa
e Evolver Manualand let K have 
olumns Ki. Let P have for 
olumns a basis for the nullspa
e of KT (whi
h is the tangentspa
e to all the 
onstraints), and let Y be 
oordinates in the P basis, so X = PY . Y is the set of independent
oordinates. Now if we have a quantity E with quadrati
 representation,E = 12XTHX +BTX; (8)then we want to get an expression in Y , keeping in mind that Y really 
oordinatizes a tangent spa
eorthogonally proje
ted ba
k to a 
urved 
onstraint. For a given Y , the proje
tion ba
k will be a linear
ombination of 
onstraint normals, �X =Xi �iKi (9)so KTi (PY +K�) + 12(PY +K�)TGi(PY +K�) = 0; 1 � i � k: (10)We keep only terms quadrati
 in Y , and sin
e KTP = 0 and � is quadrati
 in Y ,KTi K� + 12Y TP TGiPY = 0; 1 � i � k: (11)So �j =Xi �12(KTK)�1ji Y TP TGiPY; 1 � j � k: (12)Hen
e we 
an write E in terms of Y asE = 12Y TP THPY +Xj Xi �12BTKj(KTK)�1ji Y TP TGiPY +BTPY: (13)For ea
h vertex, P and Xj Xi �Kj(KTK)�1ji Y TP TGiPY (14)are 
al
ulated just on
e, and then used with whatever H 's and B's turn up in the 
ourse of the 
al
ulationof E. Like adjustments are made for all the Qi's above also.Some notes for people rash enough to write hessian routines for their own named quantity methods:Hessians 
an only be written for methods that are evaluated independently on elements. Two verti
es areallo
ated a Hessian entry only if they are joined by an edge. See q edge tension hessian() in hessian.
 for anexample. For debugging, the 
ommand \hessian menu" brings up a little menu. You 
an turn debuggingon, in whi
h 
ase you get a whole lot of information dumped to the s
reen as the algorithm pro
eeds. Don'tdo that with more that 3 or 4 un�xed verti
es. The sequen
e of menu options for one iteration is 1,2,3,4(stepsize 1). For 
he
king Hessian matrix values, there is a \hessian diff" 
ommand at the main promptwhi
h will toggle on the 
al
ulation of the Hessian matrix by �nite di�eren
es.If hessian normal is toggled on, then ea
h vertex is 
onstrained to move perpendi
ular to the surfa
e.This eliminates all the �ddly sideways movement of verti
es that makes 
onvergen
e diÆ
ult. Highly re
-ommended. Perpendi
ular is de�ned as the volume gradient, ex
ept at triple jun
tions and su
h, whi
h areleft with full degrees of freedom.x7.10. Diri
hlet and Sobolev approximate Hessians.This se
tion des
ribes features not ne
essary to understanding Evolver operation, but they are in
ludedbe
ause I think they are interesting.The problem in using qui
kly 
onverging iteration methods su
h as Newton's method (as embodied inthe hessian 
ommand) is that the Hessian of the energy is usually inde�nite ex
ept when extremely 
loseto a minimum. The idea here is to 
onstru
t a positive de�nite quadrati
 form that is tangent to the area146
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hni
al Referen
e.fun
tional and whose Hessian is an approximation of the possibly inde�nite area Hessian. The approximation
an be solved with standard numeri
al linear algebra, and the solution will de
rease area, if the area is notat a 
riti
al point. If the area is at a 
riti
al point, then so is the approximation.Consider an m-dimensional simplex � in Rn. Let F be a m� n matrix whose rows are the side ve
torsof � emanating from one vertex. Then the area of � isA� (F ) = 1m! (detFF T )1=2:For 
onvenien
e, let A = FF T .For the �rst derivative, let G be a displa
ement of F , and let � be a parameter. Then A = (F+�G)(F +�G)T andDA� (G) = �A� (F + �G)�� �����=0 = 12 1m!Tr��A��A�1� (detA)1=2 = 12 1m!Tr((GF T + FGT )A�1)(detA)1=2= 1m!Tr(GF TA�1)(detA)1=2:For the se
ond derivative, let G1 and G2 be displa
ements. ThenD2A� (G1; G2) = �2A� (F + �G1 + �G2)���� �����=�=0 = �2���� 1m! (det((F + �G1 + �G2)(F + �G1 + �G2)T ))1=2= �2���� 1m! (detA)1=2�����=�=0 = ��� 1m! 12Tr(�A�� A�1)(detA)1=2�����=�=0= 1m! �12Tr� �2A����A�1 � �A��A�1 �A�� A�1�+ 12Tr��A��A�1� 12Tr��A�� A�1�� (detA)1=2�����=�=0= 1m! �12Tr(2G1GT2 A�1 � (G1F T + FGT1 )A�1(G2F T + FGT2 )A�1) + 14Tr(2G1F TA�1)Tr(2G2F TA�1)� (detA)1=2= 1m! �Tr(G1GT2 A�1 �G1F TA�1G2F TA�1 � FGT1 A�1G2F TA�1) + Tr(G1F TA�1)Tr(G2F TA�1)� (detA)1=2:Thus the true area Hessian 
an be written as the quadrati
 form< G1; G2 >H =1m! �Tr(G1GT2 A�1 �G1F TA�1G2F TA�1 � FGT1 A�1G2F TA�1) + Tr(G1F TA�1)Tr(G2F TA�1)� (detA)1=2:Renka and Neuberger [RN℄ start with a Sobolev spa
e inner produ
t, and ultimately 
ome down totaking the approximate Hessian to be< G1; G2 >S= 1m! �Tr(G1GT2 A�1 � FGT1 A�1G2F TA�1) + Tr(G1F TA�1)Tr(G2F TA�1)� (detA)1=2:Note that 
ompared to the true Hessian, this drops the term�Tr(G1F TA�1G2F TA�1)whi
h is responsible for the possible nonpositivity of the Hessian. The positive semide�niteness may be seenby writing the Sobolev form as< G;G >S = 1m! hTr(A�1=2G(I � F TA�1F )GTA�1=2) + Tr(GF TA�1)2i (detA)1=2;147
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e I � F TA�1F = I � F T (FF T )�1F is an orthogonal proje
tion.There is a similar idea due to Polthier and Pinkall [PP℄. Their s
heme minimizes the Diri
hlet integralof the image simplex over the domain simplex:E� = Z� Tr( ~F ~F T )da:where ~F is the linear map from the old simplex to the new. Letting F being the old ve
tors and G beingthe new ve
tors, we see that ~F = GF�1where F�1 is de�ned on the old simplex. ThusE� = Tr(GT (FF T )�1G) 1m! (det(FF T ))1=2:Or, with A = FF T , E� = 1m!Tr(GTA�1G)(detA)1=2 = 1m!Tr(GGTA�1)(detA)1=2:Hen
e the Diri
hlet quadrati
 form is< G1; G2 >D= 1m!Tr(GT1 A�1G2)(detA)1=2 = 1m!Tr(G1GT2 A�1)(detA)1=2:This drops even more terms of the true Hessian. So a priori, the Sobolev s
heme should be a little better.The iteration s
heme is to �nd a perturbation G of the verti
es that minimizes the energyE(G) =X� A� +DA� (G) + 12 < G;G >�where < �; � >� is the approximate Hessian of your 
hoi
e on fa
et � .Use of these approximate hessian for the fa
et area method is triggered by the diri
hlet mode andsobolev mode 
ommands respe
tively.The 
ommand diri
hlet does one iteration minimizing the Diri
hlet energy, and sobolev does oneminimization of the Sobolev energy. In pra
ti
e, both Sobolev and Diri
hlet iteration are good for restoringsanity to badly messed up surfa
es. However, as the surfa
e approa
hes minimality, these iterations be
omejust versions of gradient des
ent sin
e the true Hessian is not used. Hen
e they do not 
onverge mu
hfaster than ordinary iteration, and slower than the 
onjugate gradient method on ordinary iteration. The
ommands diri
hlet seek and sobolev seek a
t as gradient des
ent methods, doing a line sear
h in thesolution dire
tion to �nd the minimum energy. These 
ould be plugged in to the 
onjugate gradient method,but I haven't done that yet.x7.11. Cal
ulating For
es and Torques on Rigid Bodies.It may be of interest to know the for
es and torques a liquid exerts on a solid obje
t, for example thefor
es exerted on a mi
ro
hip by liquid solder during the soldering phase of assembly of a 
ir
uit board. Ingeneral, the for
e exerted on a rigid body in a system is the negative rate of 
hange of energy of the systemwith respe
t to translation of the rigid body while other 
onstraints on the system remain in e�e
t. Likewise,torque around a given axis is the negative rate of 
hange of energy with respe
t to rotating the body aboutthe axis. Below are �ve ways of 
al
ulating for
e and torque, expressed as a general rate of 
hange of energywith respe
t to some parameter q. Other for
es on the body due to energies not in
luded in the Evolverdata�le, su
h as gravity, must be 
al
ulated separately.x7.11.1. Method 1. Finite di�eren
es. 148



Chapter 7. Te
hni
al Referen
e.Algorithm: Evolve the system to a minimum of energy, 
hange the parameter q to q + Æq, re-evolve toa minimum of energy, and 
al
ulate the for
e asF = �E(q + Æq)�E(q)Æq ;where E(q) is the minimum energy for parameter value q.Advantages:� Con
eptually simple.� Often requires no spe
ial preparation in the data�le.Disadvantages:� The system must be very 
lose to a minimum, else energy redu
tion due to minimization will 
ontaminatethe energy di�eren
e due to 
hanging q.� Re-evolving 
an be time 
onsuming.� The �nite di�eren
e formula 
an be of limited pre
ision due to nonlinearity of the energy as a fun
tionof q. A more pre
ise 
entral di�eren
e formula 
ould be used:F = �E(q + Æq)�E(q � Æq)2Æq :� Æq needs to be 
hosen wisely to maximize pre
ision. A rule of thumb is Æq should be the square root ofthe a

ura
y of the energy for the one-sided di�eren
e, and the 
ube root for the 
entral di�eren
e.� The data�le may need to be modi�ed so that q is a parameter that 
an be 
hanged with the desirede�e
t on the system.� The system is 
hanged, and usually needs to be restored to its original 
ondition.x7.11.2. Method 2. Prin
iple of Virtual Work by Finite Di�eren
es.If the original system is at equilibrium, it is not ne
essary to re-evolve the perturbed system to equilib-rium. The energy di�eren
e from equilibrium of the perturbed system is only of order Æq2 in general, so itis only ne
essary to enfor
e the 
onstraints.Algorithm: Evolve the system to a minimum of energy, 
hange the parameter q to q + Æq, enfor
e any
onstraints (say by doing one iteration with a s
ale fa
tor of 0), and 
al
ulate the for
e asF = �E(q + Æq)�E(q)Æq :Advantages:� Often requires no spe
ial preparation in the data�le.� The system need not be very 
lose to a minimum, sin
e there is no further evolution to 
ontaminate theenergy di�eren
e.� No time 
onsuming re-evolving.Disadvantages:� The �nite di�eren
e formula 
an be of limited pre
ision due to nonlinearity of the energy as a fun
tionof q. A more pre
ise 
entral di�eren
e formula 
ould be used:F = �E(q + Æq)�E(q � Æq)2Æq :� Æq needs to be 
hosen wisely to maximize pre
ision. A rule of thumb is Æq should be the square root ofthe a

ura
y of the energy for the one-sided di�eren
e, and the 
ube root for the 
entral di�eren
e.149



Surfa
e Evolver Manual� The data�le may need to be modi�ed so that q is a parameter that 
an be 
hanged with the desirede�e
t on the system.� The system is 
hanged, and usually needs to be restored to its original 
ondition.x7.11.3. Method 3. Prin
iple of Virtual Work using Lagrange Multipliers.This is the same as Method 2, ex
ept that adjustment to global 
onstraints (su
h as volumes) is doneusing the 
orresponding Lagrange multipliers rather than doing a proje
tion to the 
onstraints. Pointwise
onstraints must still be done, but those 
an be done with the 're
al
' 
ommand rather than 'g'. A briefreview of Lagrange multipliers: Suppose the system is at equilibrium, and let X be the perturbation ve
tor.Let B be the energy gradient ve
tor, so that in matrix notationE = BTXto �rst order. Let Ci, i = 1; : : : ; k, be the gradient ve
tors of the 
onstraints. Then at equilibrium, theenergy gradient must be a linear 
ombination of the 
onstraint gradientsB =Xi �iCiwhere the �i are 
alled the Lagrange multipliers. Now ba
k to business. After the perturbation, let X bethe deviation from the new equilibrium. Then the deviations in the 
onstraints will beÆVi = CTi Xso the deviation from the new equilibrium energy will beE = BTX =Xi �iCiX =Xi �iÆVi:Hen
e we 
an 
al
ulate the for
e asF = �E(q + Æq)�Pi �iÆVi �E(q)Æq :Algorithm: Evolve the system to a minimum of energy, 
hange the parameter q to q + Æq, enfor
epointwise 
onstraints with re
al
, doing one iteration with a s
ale fa
tor of 0),F = �E(q + Æq)�Pi �iÆVi �E(q)Æq :Re
all that the Lagrange multipliers for body volumes are available under the body attribute "pressure".Advantages:� Often requires no spe
ial preparation in the data�le.� The system need not be very 
lose to a minimum, sin
e there is no further evolution to 
ontaminate theenergy di�eren
e.� No time 
onsuming re-evolving.� Avoids an a
tual proje
tion to global 
onstraints.Disadvantages:� The �nite di�eren
e formula 
an be of limited pre
ision due to nonlinearity of the energy as a fun
tionof q. A more pre
ise 
entral di�eren
e formula 
ould be used:F = �E(q + Æq)�E(q � Æq)2Æq150
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hni
al Referen
e.where the energies in
lude the Lagrange multiplier 
orre
tions.� Æq needs to be 
hosen wisely to maximize pre
ision. A rule of thumb is Æq should be the square root ofthe a

ura
y of the energy for the one-sided di�eren
e, and the 
ube root for the 
entral di�eren
e.� The data�le may need to be modi�ed so that q is a parameter that 
an be 
hanged with the desirede�e
t on the system.� The system is 
hanged, and usually needs to be restored to its original 
ondition.x7.11.4. Method 4. Expli
it for
es.The for
e on a body is exerted physi
ally by pressure, surfa
e tension, et
., so one 
ould 
al
ulate thenet for
e by adding all those up. That is, 
al
ulate the area of liquid 
onta
t and multiply by the pressure,�nd the ve
tor for
e that is exerted by surfa
e tension on ea
h edge on the body, et
.Algorithm: Identify all the for
es a
ting on the body (surfa
e tension, pressure, et
.) and 
al
ulateexpli
itly from the equilibrium surfa
e.Advantages:� The system need not be very 
lose to a minimum, sin
e there is no further evolution to 
ontaminate theenergy di�eren
e.� No time 
onsuming re-evolving.� Does not 
hange the system.� Full pre
ision, sin
e no di�eren
ing is done.Disadvantages:� From tests, this method is extremely ina

urate and slow to 
onverge at higher re�nement.� Requires user to expli
itly identify and 
al
ulate all for
es.� It 
an be very diÆ
ult to do some for
es expli
itly, su
h as surfa
e tension, in the quadrati
 and higherorder lagrange models.x7.11.5. Method 5. Variational formulation.This method 
al
ulates the rate of 
hange of energy in the manner of the Cal
ulus of Variations, settingup a ve
tor�eld perturbation and writing the derivatives of energy and 
onstrained quantities as integralsover the surfa
e. By the Prin
iple of Virtual Work, the for
e isF = �[E0(q)�Xi �iV 0i (q)℄:Algorithm: For ea
h 
omponent of the energy, 
reate a named method whose value is the derivative ofthe 
omponent with respe
t to the parameter. Also do this for ea
h global quantity. Use these derivativesto 
reate a for
e quantity following the Prin
iple of Virtual Work formula.Advantages:� The system need not be very 
lose to a minimum, sin
e there is no further evolution to 
ontaminate theenergy di�eren
e.� No time 
onsuming re-evolving.� Does not 
hange the system.� Full pre
ision, sin
e no di�eren
ing is done.� Don't have to guess at for
es, sin
e one 
an systemati
ally write variations for all energy and 
onstraint
omponents.Disadvantages:� Requires user to in
lude quantities for the variations of all energies and global 
onstraints in the data�le.Note on perturbations: When 
hanging a parameter, it is best to deform the surfa
e as uniformlyas possible. If you simply 
hange a parameter governing the height of a boundary, for example, then all the151



Surfa
e Evolver Manualdeformation is in
i
ted on just the adja
ent fa
ets. If the deformations are mu
h smaller than the fa
et size,then this is not too signi�
ant. But for elegan
e, a uniform deformation is ni
e. For example, suppose onehas a 
atenoid whose top is at zmax and whose bottom is at zmin. Suppose zmax is to be in
reased by dz.A uniform deformation would be z ! z + z � zminzmax � zmin dz:So a 
ommand sequen
e to do the perturbation would bedz := 0.00001;forea
h vertex do set z z+(z-zmin)/(zmax-zmin)*dz;zmax := zmax + dz;re
al
;Note on 
hoosing �nite di�eren
e perturbation size: Let E be the energy as a fun
tion ofparameter q. The one-sided �nite di�eren
e for
e 
al
ulation isF = �E(q + dq)�E(q) + �dq ;where � represents the error in the energy di�eren
e due to limited ma
hine pre
ision. Plugging in Taylorseries terms, F = �E(q) +E0(q)dq +E00(q)dq2=2�E(q) + �dq= �E0(q)� (E00(q)dq=2 + �=dq):The error term is minimized for dq =p2�=E00(q);hen
e the rule of thumb dq = �1=2 with error � �1=2. For 15 digit ma
hine pre
ision, one 
ould take dq � 10�7and expe
t at most 7 or 8 digits of pre
ision in the for
e.The two-sided �nite di�eren
e for
e 
al
ulation isF = �E(q + dq)�E(q � dq) + �2dq :Plugging in Taylor series terms,F = �E(q) +E0(q)dq +E00(q)dq2=2 +E000(q)dq3=6� (E(q)�E0(q)dq +E00(q)dq2=2�E000(q)dq3=6) + �2dq= �E0(q)� (E000(q)dq2=6 + �=2dq):The error term is minimized for dq = (1:5�=E000(q))1=3;hen
e the rule of thumb dq = �1=3 with error � �2=3. For 15 digit ma
hine pre
ision, one 
ould take dq � 10�5and expe
t at most 10 digits of pre
ision in the for
e.x7.11.6. Example of variational integrals.Here we 
ompute the for
e of the 
olumn.fe example using variational integrals (method 5). The energyhas surfa
e tension and gravitational 
omponents,E = Z ZS TdA+ Z ZS �Gz22 ~k � ~dA:152



Chapter 7. Te
hni
al Referen
e.where T is the surfa
e tension of the free surfa
e S, � is the gravitational 
onstant, and G is the a

elerationof gravity. Given a variation ve
tor�eld ~g, the un
onstrained variation of the energy isÆE = T Z ZS(div~g � ~N �D~g � ~N)dA + �G Z ZS �div(z22 ~k)~g � 
url(~g � z22 ~k)� � ~dA;where ~N is the unit normal. This variation may be obtained by 
onsidering the two integrals separately.For the area integral, the variation is the divergen
e of ~g in the tangent plane, and div~g � ~N �D~g � ~N is aninvariant way to write that; Dg is the matrix of �rst partials of ~g. The se
ond term is obtained by notingthat the original surfa
e and the perturbed surfa
e almost form the boundary of a thin region. The variationis obtained by applying the divergen
e theorem to the region, and adding in the missing boundary strip bymeans of Stokes' Theorem.Of 
ourse, we have to 
orre
t for any volume 
hange, and sin
e the pressure P is the Lagrange multiplierrelating volume and energy 
hanges at a minimum,ÆE = PÆV = P Z ZS ~g � ~dA:Proje
ting volume ba
k to the volume 
onstraint subtra
ts this, so the net 
hange isÆE = T Z ZS(div~g � ~N �D~g � ~N)dA+ �G Z ZS �(div z22 ~k)~g � 
url(~g � z22 ~k)� � ~dA� P Z ZS ~g � ~dA:We shall take the perturbation to be ~g = (z +ZH)~j=2ZH , whi
h leaves the bottom plane �xed and gives aunit shift to the top plane. It is important when working with pie
ewise linear surfa
es that the perturbationsbe likewise pie
ewise linear. The for
e, then, isÆE = T Z ZS �NzNy2ZH dA+ �G Z ZS � z24ZH~k � ~dA� P Z ZS z + ZH2ZH ~j � ~dA:The NzNy term requires the use of the \fa
et general integral" method, whi
h integrates an arbitrarys
alar fun
tion of position and normal ve
tor over fa
ets. This method requires that the integrand behomogeneous of degree 1 in the unnormalized fa
et normal ~N , i.e. that the integrand be� 12ZH NzNyj ~N j :The third term of ÆE is automati
ally zero by the Divergen
e Theorem, sin
e the integrand is zero on thetop and bottom pads. The two remaining terms are de�ned as two method instan
es in the data�le below,and 
ombined into one quantity \for
ey".ExampleThe data�le below 
al
ulates the verti
al for
e exerted by a 
atenoid (without body), for whi
h exa
tvalues 
an be 
al
ulated analyti
ally. All �ve methods are done. Following is a table of the errors in the for
eas a fun
tion of re�nement and the representation used. \Lagrange order" refers to the order of polynomialused to represent fa
ets; 1 is linear, and 2 is quadrati
.// 
atfor
e.fe// Evolver data for 
atenoid.// For testing verti
al for
e on upper ring 
al
ulated various// ways and 
ompared to exa
t solution. 153



Surfa
e Evolver ManualPARAMETER ZMAX = 0.7PARAMETER ZMIN = -0.7PARAMETER RMAX = 
osh(zmax)parameter true_area = pi*(zmax+sinh(2*zmax)/2-zmin-sinh(2*zmin)/2)// for putting verti
es exa
tly on 
atenoid
onstraint 1formula: sqrt(x^2+y^2) = 
osh(z)// for restoring after perturbationdefine vertex attribute old_
oord real[3℄// following method instan
es and quantity for verti
al for
emethod_instan
e darea method fa
et_general_integrals
alar_integrand: 1/(zmax-zmin)*(x4^2+x5^2)/sqrt(x4^2+x5^2+x6^2)quantity for
ez info_only global_method dareaboundary 1 parameters 1 // upper ringx1: RMAX * 
os(p1)x2: RMAX * sin(p1)x3: ZMAXboundary 2 parameters 1 // lower ringx1: RMAX * 
os(p1)x2: RMAX * sin(p1)x3: ZMINverti
es // given in terms of boundary parameter1 0.00 boundary 1 fixed2 pi/3 boundary 1 fixed3 2*pi/3 boundary 1 fixed4 pi boundary 1 fixed5 4*pi/3 boundary 1 fixed6 5*pi/3 boundary 1 fixed7 0.00 boundary 2 fixed8 pi/3 boundary 2 fixed9 2*pi/3 boundary 2 fixed10 pi boundary 2 fixed11 4*pi/3 boundary 2 fixed12 5*pi/3 boundary 2 fixededges1 1 2 boundary 1 fixed2 2 3 boundary 1 fixed3 3 4 boundary 1 fixed4 4 5 boundary 1 fixed5 5 6 boundary 1 fixed6 6 1 boundary 1 fixed7 7 8 boundary 2 fixed8 8 9 boundary 2 fixed 154
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hni
al Referen
e.9 9 10 boundary 2 fixed10 10 11 boundary 2 fixed11 11 12 boundary 2 fixed12 12 7 boundary 2 fixed13 1 714 2 815 3 916 4 1017 5 1118 6 12fa
es1 1 14 -7 -132 2 15 -8 -143 3 16 -9 -154 4 17 -10 -165 5 18 -11 -176 6 13 -12 -18readhessian_normal// For saving 
oordinates before perturbationsave_
oords := forea
h vertex vv doset vv.old_
oord[1℄ x;set vv.old_
oord[2℄ y;set vv.old_
oord[3℄ z;// For restoring 
oordinates after perturbationrestore_
oords := forea
h vertex vv doset vv.x old_
oord[1℄;set vv.y old_
oord[2℄;set vv.z old_
oord[3℄;// For
e by 
entral differen
e of energy minimamethod1 := save_
oords;dzmax := 0.00001;zmax := zmax - dzmax;optimize 1;hessian; hessian;lo_energy := total_energy;restore_
oords;zmax := zmax + 2*dzmax;hessian; hessian;hi_energy := total_energy;restore_
oords;zmax := zmax - dzmax;for
e1 := -(hi_energy - lo_energy)/2/dzmax;155



Surfa
e Evolver Manual// For
e by 
entral differen
e and Prin
iple of Virtual Workmethod2 := save_
oords;old_s
ale := s
ale;dzmax := 0.00001;zmax := zmax - dzmax;re
al
; m 0; g;lo_energy := total_energy;restore_
oords;zmax := zmax + 2*dzmax;re
al
; m 0; g;hi_energy := total_energy;restore_
oords;zmax := zmax - dzmax;s
ale := old_s
ale; optimize 1;for
e2 := -(hi_energy - lo_energy)/2/dzmax;// For
e by 
entral differen
e and Prin
iple of Virtual Work and// Lagrange multipliersmethod3 := save_
oords;dzmax := 0.00001;zmax := zmax - dzmax;re
al
;lo_energy := total_energy ;restore_
oords;zmax := zmax + 2*dzmax;re
al
;hi_energy := total_energy ;restore_
oords;zmax := zmax - dzmax;for
e3 := -(hi_energy - lo_energy)/2/dzmax;// Using same overall perturbation as for
ezmethod3a := save_
oords;dzmax := 0.00001;set vertex z z-(z-zmin)/(zmax-zmin)*dzmax;zmax := zmax - dzmax;re
al
;lo_energy := total_energy ;restore_
oords;zmax := zmax + dzmax;set vertex z z+(z-zmin)/(zmax-zmin)*dzmax;zmax := zmax + dzmax;re
al
;hi_energy := total_energy ;restore_
oords;zmax := zmax - dzmax;for
e3a:= -(hi_energy - lo_energy)/2/dzmax;// For
e by expli
it 
al
ulation of for
es. Surfa
e tension for
e// only here, sin
e pressure not a
ting on 
hip in lateral dire
tion.156
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hni
al Referen
e.method4 :=for
e4 := sum(edge ee where on_boundary 1,(ee.y*ee.fa
et[1℄.x - ee.x*ee.fa
et[1℄.y)/ee.fa
et[1℄.area);// For
e by variational integrals:method5 := for
e5 := -for
ez.value;// all methods at on
emethods :=quiet on; method1; method2; method3; method3a;if (linear) then method4;method5;quiet off;printf "\n\nSummary:\n" ;printf "True for
e: %-#20.15g\n",-2*pi*rmax/
osh(zmax);printf "For
e by method 1: %-#20.15g\n",for
e1;printf "For
e by method 2: %-#20.15g\n",for
e2;printf "For
e by method 3: %-#20.15g\n",for
e3;printf "For
e by method 3a: %-#20.15g\n",for
e3a;if (linear) then printf "For
e by method 4: %-#20.15g\n",for
e4;printf "For
e by method 5: %-#20.15g\n",for
e5;Table 1. Errors in 
al
ulated for
e by method 3 (uniform stret
h with Lagrange multipliers) fordq = 10�5 and 
entral di�eren
e: Lagrange orderre�nement 1 2 3 4 5 6 7 80 8.5e-1 3.8e-3 6.2e-3 3.6e-3 1.7e-4 1.7e-5 1.1e-5 6.1e-61 2.0e-1 1.8e-3 3.0e-4 1.0e-5 1.0e-6 7.8e-8 1.5e-8 1.7e-92 5.1e-2 1.2e-4 2.1e-5 1.8e-7 1.3e-8 3.2e-10 5.5e-10 3.8e-103 1.3e-2 6.9e-64 4.3e-3 4.3e-75 8.2e-4Table 2. Time of 
al
ulation (r; g5; hessian; hessian; hessian) in se
onds:Lagrange orderre�nement 1 2 3 4 5 6 7 80 1.272 3.094 9.204 20.289 32.598 106.5631 0.340 3.184 4.777 12.127 36.212 80.155 131.710 425.1422 1.291 12.277 19.328 49.190 145.850 326.570 523.593 1789.7103 6.479 51.384 83.740 209.9824 19.839 227.0465 98.441x7.12. Equiangulation.Triangulations work best when the fa
ets are 
lose to equilateral (that is, equiangular). Given a set ofverti
es, how do you make them into a triangulation that has triangles as nearly as possible equilateral? Inthe plane, the answer is the Delaunay triangulation, in whi
h the 
ir
um
ir
le of ea
h triangle 
ontains noother vertex. See [S℄. It is almost always unique. It 
an be 
onstru
ted by lo
al operations beginning withany triangulation. Consider any edge as the diagonal of the quadrilateral formed by its adja
ent triangles. If157



Surfa
e Evolver Manualthe angles of the two verti
es o� of the edge add to more than �, then the 
ir
um
ir
le 
riterion is violated,and the diagonal should be swit
hed to form a repla
ement pair of fa
ets.Suppose now we have a triangulation of a 
urved surfa
e in spa
e. For any edge with two adja
entfa
ets, we swit
h the edge to the other diagonal of the skew quadrilateral if the sum of the angles at the o�verti
es is more than �. Let a be the length of the 
ommon edge, b and 
 the lengths of the other sides ofone triangle, and d and e the lengths of the other sides of the other triangle. Let �1 and �2 be the o� angles.Then by the law of 
osinesa2 = b2 + 
2 � 2b
 
os�1; a2 = d2 + e2 � 2de 
os �2: (1)The 
ondition �1 + �2 > � is equivalent to 
os �1 + 
os �2 < 0. So we swit
h ifb2 + 
2 � a2b
 + d2 + e2 � a2de < 0: (2)This is guaranteed to terminate sin
e a swit
h redu
es the radii of the 
ir
um
ir
les and there are a �nitenumber of triangulations on a �nite number of verti
es. When using the u 
ommand to equiangulate, youshould use it several times until no 
hanges happen. If you do get a genuine in�nite loop, report it as a bug.x7.13. Dihedral angle.The dihedral angle attribute of an edge is de�ned in the soap �lm model for any edge with two adja
entfa
ets. (Other edges return a dihedral angle of 0.) Letting the 
ommon edge be ~a, and letting ~b and ~
 bethe other edge ve
tors from the base of ~a, we use the inner produ
t of 2-ve
tors:
os � = < ~a ^~b;~
 ^ ~a >jj~a ^~bjjjj~
 ^ ~ajj = ����~a � ~
 ~a � ~a~b � ~
 ~b � ~a ��������~a � ~a ~a �~b~b � ~a ~b �~b ����1=2 ���� ~
 � ~
 ~
 � ~a~a � ~
 ~a � ~a ����1=2 :If the denominator is 0 or 
os � > 1, then � = 0. If 
os � < �1, then � = �. Note that this de�nition worksin any ambient dimension.In the string model, this is the angle from straightness of two edges at a vertex. If there are less thantwo edges, the value is 0. If two or more edges, the value is 2*asin(F/2), where F is the magnitude of thenet for
e on the vertex, assuming ea
h edge has tension 1. Upper limit 
lamped to pi.x7.14. Area normalization.By default, the gradients of quantities like energy and volume are 
al
ulated simply as the gradient ofthe quantity as a fun
tion of vertex position. This gives the for
e on a vertex, for example. But sometimesit is desirable to have for
e per area instead, for example in dire
tly estimating mean 
urvature. The mean
urvature ve
tor�eld ~h of a surfa
e is de�ned to be the gradient of the area of the surfa
e in the sense thatif the surfa
e is deformed with an instantaneous velo
ity ~u then the rate of 
hange of surfa
e area isdAdt = Z Zsurfa
e ~u � ~hdA: (1)A

ording to the triangulation formulation, with ~Fv being the for
e on vertex v, the rate of 
hange isdAdt =Xv u(v) � �~Fv : (2)Hen
e as approximation to ~h, we take ~h = �~Fv=dAv (3)158
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hni
al Referen
e.and take the area dAv asso
iated with a vertex to be one-third of the total areas of the fa
ets surroundingthe vertex. Sin
e ea
h fa
et has three verti
es, this allo
ates all area. Command \a" 
an be used to togglearea normalization.x7.15. Hidden surfa
es.This se
tion des
ribes the algorithm used by the painter graphi
s interfa
e to hide hidden surfa
es.1. Ea
h fa
et has the viewing transformation applied to it.2. Ea
h fa
et has its maximum and minimum in ea
h dimension re
orded (bounding box).3. Fa
ets are sorted on their maximum depth (rear of bounding box).4. List is traversed in depth order, ba
k to front. If a fa
et's bounding box does not overlap any others',it is drawn. If it does overlap, a linear program tries to �nd some point where one fa
et is dire
tly in front ofthe other. If there is su
h a point and the order there is ba
kward, the fa
ets are swit
hed on the list. Thetraversal then restarts there. If it makes over 10 swit
hes without drawing a fa
et, it gives up and draws the
urrent fa
et anyway.x7.16. Extrapolation.The �nal energy value at re�nement step n is saved as En. Assuming the di�eren
e from minimumenergy follows a power law of unknown power, three su

essive values are used to extrapolate to the minimumenergy E0: En = E0 + a
b;En�1 = E0 + a(2
)b;En�2 = E0 + a(4
)b: (1)Hen
e E0 = En � (En �En�1)2En � 2En�1 + En�2 : (2)x7.17. Curvature test.This only applies to the quadrati
 model.x7.18. Annealing (jiggling).This happens at ea
h 
ommand j, or at ea
h iteration if the jiggling option (
ommand J)is a
tivated.Ea
h 
oordinate of ea
h non-FIXED vertex is moved byÆx = gTL (1)where g is a random value from the standard Gaussian distribution (
al
ulated from the sum of �ve randomvalues from the uniform distribution on [0,1℄), T is the 
urrent temperature, and L is a 
hara
teristi
 lengththat starts as the diameter of the surfa
e and is 
ut in half at ea
h re�nement.x7.19. Long wavelength perturbations (long jiggling).This is 
ommand longj. An amplitude ~A and a wavelength ~L are 
hosen at random from a unit sphereby pi
king random ve
tors in a 
ube of side 2 
entered at the origin and reje
ting attempts that are outsidethe unit sphere. ~A and ~L are then multiplied by the size of the surfa
e to give them the proper s
ale. Thewavelength is inverted to a waveve
tor ~w. The amplitude is multiplied by the temperature. A random phase is pi
ked. Then ea
h vertex ~v is moved by ~A sin(~v � ~w +  ).x7.20. Homothety. 159



Surfa
e Evolver ManualThis s
ales the total volume of all bodies to 1 by multiplying ea
h 
oordinate by XbodiesVbody!�1=3 : (1)In the string model, the fa
tor is  XbodiesVbody!�1=2 : (2)x7.21. Popping non-minimal edges.All fa
ets are assumed to have equal tension. This looks for edges with more that three fa
ets that arenot �xed or on boundaries or 
onstraints. When found, su
h an edge is split with a new fa
et in between.The two 
losest old fa
ets are atta
hed to the new edge. This is repeated until only three fa
ets are on theoriginal edge. Ea
h split is propagated along the multiple jun
tion line as far as possible. If it is impossibleto propagate beyond either endpoint, the edge is subdivided to provide a vertex whi
h 
an be split.x7.22. Popping non-minimal vertex 
ones.String model.Any vertex with four or more edges is tested. The edges into the vertex are separated into two 
ontiguousgroups. The endpoints of one group are transfered to a new vertex, and a short edge is introdu
ed betweenthe new and old vertex. All groupings are tested to see whi
h one pulls apart the most. This method workswhen the edges have non-equal tensions.Soap�lm model.All fa
ets are assumed to have equal tension. This assumes that all edges have at most three fa
etsadjoining, so edge popping should be done �rst. Here the fa
et and edge stru
ture around ea
h vertex isanalyzed to �nd whi
h have the wrong topology. The analysis is done by looking at the network formed bythe interse
tion of the fa
ets and edges 
ontaining the vertex with the surfa
e of a small sphere around thevertex. The numbers of sides of the 
ells of the network are 
ounted. A simple plane vertex has two 
ells ofone side ea
h. A triple edge vertex has three 
ells of two sides ea
h. A tetrahedral point has four 
ells withthree sides ea
h. Any other 
on�guration is popped.The popping itself is done by repla
ing the vertex with a hollow formed by trun
ating ea
h 
ell-
oneex
ept the 
ell with the largest solid angle. In 
ase the network is dis
onne
ted, the solid angles of all the
ells will add up to over 4�. Then the vertex is dupli
ated and the di�erent 
omponents are assigned todi�erent verti
es. This lets ne
ks shrink to zero thi
kness and pull apart.x7.23. Re�ning.First, all edges are subdivided by inserting a midpoint. Hen
e all fa
et temporarily have six sides. Foredges on 
onstraints, the midpoints get the same set of 
onstraints, and are proje
ted to them. For edgeson boundaries, the parameters of the midpoint are 
al
ulated by proje
ting the ve
tor from the edge tail tothe midpoint ba
k into the parameter spa
e and adding that to the tail parameters. This avoids averagingparameters of endpoints, whi
h gives bad results when done with boundaries that wrap around themselves,su
h as 
ir
les. The new edges and the midpoint inherits their attributes from the edge.Se
ond, ea
h fa
et is subdivided into four fa
ets by 
onne
ting the new midpoints into a 
entral fa
et.The new edges inherit their attributes from the fa
et.x7.24. Re�ning in the simplex model. 160
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hni
al Referen
e.The goal is to divide an n-dimensional simplex into 2n equal volume simpli
es, although these 
annotbe 
ongruent for n > 2. First, ea
h 1-dimensional edge is subdivided by inserting a new vertex. This vertexinherits the interse
tion of the attributes of the edge endpoints (i.e. �xity and 
onstraints). Se
ond, then+ 1 tips of the old simplex are lopped o�, leaving a \
ore". This 
ore is re
ursively subdivided. An edgemidpoint is pi
ked as a base point. Fa
es of the 
ore not adja
ent to the base point are either simpli
es(where tips got lopped o�) or 
ores of one lower dimension. The 
ore is given a 
oni
al subdivision from thebase point to simpli
ial subdivisions of the nonadja
ent fa
es. The base point is always pi
ked to have thelowest id number, in order that re�nements of adja
ent simpli
es are 
onsistent.x7.25. Removing tiny edges.The edge list is s
anned, looking for edges shorter than the 
uto� length. It is NOT removed if any ofthe following are true:1. Both endpoints are FIXED.2. The edge is FIXED.3. The boundary and 
onstraint attributes of the endpoints and the edge are not identi
al. For an edgethat passes these tests, one endpoint is eliminated. If one endpoint is FIXED, that is the one kept. Allthe fa
ets around the edge are eliminated (
ollapsing their other two edges to one), and the edge itselfis eliminated.x7.26. Weeding small triangles.This is meant to help eliminate narrow triangles that tiny edge removal 
an't be
ause they don't haveshort edges. This pro
edure �nds the shortest edge of a triangle and eliminates it by the same pro
ess asthe regular tiny edge removal. If that fails, it tries the other edges.x7.27. Vertex averaging.For ea
h vertex, this 
omputes a new position as the area-weighted average of the 
entroids of the fa
etsadjoining the vertex. FIXED verti
es or verti
es on boundaries are not moved. Verti
es on triple lines areonly averaged with neighboring verti
es along the triple line. Tetrahedral points do not get moved. Fornormal verti
es, the s
heme is as follows: If vertex v is 
onne
ted by edges to verti
es v1; : : : ; vn, then thenew position is 
al
ulated as ~vavg = Pfa
ets area � ~x
entroidPfa
ets area : (1)The volume one one side of all the fa
ets around the vertex 
al
ulated as a 
one from the vertex isV = Xfa
ets f ~v � ~Nf (2)where ~Nf is the fa
et normal representing its area. The total normal ~N is~N = Xfa
ets f ~Nf : (3)To preserve volume, we subtra
t a multiple � of the total normal to the average position:(~vavg � � ~N) � ~N = ~v � ~N; (4)so � = ~vavg � ~N � ~v � ~N~N � ~N : (5)Then the new vertex position is ~vnew = (~vavg � � ~N): (6)161



Surfa
e Evolver ManualConstrained verti
es are then proje
ted to their 
onstraints.The \rawv" 
ommand will do vertex averaging as just des
ribed, but without 
onserving volumes. The\rawestv" 
ommand will also ignore all restri
tions about like 
onstraints and triple edges, but it will notmove �xed points or points on boundaries. Points on 
onstraints will be proje
ted ba
k to them.x7.28. Zooming in on vertex.First, all verti
es beyond the 
uto� distan
e from the given vertex are deleted. Then all edges and fa
ets
ontaining any deleted verti
es are deleted. Any remaining edge that had a fa
et deleted from it is madeFIXED.x7.29. Mobility and approximate 
urvature.This se
tion derives the resistan
e and mobility matri
es used in approximate 
urvature. The derivationis done in the full generality of vertex 
onstraints, boundaries, volume and quantity 
onstraints, and e�e
tivearea.First, we must de�ne the inner produ
t or metri
 on global ve
tors, whi
h is the resistan
e matrix. Let~W be a global ve
tor�eld, that is, ~W has a 
omponent ve
tor ~Wv at ea
h vertex v. At ea
h vertex v, let~Uv;i be a basis for the degrees of freedom of motion of vertex v due to level set 
onstraints or boundaries.Consider one edge e in the string model. Let P be the proje
tion operator onto the normal of e if e�e
tivearea is in e�e
t, and let P be the identity map if not. Then the inner produ
t of two ve
tor �elds is< ~W; ~V > = L Z 10 P ((1� t) ~Wa + t ~Wb) � P ((1� t)~Va + t~Vb)dt= L(13P ~Wa � P ~Va + 16P ~Wa � P ~Vb + 16P ~Wb � P ~Va + 13P ~Wb � P ~Vb): (1)If the ve
tors are expressed in terms of the bases Uv with 
oeÆ
ient 
olumn matri
es Wv and Vv , then< ~W; ~V >= L(13Xi;j Wai ~Ua;i � P ~Ua;jVaj + 16Xi;j Wai ~Ua;i � P ~Ub;jVbj+16Xi;j Wbi ~Ub;i � P ~Ua;jVaj + 13Xi;j Wbi ~Ub;i � P ~Ub;jVbj): (2)So the 
omponents of the resistan
e matrix S areSai;aj = L3 ~Ua;i � P ~Ua;j ;Sai;bj = L6 ~Ua;i � P ~Ub;j : (3)In the soap�lm model, for a fa
et of area A,Sai;aj = A6 ~Ua;i � P ~Ua;j ;Sai;bj = A12 ~Ua;i � P ~Ub;j : (4)The total matrix S is formed by adding the 
ontributions from all edges. Note that S has a blo
k on itsdiagonal for ea
h vertex and a blo
k for ea
h pair of edges joined by an edge. Hen
e it is reasonably sparse.S is a symmetri
 positive semide�nite matrix, positive de�nite if e�e
tive area is not in e�e
t.Now suppose we have a form H to 
onvert to a ve
tor. H is represented as a 
ove
tor Hv at ea
h vertexv. The mobility matrix M = (Mbj;ai) is the inverse of S. The �rst step is to �nd the 
oeÆ
ients in the dualbasis of U by 
ontra
ting: ha;i =< ~Ua;i; Hv > : (5)162
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hni
al Referen
e.The U basis 
omponents of the ve
tor dual to H are then
b;j =Mbj;aiha;i: (6)A
tually, the 
omponents are found by solving the sparse systemSai;bj
a;i = ha;i: (7)The foregoing ignores volume and quantity 
onstraints. Suppose Bk are gradient forms for the volumeand quantity 
onstraints. We need to proje
t the motion in su
h a way as to guarantee that when thevelo
ity is zero, the energy gradient is a linear 
ombination of 
onstraint gradients.proj(H) = H � �kBk: (8)The proje
ted velo
ity is V =M(H � �kBk): (9)The 
ondition for motion tangent to the 
onstraints isBmM(H � �kBk) = 0 for ea
h m: (10)Therefore BmMBk�k = BmMH; (11)and so �k = (BmMBk)�1BmMH: (12)
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Surfa
e Evolver ManualChapter 8. Named Methods and Quantities.x8.1. Introdu
tion.Named methods and quantities are a systemati
 s
heme of 
al
ulating global quantities su
h as area,volume, and surfa
e integrals that supplements the original ad ho
 s
heme in the Evolver. Brie
y, namedmethods are built-in fun
tions, and named quantities are 
ombinations of instan
es of methods. See theringblob.fe data�le for an example. The original ad ho
 
al
ulations are still the default where they exist,but all new quantities are being added in the named quantity s
heme. Some new features will work onlywith named quantities, in parti
ular many Hessian 
al
ulations. To 
onvert everything to named quantities,start Evolver with the -q option or use the 
onvert_to_quantities 
ommand. This has not been madethe default sin
e named quantities 
an be slower than the originals. It is planned that eventually all energiesand global 
onstraints will be 
onverted to named quantity system. However, existing syntax will remainvalid wherever possible. Starting Evolver with the -q option will do this 
onversion now.The sample data�les q
ube.fe, qmound.fe, and ringblob.fe 
ontains some examples of named quan-tities and instan
es. The �rst two are quantity versions of 
ube.fe and mound.fe. These illustrate the mostgeneral and useful methods, namely fa
et ve
tor integral, fa
et s
alar integral, and edge ve
tor integral,rather than the faster but more spe
ialized methods su
h as fa
et area. My advi
e is that the user sti
kto the old impli
it methods for area, volume, and gravitational energy, and use named quantities only forspe
ialized 
ir
umstan
es.x8.2. Named methods.A method is a way of 
al
ulating a s
alar value from some parti
ular type of element (vertex, edge, fa
et,body). Ea
h method is implemented internally as a set of fun
tions for 
al
ulating the value and its gradientas a fun
tion of vertex positions. The most 
ommon methods also have Hessian fun
tions. Methods arereferred to by their names. See the Implemented methods list below for the available methods. Addinga new method involves writing C routines to 
al
ulate the value and the gradient (and maybe the Hessian)as fun
tions of vertex 
oordinates, adding the fun
tion de
larations to quantity.h, and adding a stru
tureto the method de
laration array in quantity.
. All the other syntax for invoking it from the data�le isalready in pla
e.x8.3. Method instan
es.A method instan
e is the sum of a parti
ular method applied to a parti
ular set of geometri
 elements.Some methods (like fa
et_area) are 
ompletely self-
ontained. Others (like fa
et_ve
tor_integral)require the user to spe
ify some further information. For these, ea
h instan
e has a spe
i�
ation of thisfurther information. Method instan
es are de�ned in the data�le, and may either be unnamed parts ofnamed quantity de�nitions or separate named method instan
es for in
lusion in named quantities. Theseparate named version is useful if you want to inspe
t instan
e values for the whole surfa
e or individualelements.An instan
e total value 
an be printed with the A 
ommand, or may be referred to as "instan
e-name.value" in 
ommands. The instan
e name itself may be used as an element attribute. For example,supposing there is an instan
e named moment, whi
h applies to fa
ets. Then typi
al 
ommands would beprint moment.valueprint fa
et[3℄.momentlist fa
et where moment > 0.1Every method instan
e has a modulus, whi
h is multiplied times the basi
 method value to give the instan
evalue. A modulus of 0 
auses the entire instan
e 
al
ulation to be omitted whenever quantities are 
al
ulated.The modulus may be set in the data�le or with the A 
ommand or by assignment. Example 
ommands:print moment.modulusmoment.modulus := 1.3 164



Chapter 8. Named Methods and Quantities.The de
laration of a method instan
e may 
ause it to use a di�erent modulus for ea
h element byspe
ifying an element extra attribute to use for that purpose. The extra attribute has to have already beende
lared. Example:de�ne fa
et attribute mymod realquantity myquant energy method fa
et area global element modulus mymodOf 
ourse, it is up to the user to properly initialize the values of the extra attribute.Some methods, those that logi
ally depend on the orientation of the element, 
an be applied with a rela-tive orientation. When applied to individual elements in the data�le, a negative orientation is indi
ated by a'-' after the instan
e name. When applied at runtime with the set 
ommand, the orientation will be negativeif the element is generated with negative orientation, i.e. set body[1℄.fa
et method instan
e qqq. Themethods 
urrently implementing this feature are: edge ve
tor integral, string gravity,fa
et ve
tor integral,fa
et 2form integral, fa
et volume,fa
et torus volume, simplex ve
tor integral, simplex k ve
tor integral,edge k ve
tor integral, gravity method, and full gravity method.x8.4. Named quantities.A named quantity is the sum total of various method instan
es, although usually just one instan
eis involved. The instan
es need not apply to the same type of element; for example, both fa
et and edgeintegrals may be needed to de�ne a volume quantity. Ea
h named quantity is one of three types:energy quantities whi
h are added to the total energy of the surfa
e;fixed quantities that are 
onstrained to a �xed target value (by Newton steps at ea
h iteration); and
onserved quantities are like �xed, but the value is irrelevant. The quantity gradient is used toeliminate a degree of freedom in motion. Rarely used, but useful to eliminate rotational degree offreedom, for example. Will not work with optimizing parameters, sin
e they do gradients by di�eren
es.info_only quantities whose values are merely reported to the user. This type is initially set in aquantity's data�le de
laration. A quantity 
an be toggled between �xed and info only with the "fixquantityname" and "unfix quantityname" 
ommands.The value of a quantity may be displayed with the A or v 
ommands, or as an expression "quantity-name.value". Furthermore, using the quantity name as an element attribute evaluates to the sum of all theappli
able 
omponent instan
e values on that element. For example, supposing there is a quantity namedvol, one 
ould doprint vol.valueprint fa
et[2℄.volhistogram(fa
et,vol)Ea
h quantity has a modulus, whi
h is just a s
alar multiplier for the sum of all instan
e values. Amodulus of 0 will turn o� 
al
ulation of all the instan
es. The modulus 
an be set in the data�le de
laration,with the A 
ommand, or by assignment:quantityname.modulus := 1.2Ea
h �xed quantity has a target value, to whi
h the Evolver attempts to 
onstraint the quantity value.Ea
h time an iteration is done ( g 
ommand or the various Hessian 
ommands), Newton's Method is used toproje
t the surfa
e to the 
onstrained values. The target value 
an be displayed with the A or v 
ommands,or as "quantityname.target". It 
an be 
hanged with the A 
ommand or by assignment. Example:print qname.targetqname.target := 3.12 165



Surfa
e Evolver ManualA quantity 
an have a 
onstant value added to it, similar to the body attribute vol
onst. This quantityattribute is also 
alled vol
onst. It is useful for adding in known values of say integrals that are omittedfrom the a
tual 
al
ulation. It 
an be set in the quantity's data�le de�nition, or by an assignment 
ommand.Ea
h �xed quantity has a Lagrange multiplier asso
iated to it. The Lagrange multiplier of a 
onstraintis the rate of energy 
hange with respe
t to the 
onstraint target value. For a volume 
onstraint, the La-grange multiplier is just the pressure. Lagrange multipliers are 
al
ulated whenever an iteration step isdone. They may be displayed by the v 
ommand in the "pressure" 
olumn, or as an expression "quantity-name.pressure".A �xed quantity 
an have a toleran
e attribute, whi
h is used to judge 
onvergen
e. A surfa
e isdeemed 
onverged when the sum of all ratios of quantity dis
repan
ies to toleran
es is less than 1. Thissum also in
ludes bodies of �xed volume. If the toleran
e is not set or is negative, the value of the variabletarget_toleran
e is used, whi
h has a default value of 0.0001.x8.5. Implemented methods.The 
urrently implemented methods are listed here, grouped somewhat by nature. Within ea
h group,they are more or less in order of importan
e.0-dimensional <ul><a href="#vertex_s
alar_integral">vertex_s
alar_integral </ul>1-dimensionaledge_tension, edge_lengthdensity_edge_lengthedge_s
alar_integraledge_ve
tor_integraledge_general_integraledge_areaedge_torus_areastring_gravityhooke_energyhooke2_energyhooke3_energylo
al_hooke_energydihedral_hookesq
urve_stringmetri
_edge_lengthklein_length
ir
ular_ar
_length
ir
ular_ar
_areaspheri
al_ar
_lengthspheri
al_ar
_area2-dimensionalfa
et_tension, fa
et_areadensity_fa
et_areafa
et_volumefa
et_s
alar_integralfa
et_ve
tor_integral 166



Chapter 8. Named Methods and Quantities.fa
et_2form_integralfa
et_general_integralfa
et_torus_volumegravity_methodfull_gravity_methodfa
et_area_udensity_fa
et_area_ugap_energymetri
_fa
et_areaklein_areadiri
hlet_areasobolev_areapos_area_hessspheri
al_areastokes2dstokes2d_lapla
ian2-D Curvaturesmean_
urvature_integralsq_mean_
urvatureeff_area_sq_mean_
urvaturenormal_sq_mean_
urvaturestar_sq_mean_
urvaturestar_eff_area_sq_mean_
urvaturestar_normal_sq_mean_
urvaturestar_perp_sq_mean_
urvaturegauss_
urvature_integralsq_gauss_
urvatureGeneral dimensionssimplex_ve
tor_integralsimplex_k_ve
tor_integraledge_k_ve
tor_integralKnot energiesknot_energyuniform_knot_energyuniform_knot_energy_normalizeruniform_knot_normalizer1uniform_knot_normalizer2edge_edge_knot_energy, edge_knot_energyedge_knot_energy_normalizersimon_knot_energy_normalizerfa
et_knot_energyfa
et_knot_energy_fixbu
k_knot_energy 167
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e Evolver Manualproj_knot_energy
ir
le_knot_energysphere_knot_energysin_knot_energy
urvature_binormalddd_gamma_sqedge_min_knot_energytrue_average_
rossingstrue_writhetwistwrithe
urvature_fun
tionWeird and mis
ellaneouswulff_energylinear_elasti
linear_elasti
_Brelaxed_elasti
relaxed_elasti
_Aarea_squarestress_integral
arter_energy
harge_gradientjohndusta
kermanx8.6. Method des
riptions.The des
riptions below of the individual methods give a mathemati
al de�nition of the method, whattype of element it applies to, de�nition parameters, whi
h types of models it applies to, any restri
tions onthe dimension of ambient spa
e, and whether the method has a Hessian implemented. Fuller mathemati
alformulas for some of the methods may be found in the Te
hni
al Referen
e 
hapter. Unless spe
i�
allynoted, a method has the gradient implemented, and hen
e may be used for an energy or a 
onstraint. Thede�nition parameters are usually s
alar or ve
tor integrands (see the Data�le 
hapter for full syntax). Somemethods also depend on global variables as noted. The sample data�le de
larations given are for simple
ases; full syntax is given in the Data�le 
hapter. Remember in the samples that for quantities not de
laredglobal, the quantity has to be individually applied to the desired elements.0-dimensionalvertex s
alar integral. Des
ription: Fun
tion value at a vertex. This a
tually produ
es a sum oververti
es, but as a mathemati
ian, I think of a sum over verti
es as a point-weighted integral. Element: vertex.Parameters: s
alar_integrand. Models: linear, quadrati
, Lagrange, simplex. Ambient dimension: any.Hessian: yes. Example data�le de
laration:quantity point_value energy method vertex_s
alar_integrals
alar_integrand: x^2 + y^2 - 2x + 31-dimensional 168



Chapter 8. Named Methods and Quantities.edge tension or edge length. Des
ription: Length of edge. Quadrati
 model uses Gaussianquadrature of order integral_order_1D. Element: edge. Parameters: none. Models: linear, quadrati
,Lagrange. Ambient dimension: any. Hessian: yes. Example data�le de
laration:quantity len energy method edge_length globaldensity edge length. Des
ription: Length of edge. Quadrati
 model; uses Gaussian quadratureof order integral_order_1D. Element: edge. Parameters: none. Models: linear, quadrati
, Lagrange.Ambient dimension: any. Hessian: yes. Example data�le de
laration:quantity len energy method density_edge_length globaledge s
alar integral. Des
ription: Integral of a s
alar fun
tion over ar
length. Uses Gaussianquadrature of order integral_order_1D. Element: Parameters: Models: linear, quadrati
, Lagrange.Ambient dimension: any. Hessian: yes. Type: edge. Parameters: s
alar_integrand. Example data�lede
laration:quantity edge_sint energy method edge_s
alar_integrals
alar_integrand: x^2 - 3*y + 4edge ve
tor integral. Des
ription: Integral of a ve
tor�eld over an oriented edge. Uses Gaussianquadrature of order integral_order_1D. Element: edge. Parameters: ve
tor_integrand. Models:linear, quadrati
, Lagrange. Ambient dimension: any. Hessian: yes. Orientable: yes. Example data�lede
laration:quantity edge_vint energy method edge_ve
tor_integralve
tor_integrand:q1: 0q2: 0q3: z^2/2edge general integral. Des
ription: Integral of a s
alar fun
tion of position and tangent over anedge. The 
omponents of the tangent ve
tor are represented by 
ontinuing the 
oordinate indi
es. That is,in 3D the position 
oordinates are x1,x2,x3 and the tangent 
omponents are x4,x5,x6. For proper behavior,the integrand should be homogeneous of degree 1 in the tangent 
omponents. Uses Gaussian quadrature oforder integral_order_1D. Element: edge. Parameters: s
alar_integrand. Models: linear, quadrati
,Lagrange. Ambient dimension: any. Hessian: yes. Example data�le de
laration: the edge length in 3D
ould be 
al
ulated with this quantity:quantity ar
length energy method edge_general_integrals
alar_integrand: sqrt(x4^2 + x5^2 + x6^2)edge area. Des
ription: For 
al
ulating the area of a body in the string model. Implemented as theexa
t integral R �ydx over the edge. Valid for torus model, but not general symmetry groups. Element: edge.Parameters: none. Models: linear, quadrati
, Lagrange. Ambient dimension: 2. Hessian: yes. Exampledata�le de
laration:quantity 
ell1_area fixed = 1.3 method edge_areaedge torus area. Des
ription: For 2D torus string model body area 
al
ulations. Contains adjust-ments for torus wraps. Element: edge. Parameters: none. Models: torus; string; linear,quadrati
,Lagrange.Ambient dimension: 2. Hessian: no. Example data�le de
laration:quantity 
ell_area fixed = 1.3 method edge_torus_area169



Surfa
e Evolver Manualstring gravity. Des
ription: To 
al
ulate the gravitational potential energy of a body in the stringmodel. Uses di�eren
es in body densities. Does not use gravitational 
onstant G as modulus (unless invokedas internal quantity by 
onvert_to_quantities). Element: edge. Parameters: none. Models: stringlinear, quadrati
, lagrange. Ambient dimension: 2. Hessian: yes. Orientable: yes. Example data�lede
laration:quantity 
ell_grav energy modulus 980*8.5 method string_gravityhooke energy. Des
ription: One would often like to require edges to have �xed length. The totallength of some set of edges may be 
onstrained by de�ning a �xed quantity. This is used to �x the totallength of an evolving knot, for example. But to have one 
onstraint for ea
h edge would be impra
ti
al,sin
e proje
ting to n 
onstraints requires inverting an n x n matrix. Instead there is a Hooke's Law energyavailable to en
ourage edges to have equal length. Its form per edge isE = jL� L0jp;where L is the edge length, L0 is the equilibrium length, embodied as an adjustable parameter hooke_length,and the power p is an adjustable parameter hooke_power. The default power is p = 2, and the defaultequilibrium length is the average edge length in the initial data�le. You will want to adjust this, espe
iallyif you have a total length 
onstaint. A high modulus will de
rease the hooke 
omponent of the total energy,sin
e the restoring for
e is linear in displa
ement and the energy is quadrati
 (when p = 2). As an extraadded bonus, a hooke_power of 0 will give E = � log jL�L0j: See hooke2 energy for individual edge equi-librium lengths. Element: edge. Parameters: none. Models: linear. Ambient dimension: any. Hessian: yes.Example data�le de
laration:parameter hooke_length 0.3 // will apply to all edgesparameter hooke_power 2 // the defaultquantity slinky energy method hooke_energy globalhooke2 energy. Des
ription: Same as hooke energy, but ea
h edge has an equilibrium length extraattribute hooke_size (whi
h the user need not de
lare). If the user does not set hooke_size by the timethe method is �rst 
alled, the value will default to the 
urrent length. Hooke_size is not automati
allyadjusted by re�ning. Element: edge. Parameters: none. Models: linear. Ambient dimension: any. Hessian:yes. Example data�le de
laration:parameter hooke_power 2 // the defaultdefine edge attribute hooke_size realquantity slinky energy method hooke2_energy global...readr;r;set edge hooke_size lengthhooke3 energy. Des
ription: Same as hooke2 energy, but uses an elasti
 model instead of a spring.The energy is energy = 0.5*(length-hooke size)2̂/hooke size. The exponent 
an be altered from 2 by settingthe parameter hooke3_power. Element: edge. Parameters: none. Models: linear. Ambient dimension:any. Hessian: yes. Example data�le de
laration:parameter hooke3_power 2 // the defaultquantity slinky energy method hooke3_energy global...readr;r;set edge hooke_size length 170



Chapter 8. Named Methods and Quantities.lo
al hooke energy. Des
ription: Energy of edges as springs with equilibrium length being averageof lengths of neighbor edges. A
tually, the energy is 
al
ulated per vertex,E = (L1 � L2L1 + L2 )2where L1 and L2 are the lengths of the edges adja
ent to the vertex. Meant for loops of string. (by JohnSullivan) Element: vertex. Parameters: none. Models: linear. Ambient dimension: any. Hessian: no.Example data�le de
laration:quantity slinky energy method lo
al_hooke_energy globaldihedral hooke. Des
ription: Energy of an edge is edge length times square of angle between normalsof adja
ent fa
ets. A
tually, e = (1 - 
os(angle))*length. Element: edge. Parameters: none. Models: linear.Ambient dimension: any. Hessian: yes . Example data�le de
laration:quantity bender energy method dihedral_hooke globalsq
urve string. Des
ription: Integral of squared 
urvature in string model. Assumes two edges pervertex, so don't use with triple points. Value zero at endpoint of 
urve. Calue is 
al
ulated as if the exteriorangle at the vertex is evenly spread over the adja
ent half-edges. More pre
isely, if s1 and s2 are the adja
entedge lengths and t is the exterior angle, value = 4*(1 - 
os(t))/(s1+s2). Other powers of the 
urvature 
anbe spe
i�ed by using the parameter parameter_1 in the instan
e de�nition. Element: vertex. Parameters:parameter_1. Models: linear. Ambient dimension: any. Hessian: yes. Example data�le de
laration:quantity sq energy method sq
urve_string globalparameter_1 3metri
 edge length. Des
ription: In the string model with a Riemannian metri
, this is the lengthof an edge. Element: edge. Parameters: none. Models: linear,quadrati
,simplex. Ambient dimension: any.Hessian: yes. Example data�le de
laration:stringspa
e_dimension 2metri
1+x^2 yy 1+y^2quantity mel energy method metri
_edge_length globalklein length. Des
ription: Edge length in Klein hyperboli
 plane model. Does not depend onklein_metri
 being de
lared. Verti
es should be inside unit sphere. Element: edge. Parameters: none.Models: linear. Ambient dimension: 2. Hessian: no. Example data�le de
laration:quantity kleinlen energy method klein_length global
ir
ular ar
 length. Des
ription: Edge length, modelling the edge as a 
ir
ular ar
 through threepoints, hen
e useful only in the quadrati
 model. If not in the quadrati
 model, it evaluates as the edge lengthmethod. The presen
e of this quantity has the side e�e
t of automati
ally toggling 
ir
ular ar
 draw, 
ausingedges to display as 
ir
ular ar
s in the quadrati
 model. Element: edge. Parameters: none. Models:quadrati
. Ambient dimension: 2. Hessian: yes. Example data�le de
laration:quantity ar
len energy method 
ir
ular_ar
_lenght global
ir
ular ar
 area. Des
ription: Area between an edge and the y axis, with the edge modelled as a
ir
ular ar
 through three points. Useful in the quadrati
 model; in other models it is the same as fa
et area.171



Surfa
e Evolver ManualElement: fa
et. Parameters: none. Models: linear. Ambient dimension: any. Orientable: yes. Hessian: yes.Example data�le de
laration:
onstraint 1 formula: x^2 + y^2 + z^2 = 1quantity spharea energy method 
ir
ular_ar
_area globalspheri
al ar
 length. Des
ription: Edge length, modelling the edge as a spheri
al great 
ir
lear
 between its two endpoints, whi
h are assumed to lie on an arbitrary radius sphere 
entered at theorigin. This method is meant for modelling string networks on spheres, and is suitable for use with thelength_method_name feature for substituting the default edge length 
al
ulation method. Note that thismethod is an exa
t spheri
al 
al
ulation in the linear model, so there is no need to re�ne edges or use higherorder models for a

ura
y. But no spe
ial graphing yet, so you might want to re�ne when making pi
tures.Element: edge. Parameters: none. Models: linear. Ambient dimension: 3. Hessian: yes. Example data�lede
laration:parameter rad = 2
onstraint 1formula: x2̂ + y2̂ + z2̂ = rad2̂length method name "spheri
al ar
 length"spheri
al ar
 area. Des
ription: Area on a sphere between an edge (
onsidered as a great 
ir
le ar
)and the north (or south) pole. This is an exa
t 
al
ulation in the linear model. Meant for 
al
ulating the areasof fa
ets in the string model with the string network 
on�ned to a sphere of arbitrary radius 
entered at theorigin. There are two versions of this method, sin
e 
al
ulation of fa
et areas by means of edges ne
essarilyhas a singularity somewhere on the sphere. Spheri
al_ar
_area_n has its singularity at the south pole,and spheri
al_ar
_area_s has its singularity at the north pole. Thus spheri
al_ar
_area_swill worka

urately for fa
ets not in
luding the north pole in there interiors; a fa
et in
luding the north pole will haveits area 
al
ulated as the negative 
omplement of its true area, so a body de�ned using it 
ould get the 
orre
tarea by using a vol
onst of a whole sphere area. If the singular pole falls on an edge or vertex, then resultsare unpredi
table. With these 
aveats, these methods are suitable for use with the area_method_namefeature for substituting the default edge area method. Element: edge. Parameters: none. Models: linear.Ambient dimension: 3. Orientable: yes. Hessian: yes. Example data�le de
laration:parameter rad = 2
onstraint 1formula: x2̂ + y2̂ + z2̂ = rad2̂area method name "spheri
al ar
 area s"2-dimensionalfa
et tension, fa
et area. Des
ription: Area of fa
et. Does not multiply by fa
et density; den-sity fa
et area does that. Quadrati
 model uses Gaussian 
ubature of order integral_order_2D. Bewarethat this is an approximation to the area, and if the fa
ets in the quadrati
 or Lagrange model get toodistorted, it 
an be a bad approximation. Furthermore, fa
ets 
an distort themselves in seeking the lowestnumeri
al area. By default, 
hanging the model to quadrati
 or Lagrange will set an appropriate inte-gral_order_2D. Element: fa
et. Parameters: none. Models: linear, quadrati
, Lagrange, simplex. Ambientdimension: any. Hessian: yes. Example data�le de
laration:quantity farea energy method fa
et_area globaldensity fa
et area. Des
ription: Area of fa
et, multiplied by its density. Otherwise same asfa
et area. Element: fa
et. Parameters: none. Models: linear, quadrati
, Lagrange, simplex. Ambientdimension: any. Hessian: yes. Example data�le de
laration:quantity farea energy method density_fa
et_area global172



Chapter 8. Named Methods and Quantities.fa
et volume. Des
ription: Integral R z dx dy over an oriented fa
et. Valid in the torus domain. Notvalid for other symmetry groups. Element: fa
et. Parameters: none. Models: linear, quadrati
, Lagrange.Ambient dimension: 3. Hessian: yes. Orientable: yes. Example data�le de
laration:quantity vol fixed = 1.3 method fa
et_volumefa
et s
alar integral. Des
ription: Integral of a s
alar fun
tion over fa
et area. Uses Gaussian
ubature of order integral_order_2D. Element: fa
et. Parameters: s
alar_integrand. Models: linear,quadrati
, Lagrange. Ambient dimension: any. Hessian: yes. Example data�le de
laration:quantity fint energy method fa
et_s
alar_integral globals
alar_integrand: x^2+y^2fa
et ve
tor integral. Des
ription: Integral of a ve
tor�eld inner produ
t with the surfa
e normalover a fa
et. The normal is the right-hand rule normal of the fa
et as de�ned in the data�le. Uses Gaussian
ubature of order integral_order_2D. Element: fa
et. Parameters: ve
tor_integrand. Models: linear,quadrati
, Lagrange, simplex. Ambient dimension: any. Hessian: yes. Orientable: yes. Example data�lede
laration, for volume equivalent:quantity fvint energy method fa
et_ve
tor_integrandve
tor_integrand:q1: 0q2: 0q3: zfa
et 2form integral. Des
ription: Integral of a 2-form over a fa
et. Meant for ambient dimen-sions higher than 3. Uses Gaussian 
ubature of order integral_order_2D. Element: fa
et. Parameters:form_integrand (
omponents in lexi
ographi
 order). Models: linear, Lagrange, simplex. Ambient dimen-sion: any. Hessian: yes. Orientable: yes. Example data�le de
laration in 4D:quantity formex energy method fa
et_2form_integralform_integrand:q1: x2 // 12 
omponentq2: 0 // 13 
omponentq3: x4 // 14 
omponentq4: 0 // 23 
omponentq5: 0 // 24 
omponentq6: x3*x2 // 34 
omponentfa
et general integral. Des
ription: Integral of a s
alar fun
tion of position and normal ve
tor overa fa
et. Uses Gaussian 
ubature of order integral_order_2D. The 
omponents of the normal ve
tor arerepresented by 
ontinuing the 
oordinate indi
es. That is, in 3D the position 
oordinates are x1,x2,x3 andthe normal 
omponents are x4,x5,x6. For proper behavior, the integrand should be homogeneous of degree 1in the normal 
omponents. Element: fa
et. Parameters: s
alar_integrand. Models: linear, quadrati
,Lagrange. Ambient dimension: any. Hessian: yes. Example: The fa
et area 
ould be 
al
ulated with thisquantity:quantity surfa
earea energy method fa
et_general_integrals
alar_integrand: sqrt(x4^2 + x5^2 + x6^2)fa
et torus volume. Des
ription: For 3D soap�lm model, 
al
ulates body volume integral for a fa
et,with 
orre
tions for edge wraps. Element: fa
et. Parameters: none. Models: linear,quadrati
,lagrange.Ambient dimension: 3. Hessian: yes. Orientable: yes. Example data�le de
laration:173



Surfa
e Evolver Manualquantity body_vol energy method fa
et_torus_volumegravity method, full gravity method. Des
ription: Gravitational energy, integral R �z2=2dx dyover a fa
et, where � is di�eren
e in adja
ent body densities. Note: this method uses the gravitational
onstant as the modulus if invoked as full gravity method. Just gravity method does not automati
allyuse the gravitational 
onstant. Element: fa
et. Parameters: none. Models: linear, quadrati
, Lagrange.Ambient dimension: 3. Hessian: yes. Orientable: yes. Example data�le de
laration:quantity grav energy modulus 980*8.5 method gravity_methodfa
et area u, density fa
et area u. Des
ription: Area of fa
et. In quadrati
 model, it is anupper bound of area, by the S
hwarz Inequality. For the paranoid. Same as fa
et area in linear model.Sets integral_order_2D to 6, sin
e it doesn't work well with less. Using the density fa
et area u nameautomati
ally in
orporates the fa
et tension, but fa
et area u doesn't. Element: fa
et. Parameters: none.Models: linear, quadrati
. Ambient dimension: any. Hessian: yes. Example data�le de
laration:quantity area_u energy method fa
et_area_u globalgap energy. Des
ription: Implementation of gap energy, whi
h is designed to keep edges from short-
utting 
urved 
onstraint surfa
es. This method serves the same purpose as de
laring a 
onstraint 
onvex.Automati
ally in
orporates the gap 
onstant set in the data�le or by the k 
ommand. Element: edge.Parameters: none. Models: linear. Ambient dimension: any. Hessian: no. Example data�le de
laration:quantity gappy energy method gap_energy globalmetri
 fa
et area. Des
ription: For a Riemannian metri
, this is the area of a fa
et. Element: edge.Parameters: none. Models: linear,quadrati
,simplex. Ambient dimension: any. Hessian: yes. Exampledata�le de
laration:metri
1+x^2 0 z0 1+y^2 0z 0 1+z^2quantity mfa energy method metri
_fa
et_area globalklein area. Des
ription: Fa
et area in Klein hyperboli
 3D spa
e model. Does not depend onklein_metri
 being de
lared in the data�le. Verti
es should be inside the unit sphere. Element: fa
et.Parameters: none. Models: linear. Ambient dimension: 3. Hessian: no. Example data�le de
laration:quantity kleinarea energy method klein_area globaldiri
hlet area. Des
ription: Same as the fa
et tension method, but the Hessian is modi�ed to beguaranteed positive de�nite, after the s
heme of Polthier and Pinkall [PP℄. The energy is taken to be theDiri
hlet integral of the perturbation from the 
urrent surfa
e, whi
h is exa
tly quadrati
 and positivede�nite. Hen
e the hessian 
ommand always works, but �nal 
onvergen
e may be slow (no faster thanregular iteration) sin
e it is only an approximate Hessian. Also see the diri
hlet 
ommand. Element:fa
et. Parameters: none. Models: linear. Ambient dimension: any. Hessian: yes. Example data�lede
laration:quantity dirarea energy method diri
hlet_area globalsobolev area. Des
ription: Same as the fa
et tension method, but the Hessian is modi�ed to beguaranteed positive de�nite, after the s
heme of Renka and Neuberger. [RN℄. Hen
e the hessian 
ommand174



Chapter 8. Named Methods and Quantities.always works, but �nal 
onvergen
e may be slow (no faster than regular iteration) sin
e it is only an ap-proximate Hessian. Also see the sobolev 
ommand. Element: fa
et. Parameters: none. Models: linear.Ambient dimension: any. Hessian: yes. Example data�le de
laration:quantity sobarea energy method sobolev_area globalpos area hess. Des
ription: Same as the fa
et area method, but the Hessian 
an be adjusted variousways by setting the variables fgagfa_
oeff, gfa_2_
oeff, gfagfa_
oeff, and gfaafg_
oeff. Thiswill make sense if you look at the Diri
hlet se
tion of the Te
hni
al Referen
e 
hapter of the printed manual.The default values of the 
oeÆ
ients are -1, 1, -1, and 0 respe
tively. Element: fa
et. Parameters: none.Models: linear. Ambient dimension: any. Hessian: yes. Example data�le de
laration:quantity parea energy method pos_area_hess globalspheri
al area. Des
ription: The spheri
al area of a triangle proje
ted out to a unit sphere. The usermust have the verti
es on the unit sphere. First meant for minimal surfa
es in 4D that are to be mappedto surfa
es of 
onstant mean 
urvature in 3D. Element: fa
et. Parameters: none. Models: linear. Ambientdimension: any. Hessian: no. Example data�le de
laration:
onstraint 1 formula: x^2 + y^2 + z^2 = 1quantity spharea energy method spheri
al_area globalstokes2d. Des
ription: Square of the Lapla
ian of z viewed as a fun
tion of (x; y). Meant forthe 
al
ulation of two-dimensional Stokes 
ow of a 
uid (i.e. slow steady-state 
ow where inertia is notsigni�
ant) by having the Evolver surfa
e be the graph of the velo
ity potential and minimizing the vis
ousdissipation, whi
h is the square of the Lapla
ian of z. Boundary 
onditions are handled by de
laring a vertexattribute "stokes type" of type integer, and assigning ea
h boundary vertex one of these values:0 - vertex is not on a wall; treat as if on a mirror symmetry plane.1 - vertex is on a slip wall.2 = vertex is on a nonslip wall; normal derivative of potential is zero.Boundary values of z should be set to 
onstants between 0 and 1 on various se
tions of boundary thatrepresent walls.Element: vertex. Parameters: none. Models: linear. Ambient dimension: 3. Hessian: yes. Exampledata�le de
laration:quantity dissip energy method stokes2d globalstokes2d lapla
ian. Des
ription: The Lapla
ian of z viewed as a fun
tion of (x; y). This is auxiliaryto the stokes2d method. It is the same Lapla
ian, unsquared, with the same boundary rules. Meant for
al
ulating pressures and su
h after stokes2d energy has been minimized. Element: vertex. Parameters:none. Models: linear. Ambient dimension: 3. Hessian: yes. Example data�le de
laration:quantity lapla
 info only method stokes2d lapla
ian globalSurfa
e 
urvature fun
tionsmean 
urvature integral. Des
ription: Integral of signed s
alar mean 
urvature of a 2D surfa
e.The 
omputation is exa
t, in the sense that for a polyhedral surfa
e the mean 
urvature is 
on
entratedon edges and singular there, but the total mean 
urvature for an edge is the edge length times its dihedralangle. Element: edge. Parameters: none. Models: linear. Ambient dimension: any. Hessian: no. Exampledata�le de
laration:quantity m
i energy method mean_
urvature_integral175



Surfa
e Evolver Manualsq mean 
urvature. Des
ription: Integral of squared mean 
urvature of a surfa
e. There are sev-eral methods implemented for 
al
ulating the integral of the squared mean 
urvature of a surfa
e. Theolder methods sq_mean_
urvature, eff_area_sq_mean_
urvature, and normal_sq_mean_
urvature,are now depre
ated, sin
e they don't have Hessians and the newer methods star_sq_mean_
urvature,star_eff_area_sq_mean_
urvature, star_normal_sq_mean_
urvature, and my 
urrent favorite star_perp_sq_mean_
urvature,do have Hessians and 
an now handle in
omplete fa
et stars around verti
es. But read the following for gen-eral remarks on squared 
urvature also. <p> The integral of squared mean 
urvature in the soap�lm modelis 
al
ulated as follows: Ea
h vertex v has a star of fa
ets around it of area Av . The for
e due to surfa
etension on the vertex is Fv = ��Av�v :Sin
e ea
h fa
et has 3 verti
es, the area asso
iated with v is Av=3. Hen
e the average mean 
urvature at v ishv = 12 FvAv=3 ;and this vertex's 
ontribution to the total integral isEv = h2vAv=3 = 14 F 2vAv=3 :Philosophi
al note: The squared mean 
urvature on a triangulated surfa
e is te
hni
ally in�nite, sosome kind of approximation s
heme is needed. The alternative to lo
ating 
urvature at verti
es is to lo
ateit on the edges, where it really is, and average it over the neighboring fa
ets. But this has the problem thata least area triangulated surfa
e would have nonzero squared 
urvature, whereas in the vertex formulationit would have zero squared 
urvature.Pra
ti
al note: The above de�nition of squared mean 
urvature seems in pra
ti
e to be subje
t toinstablities. One is that sharp 
orners grow sharper rather than smoothing out. Another is that some fa
etswant to get very large at the expense of their neighbors. Hen
e a 
ouple of alternate de�nitions have beenadded.Curvature at boundary: If the edge of the surfa
e is a free boundary on a 
onstraint, then the above
al
ulation gives the proper 
urvature under the assumption the surfa
e is 
ontinued by re
e
tion a
ross the
onstraint. This permits symmetri
 surfa
es to be represented by one fundamental region. If the edge ofthe surfa
e is a �xed edge or on a 1-dimensional boundary, then there is no way to 
al
ulate the 
urvatureon a boundary vertex from knowledge of neighboring fa
ets. For example, the rings of fa
ets around thebases of a 
atenoid and a spheri
al 
ap may be identi
al. Therefore 
urvature is 
al
ulated only at interiorverti
es, and when the surfa
e integral is done, area along the boundary is assigned to the nearest interiorvertex. However, in
luding ignore_fixed or ignore_
onstraints in the method de
laration will for
ethe 
al
ulation of energy even at �xed points or ignoring 
onstraints respe
tively.If the parameter h zero is de�ned, then the value per vertex is the same as for the following method,e� area sq mean 
urvature.Element: vertex. Parameters: ignore_
onstraints, ignore_fixed. Models: linear. Ambientdimension: any. Hessian: no. Example data�le de
laration:quantity sq
 energy method sq_mean_
urvature globale� area sq mean 
urvature. Des
ription: Integral of squared mean 
urvature of a surfa
e, with aslightly di�erent de�nition from sq mean 
urvature or normal sq mean 
urvature. The area around a vertexis taken to be the magnitude of the gradient of the volume. This is less than the true area, so makes alarger 
urvature. This also eliminates the spike instability, sin
e a spike has more area gradient but the samevolume gradient. Letting Nv be the volume gradient at vertex v,hv = 12 FvjjNv jj=3 ;176



Chapter 8. Named Methods and Quantities.and Ev = h2vAv=3 = 34 F 2vjjNvjj2Av :The fa
ets of the surfa
e must be 
onsistently oriented for this to work, sin
e the evolver needs an `inside'and `outside' of the surfa
e to 
al
ulate the volume gradient. There are still possible instabilities where somefa
ets grow at the expense of others.If the parameter h zero is de�ned, then the value per vertex isEv = (hv � h0)2Av=3 = 3� Fv �Nv2jjNvjj2 � h0�2Av :This does not redu
e to the non-h zero formula when h zero has the value zero, but users should feel lu
kyto have any h zero version at all.If the vertex is on one or several 
onstraints, the Fv and Nv are proje
ted to the 
onstraints, essentiallymaking the 
onstraints a
t as mirror symmetry planes.WARNING: For some extreme shapes, Evolver may have problems dete
ting 
onsistent lo
al surfa
eorientation. The assume_oriented toggle lets Evolver assume that the fa
ets have been de�ned with
onsistent lo
al orientation.Element: vertex. Parameters: none. Models: linear. Ambient dimension: any. Hessian: no. Exampledata�le de
laration:quantity effsq energy method eff_area_sq_mean_
urvature globalnormal sq mean 
urvature. Des
ription: Integral of squared mean 
urvature of a surfa
e, with aslightly di�erent de�nition from sq mean 
urvature or e� area sq mean 
urvature. To alleviate the instabilityof e� area sq mean 
urvature, normal sq mean 
urvature 
onsiders the area around the vertex to be the
omponent of the volume gradient parallel to the mean 
urvature ve
tor, rather than the magnitude of thevolume gradient. Thus hv = 12 F 2vNv � Fv=3Ev = 34 � Fv � FvNv � Fv �2Av:This is still not perfe
t, but is a lot better.If the parameter h zero is de�ned, then the value per vertex isEv = (hv � h0)2Av=3 = �32 F 2vNv � Fv � h0�2 Av3If the vertex is on one or several 
onstraints, the Fv and Nv are proje
ted to the 
onstraints, essentiallymaking the 
onstraints a
t as mirror symmetry planes.WARNING: For some extreme shapes, Evolver may have problems dete
ting 
onsistent lo
al surfa
eorientation. The assume_oriented toggle lets Evolver assume that the fa
ets have been de�ned with
onsistent lo
al orientation.Element: vertex. Parameters: none. Models: linear. Ambient dimension: any. Hessian: no. Exampledata�le de
laration:quantity nsq energy method normal_sq_mean_
urvature globalstar sq mean 
urvature. Des
ription: Integral of squared mean 
urvature over a surfa
e. This isa di�erent implementation of sq mean 
urvature whi
h is more suitable for parallel 
al
ulation and has a177



Surfa
e Evolver ManualHessian. But it assumes a 
losed surfa
e, i.e. ea
h vertex it is applied to should have a 
omplete star offa
ets around it. This method does not use the h zero parameter.Element: vertex. Parameters: none. Models: linear. Ambient dimension: any. Hessian: yes. Exampledata�le de
laration:quantity starsq energy method star_sq_mean_
urvature globalstar e� area sq mean 
urvature. Des
ription: Integral of squared mean 
urvature over a surfa
e.This is a di�erent implementation of e� area sq mean 
urvature whi
h is more suitable for parallel 
al
ulationand has a Hessian. But assumes a 
losed surfa
e, i.e. ea
h vertex it is applied to should have a 
ompletestar of fa
ets around it. This method does not use the h zero parameter.Element: vertex. Parameters: none. Models: linear. Ambient dimension: any. Hessian: yes. Exampledata�le de
laration:quantity seffsq energy method star_eff_area_sq_mean_
urvature globalstar normal sq mean 
urvature. Des
ription: Integral of squared mean 
urvature over a surfa
e.This is a di�erent implementation of normal sq mean 
urvature whi
h is more suitable for parallel 
al
ulationand has a Hessian. But it assumes a 
losed surfa
e, i.e. ea
h vertex it is applied to should have a 
ompletestar of fa
ets around it. This method 
an use h zero.Element: vertex. Parameters: none. Models: linear. Ambient dimension: any. Hessian: yes. Exampledata�le de
laration:quantity stnsq energy method star_normal_sq_mean_
urvature globalstar perp sq mean 
urvature. Des
ription: Integral of squared mean 
urvature over a surfa
e.This is my 
urrent favorite implementation of squared mean 
urvature. It is an implementation spe
i�
allydesigned to agree with the mean 
urvature 
omputed as the gradient of area when normal motion is on(either the normal_motion toggle for 'g' iteration, or Hessian with hessian_normal). Thus if you getzero squared mean 
urvature with this method, then swit
h to area energy, the hessian will report exa
t
onvergen
e. Likewise if you do pres
ribed 
urvature and then 
onvert to area minimization with a volume
onstraint. This method has a Hessian. This method does not require a 
omplete 
ir
le of verti
es arounda vertex; boundary edges are treated as if they are on mirror symmetry planes, whi
h is usually true. Thismethod 
an use the h_zero parameter or vertex attribute for pres
ribed mean 
urvature. The a
tualformula for the energy at a vertex is hv = 12 Fv �NvNv �Nv=3Ev = (hv � h0)2Av=3 = �32 Fv � FvNv � Fv � h0�2 Av3where Fv is the area gradient at the vertex, Nv is the volume gradient, and Av is the area of the adja
entfa
ets. If the vertex is on one or several 
onstraints, then Fv and Nv are proje
ted to the 
onstraints,essentially making the 
onstraints a
t as mirror symmetry planes. The positive orientation of the surfa
e isdetermined by the positive orientation of the �rst fa
et of the vertex's internal fa
et list.Element: vertex. Parameters: none. Models: linear. Ambient dimension: any. Hessian: yes. Exampledata�le de
laration:quantity stnsq energy method star_normal_sq_mean_
urvature globalgauss 
urvature integral. Des
ription: This 
omputes the total Gaussian 
urvature of a surfa
ewith boundary. The Gaussian 
urvature of a polyhedral surfa
e may be de�ned at an interior vertex as theangle de�
it of the adja
ent angles. But as is well-known, total Gaussian 
urvature 
an be 
omputed simply178



Chapter 8. Named Methods and Quantities.in terms of the boundary verti
es, whi
h is what is done here. The total Gaussian 
urvature is implementedas the total geodesi
 
urvature around the boundary of the surfa
e. The 
ontribution of a boundary vertexis E = (Xi �i)� �:The total over all boundary verti
es is exa
tly equal to the total angle de�
it of all interior verti
es plus 2��,where � is the Euler 
hara
teristi
 of the surfa
e. For reasons due to the Evolver's internal ar
hite
ture,the sum is a
tually broken up as a sum over fa
ets, adding the vertex angle for ea
h fa
et vertex on theboundary and subtra
ting � for ea
h boundary edge. Boundary verti
es are deemed to be those that are�xed or on a parametri
 boundary. Alternately, one may de�ne a vertex extra attribute gauss bdry v andan edge extra attribute gauss bdry e and set them nonzero on the relevant verti
es and edges; this overridesthe �xed/boundary 
riterion. Element: fa
et. Parameters: none. Models: linear. Ambient dimension: any.Hessian: no. Example data�le de
laration:quantity gint energy method gauss_
urvature_integral globalstar gauss 
urvature Des
ription: Computes the angle de�
it around verti
es to whi
h this methodis applied. The angle de�
it is 2*pi minus the sum of all the adja
ent angles of fa
ets. No 
ompensationis made for verti
es on the boundary of a surfa
e; you just get big de�
its there. De�
its are 
ounted aspositive, following the 
onvention for gaussian 
urvature. Element: vertex. Parameters: none. Models:linear. Ambient dimension: any. Hessian: no. Example data�le de
laration:quantity total_defi
it energy method star_gauss_
urvature globalsq gauss 
urvature. Des
ription: Computes the integral of the squared Gaussian 
urvature. At ea
hvertex, the Gaussian 
urvature is 
al
ulated as the angle defe
t divided by one third of the total area of theadja
ent fa
ets. This is then squared and weighted with one third of the area of the adja
ent fa
ets. Thismethod works only on 
losed surfa
es with no singularities due to the way it 
al
ulates the angle defe
t.Element: vertex. Parameters: none. Models: linear. Ambient dimension: any. Hessian: no. Exampledata�le de
laration:quantity sqg energy method sq_gauss_
urvature globalSimplex model methodssimplex ve
tor integral. Des
ription: Integral of a ve
tor�eld over a (n-1)-dimensional simpli
ialfa
et in n-spa
e. Ve
tor�eld is dotted with normal of fa
et; a
tually the side ve
tors of the simplex andthe integrand ve
tor are formed into a determinant. Element: fa
et. Parameters: ve
tor_integrand.Models: simplex. Ambient dimension: any. Hessian: no. Orientable: yes. Example data�le de
laration, for4-volume under a 3D surfa
e in 4D:quantity xvint energy method simplex_ve
tor_integralve
tor_integrand:q1: 0q2: 0q3: 0q4: x4simplex k ve
tor integral. Des
ription: Integral of a simple (n-k)-ve
tor over an oriented k-dimensional simpli
ial fa
et in n-spa
e. The ve
tor integrand lists the 
omponents of ea
h of the k ve
torssequentially. Evaluation is done by forming a determinant whose �rst k rows are k ve
tors spanning thefa
et, and last (n-k) rows are ve
tors of the integrand. Element: fa
et. Parameters: k_ve
tor_order,ve
tor_integrand. Models: simplex. Ambient dimension: any. Hessian: yes. Orientable: yes. Exampledata�le de
laration, for 3D surfa
e in 5D: 179
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e Evolver Manualquantity kve
 energy method simplex_k_ve
tor_integralk_ve
tor_order 3ve
tor_integrand:q1: 0 // first ve
torq2: 0q3: 0q4: 0q5: x4q6: 0 // se
ond ve
torq7: 0q8: 0q9: x3q10: 0edge k ve
tor integral. Des
ription: Integral of a simple (n-k)-ve
tor over an oriented k-dimensionalsimpli
ial edge in n-spa
e. The ve
tor integrand lists the 
omponents of ea
h of the k ve
tors sequentially.Evaluation is done by forming a determinant whose �rst k rows are k ve
tors spanning the edge, and last (n-k) rows are ve
tors of the integrand. Element: edge. Parameters: k_ve
tor_order, ve
tor_integrand.Models: linear, quadrati
, simplex. Ambient dimension: any. Hessian: yes. Orientable: yes. Exampledata�le de
laration, for 3D edges of a 4D surfa
e in 5D:quantity kve
 energy method edge_k_ve
tor_integralk_ve
tor_order 3ve
tor_integrand:q1: 0 // first ve
torq2: 0q3: 0q4: 0q5: x4q6: 0 // se
ond ve
torq7: 0q8: 0q9: x3q10: 0knot energy. Des
ription: An \ele
trostati
" energy in whi
h verti
es are endowed with equal
harges. Inverse power law of potential is adjustable via the global parameter knot_power, default value2 (whi
h is not ele
trostati
, but the knot theorists like it). If the extra attribute node_
harge is de�nedfor verti
es, then that value is used for the vertex 
harge. Use of this energy is not restri
ted to knots; ithas been used to embed 
ompli
ated network graphs in spa
e. Element: vertex. Parameters: none. Models:linear. Ambient dimension: any. Hessian: yes. Example data�le de
laration:parameter knot_power 2 // the defaultquantity knotten energy method knot_energy globaluniform knot energy, edge knot energy. Des
ription: A knot energy where vertex 
harge isproportional to neighboring edge length. This simulates an ele
trostati
 
harge uniformly distributed alonga wire. Inverse power law of potential is adjustable via the global parameter knot_power (default 2).Element: vertex. Parameters: none. Models: linear. Ambient dimension: any. Hessian: no. Exampledata�le de
laration:parameter knot_power 2 // the default180



Chapter 8. Named Methods and Quantities.quantity knotten energy method uniform_knot_energy globaluniform knot energy normalizer. Des
ription: Supposed to approximate the part of uniform knot energythat is singular in the 
ontinuous limit. Element: vertex. Parameters: Models: linear. Ambient dimension:any. Hessian: no. Example data�le de
laration:parameter knot_power 2 // the defaultquantity knottenorm energy method uniform_knot_energy globalmethod uniform_knot_energy_normalizer globaluniform knot normalizer1.Des
ription: Cal
ulates internal knot energy to normalize singular divergen
e of integral of uniform knot energy.A
tually a synonym for uniform knot energy normalizer. No gradient. Element: vertex. Parameters: none.Models: linear. Ambient dimension: 3. Hessian: no. Example data�le de
laration:parameter knot_power 2 // the defaultquantity knottenorm energy method uniform_knot_energy globalmethod uniform_knot_energy_normalizer1 globaluniform knot normalizer2. Des
ription: Cal
ulates internal knot energy to normalize singulardivergen
e of integral of uniform knot energy a di�erent way from uniform knot energy normalizer. Element:edge. Parameters: none. Models: linear. Ambient dimension: 3. Hessian: no. Example data�le de
laration:parameter knot_power 2 // the defaultquantity knottenorm energy method uniform_knot_energy globalmethod uniform_knot_energy_normalizer2 globaledge edge knot energy, edge knot energy. Des
ription: Between pairs of edges, energy isinverse square power of distan
e between midpoints of edges. Can also be 
alled just edge knot energy. Seealso edge knot energy normalizer. (by John Sullivan) Element: edge. Parameters: none. Models: linear.Ambient dimension: any. Hessian: no. Example data�le de
laration:quantity knotten energy method edge_edge_knot_energy globaledge knot energy normalizer. Des
ription: Cal
ulates internal knot energy to normalize singulardivergen
e of integral of edge edge knot energy. Element: edge. Parameters: none. Models: linear. Ambientdimension: 3. Hessian: no. Example data�le de
laration:quantity knotten energy method edge_edge_knot_energy globalmethod edge_knot_energy_normalizer globalsimon knot energy normalizer. Des
ription: Another normalization of edge knot energy, whi
h Idon't feel like de
iphering right now. Element: edge. Parameters: none. Models: string linear. Ambientdimension: 3. Hessian: no. Example data�le de
laration:quantity kenergy energy method edge_knotenergy globalmethod simon_knot_energy_normalizer globalfa
et knot energy. Des
ription: Charge on vertex is proportional to area of neighboring fa
ets.Meant for knotted surfa
es in 4D. Power law of potential is adjustable via the global parameter knot_power.See also fa
et knot energy �x. Element: vertex. Parameters: none. Models: linear. Ambient dimension:any. Hessian: no. Example data�le de
laration: 181



Surfa
e Evolver Manualparameter knot_power 2 // the defaultquantity knotten energy method fa
et_knot_energy globalfa
et knot energy �x. Des
ription: Provides adja
ent vertex 
orre
tion to fa
et knot energy. Ele-ment: vertex. Parameters: none. Models: linear. Ambient dimension: any. Hessian: no. Example data�lede
laration:parameter knot_power 2 // the defaultquantity knotten energy method fa
et_knot_energy globalmethod fa
et_knot_energy_fix globalbu
k knot energy. Des
ription: Energy between pair of edges given by formula suggested by GregBu
k. Power law of potential is adjustable via the global parameter knot_power. Element: edge. Parame-ters: none. Models: linear. Ambient dimension: any. Hessian: no. Example data�le de
laration:parameter knot_power 2 // the defaultquantity knotten energy method bu
k_knot_energy globalproj knot energy. Des
ription: This energy is due to Gregory Bu
k. It tries to eliminate the needfor a normalization term by proje
ting the energy to the normal to the 
urve. Its form isEe1e2 = L1L2 
osp �jx1 � x2jpwhere x1; x2 are the midpoints of the edges and � is the angle between the normal plane of edge e1 andthe ve
tor x1 � x2. The default power is 2. Power law of potential is adjustable via the global parameterknot_power. Element: edge. Parameters: none. Models: linear. Ambient dimension: any. Hessian: no.Example data�le de
laration:parameter knot_power 2 // the defaultquantity knotten energy method proj_knot_energy global
ir
le knot energy. Des
ription: This energy is due to Peter Doyle, who says it is equivalent in the
ontinuous 
ase to the insulating wire with power 2. Its form isEe1e2 = L1L2(1� 
os�)2jx1 � x2j2 ;where x1; x2 are the midpoints of the edges and � is the angle between edge 1 and the 
ir
le through x1tangent to edge 2 at x2. Only power 2 is implemented. Element: edge. Parameters: none. Models: linear.Ambient dimension: any. Hessian: no. Example data�le de
laration:quantity knotten energy method 
ir
le_knot_energy globalsphere knot energy. Des
ription: This is the 2D surfa
e version of the 
ir
le energy. Its mostgeneral form is Ef1f2 = A1A2(1� 
os�)pjx1 � x2jq ;where A1; A2 are the fa
et areas, x1; x2 are the bary
enters of the fa
ets, and � is the angle between f1 andthe sphere through x1 tangent to f2 at x2. The energy is 
onformally invariant for p = 1 and q = 4. Forp = 0 and q = 1, one gets ele
trostati
 energy for a uniform 
harge density. Note that fa
et self-energies arenot in
luded. For ele
trostati
 energy, this is approximately 2:8A3=2 per fa
et.182



Chapter 8. Named Methods and Quantities.The powers p and q are Evolver variables surfa
e_knot_power and surfa
e_
os_power respe
tively.The defaults are p = 1 and q = 4. Element: fa
et. Parameters: none. Models: linear. Ambient dimension:any. Hessian: no. Example data�le de
laration:parameter surfa
e_knot_power 1 // the defaultparameter surfa
e_
os_power 4 // the defaultquantity knotten energy method sphere_knot_energy globalsin knot energy. Des
ription: Another weird way to 
al
ulate a nonsingular energy between mid-points of pairs of edges. (by John Sullivan) Element: edge. Parameters: none. Models: linear. Ambientdimension: any. Hessian: no. Example data�le de
laration:quantity knotten energy method sin_knot_energy global
urvature binormal. Des
ription: For string model. Evaluates to zero energy, but the for
e 
al
u-lated is the mean 
urvature ve
tor rotated to the binormal dire
tion. Element: vertex. Parameters: none.Models: linear. Ambient dimension: 3. Hessian: no. Example data�le de
laration:quantity 
urbi energy method 
urvature_binormal globalddd gamma sq. Des
ription: Third derivative of 
urve position as fun
tion of ar
length, squared.Element: vertex. Parameters: none. Models: string, linear. Ambient dimension: 3. Hessian: no. Exampledata�le de
laration:quantity ddd energy method ddd_gamma_sq globaledge min knot energy. Des
ription: Between pairs of edges, energy is inverse square power ofdistan
e between 
losest points of edges. Energy = 1d2 je1jje2jThis should be roughly the same as edge edge knot energy, but distan
es are 
al
ulated from edge midpointsthere. This is not a smooth fun
tion, so we don't try to 
ompute a gradient. DO NOT use as an energy;use just for info only quantities. Element: edge. Parameters: none. Models: linear. Ambient dimension: 3.Hessian: no. Example data�le de
laration:quantity eminknot info_only method edge_min_knot_energy globaltrue average 
rossings. Des
ription: Cal
ulates the average 
rossing number of an edge with respe
tto all other edges, averaged over all proje
tions. Knot stu�. No gradient, so use just in info only quantities.Element: edge. Parameters: none. Models: linear. Ambient dimension: 3. Hessian: no. Example data�lede
laration:quantity true_
ross info_only method true_average_
rossings globaltrue writhe. Des
ription: For 
al
ulating the writhe of a link or knot. No gradient, so use just ininfo only quantities. Element: edge. Parameters: none. Models: linear. Ambient dimension: 3. Hessian:no. Example data�le de
laration:quantity twrithe info_only method true_average_
rossings globaltwist. Des
ription: Another average 
rossing number 
al
ulation. No gradient, so use just in info onlyquantities. Element: edge. Parameters: none. Models: linear. Ambient dimension: 3. Hessian: no. Exampledata�le de
laration: 183



Surfa
e Evolver Manualquantity twister info_only method twist globalwrithe. Des
ription: An average 
rossing number 
al
ulation. This one does have a gradient. Sug-gested by Hermann Glu
k. Programmed by John Sullivan. Between pairs of edges, energy is inverse 
ubepower of distan
e between midpoints of edges, times triple produ
t of edge ve
tors and distan
e ve
tor.E = 1=d3 � (e1; e2; d)Element: edge. Parameters: none. Models: linear. Ambient dimension: 3. Hessian: no. Example data�lede
laration:quantity writhy energy method writhe global
urvature fun
tion. Des
ription: Cal
ulates for
es as fun
tion of mean and Gaussian 
urvatures atverti
es. Fun
tion may be 
hanged by user by altering teix.
. No energy, just for
es. Element: vertex.Parameters: none. Models: linear. Ambient dimension: any. Hessian: no. Example data�le de
laration:quantity 
urfun energy method 
urvature_fun
tion globalaverage 
rossings. Des
ription: To 
al
ulate the average 
rossing number in all proje
tions of a knot.(by John Sullivan) Element: edge. Parameters: none. Models: linear. Ambient dimension: 3. Hessian: no.Example data�le de
laration:quantity a
ross energy method average_
rossings globalWeird and mis
ellaneous.wul� energy. Des
ription: Method version of Wul� energy. If Wul� �lename is not given in topse
tion of data�le, then the user will be prompted for it. Element: fa
et. Parameters: none. Models: linear.Ambient dimension: 3. Hessian: no. Example data�le de
laration:wulff "
rystal.wlf"quantity wolf energy method wulff_energy globallinear elasti
. Des
ription: To 
al
ulate the linear elasti
 strain energy energy for fa
ets based onthe Cau
hy-Green strain matrix. Let S be Gram matrix of unstrained fa
et (dots of sides). Let Q be theinverse of S. Let F be Gram matrix of strained fa
et. Let C = (FQ� I)=2, the Cau
hy-Green strain tensor.Let v be Poisson ratio. Then energy density is(1=2=(1 + v))(Tr(C2) + v � (TrC)2=(1� (dim� 1) � v)):Ea
h fa
et has extra attribute poisson ratio and extra attribute array form fa
tors[3℄ = s11,s12,s22, whi
hare the entries in S. That is, s11 = dot(v2-v1,v2-v1), s12 = dot(v2-v1,v3-v1), and s22 = dot(v3-v1,v3-v1).If form fa
tors is not de�ned by the user, it will be 
reated by Evolver, and the initial fa
et shape will beassumed to be unstrained. For another variation, see linear elasti
 B. For a version of this method that gives
ompression zero energy, see relaxed elasti
. Element: fa
et. Parameters: none. Models: linear. Ambientdimension: 3. Hessian: yes. Example data�le de
laration:quantity lasti
 energy method linear_elasti
 globallinear elasti
 B. Des
ription: A variation of the linear elasti
 method. To 
al
ulate the linear elasti
strain energy energy for fa
ets based on the Cau
hy-Green strain matrix. Let S be Gram matrix of unstrained184



Chapter 8. Named Methods and Quantities.fa
et (dots of sides). Let Q be the inverse of S. Let F be Gram matrix of strained fa
et. Let C = (FQ�I)=2,the Cau
hy-Green strain tensor. Let v be Poisson ratio. Then energy density is(1=2=(1 + v))(Tr(C2) + v � (TrC)2=(1� (dim� 1) � v)):Here ea
h fa
et has extra attribute poisson ratio and ea
h vertex has two extra 
oordinates for the unstrainedposition. Hen
e the entire surfa
e must be set up as �ve dimensional. For a version of this method that gives
ompression zero energy, see relaxed elasti
 A. Element: fa
et. Parameters: none. Models: linear. Ambientdimension: 3. Hessian: yes. Example data�le de
laration:spa
e_dimension 5quantity lasti
 energy method linear_elasti
_B globalrelaxed elasti
 A. Des
ription: Cal
ulates the linear elasti
 strain energy energy for fa
ets based onthe Cau
hy-Green strain matrix, with 
ompression 
ounting for zero energy, simulating, say, plasti
 �lm.The e�e
t is to permit wrinkling. Let S be the Gram matrix of unstrained fa
et (dots of sides). Let Q bethe inverse of S. Let F be Gram matrix of strained fa
et. Let C = (FQ � I)=2, the Cau
hy-Green straintensor. Let v be Poisson ratio. Then the energy is(1=2=(1 + v))(Tr(C2) + v � (TrC)2=(1� (dim� 1) � v)):Ea
h fa
et has extra attribute poisson ratio and extra attribute array form fa
tors[3℄ = s11,s12,s22, whi
hare the entries in S. That is, s11 = dot(v2-v1,v2-v1), s12 = dot(v2-v1,v3-v1), and s22 = dot(v3-v1,v3-v1).If form fa
tors is not de�ned by the user, it will be 
reated by Evolver, and the initial fa
et shape willbe assumed to be unstrained. The 
ompression is dete
ted by doing an eigenvalue analysis of the straintensor, and dis
arding any negative eigenvalues. The eigenvalues may Fa
ets whi
h are stressed in one ortwo dimensions 
an be separately 
ounted by the relaxed elasti
1 A (one stress dire
tion, and one wrinkledire
tion) and relaxed elasti
2 A (two stressed dire
tions) methods, whi
h are meant to be used in info onlymode. For a sample data�le, see mylar
ube.fe. For a version of this method that gives 
ompression positiveenergy, see linear elasti
. Element: fa
et. Parameters: none. Models: linear. Ambient dimension: 3.Hessian: yes. Example data�le de
laration:quantity lasti
 energy method relaxed_elasti
_A globalrelaxed elasti
. Des
ription: A variation of the linear elasti
 method. Cal
ulates the linear elasti
strain energy energy for fa
ets based on the Cau
hy-Green strain matrix, with 
ompression 
ounting for zeroenergy, simulating, say, plasti
 �lm. The e�e
t is to permit wrinkling. Let S be Gram matrix of unstrainedfa
et (dots of sides). Let Q be the inverse of S. Let F be Gram matrix of strained fa
et. Let C = (FQ�I)=2,the Cau
hy-Green strain tensor. Let v be Poisson ratio. Then energy density is(1=2=(1 + v))(Tr(C2) + v � (TrC)2=(1� (dim� 1) � v)):Here ea
h fa
et has extra attribute poisson ratio and ea
h vertex has two extra 
oordinates for the unstrainedposition. Hen
e the entire surfa
e must be set up as �ve dimensional. The 
ompression is dete
ted by doingan eigenvalue analysis of the strain tensor, and dis
arding any negative eigenvalues. The eigenvalues may beseparately a

essed by the relaxed elasti
1 A (lower eigenvalue) and relaxed elasti
2 A (higher eigenvalue)methods, whi
h are meant to be used in info only mode. For a sample data�le, see mylar
ube.fe.For aversion of this method that gives 
ompression zero energy, see relaxed elasti
 A. Element: fa
et. Parameters:none. Models: linear. Ambient dimension: 3. Hessian: yes. Example data�le de
laration:spa
e_dimension 5quantity lasti
 energy method linear_elasti
_B globalarea square. Des
ription: Energy of a fa
et is the square of the fa
et area. Element: fa
et. Parame-ters: none. Models: linear. Ambient dimension: 3. Hessian: no. Example data�le de
laration:185
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e Evolver Manualquantity asquare energy method area_square global
arter energy. Des
ription: Craig Carter's energy. Given bodies B1 and B2 in R3, de�ne the energyE = ZB1 ZB2 1jz1 � z2jp d3z2d3z1This redu
es to E = 1(3� p)(2� p) XF22�B2 XF12�B1N1 �N2 ZF2 ZF1 1jz1 � z2jp�2 d2z1d2z2:And if we 
rudely approximate with 
entroids �z1 and �z2,E = 1(3� p)(2� p) XF22�B2 XF12�B1 A1 � A2j�z1 � �z2jp�2 ;whereA1 andA2 are unnormalized area ve
tors for the fa
ets. The power p is set by the variable 
arter_power(default 6). Element: fa
et. Parameters: none. Models: linear. Ambient dimension: 3. Hessian: no. Exam-ple data�le de
laration:parameter 
arter_power 6 // the defaultquantity 
raig energy method 
arter_energy global
harge gradient. Des
ription: This energy is the gradient squared of the knot energy method,assuming the points are 
onstrained to the unit sphere. Element: vertex. Parameters: none. Models: linear.Ambient dimension: any. Hessian: no. Example data�le de
laration:parameter knot_power 2 // the defaultquantity knotten energy method knot_energy globaljohndust. Des
ription: For all point pairs (meant to be on a sphere),E = (pi� asin(d=2))=d;where d is 
hord distan
e. For point pa
king problems on the sphere. Element: vertex. Parameters: none.Models: linear. Ambient dimension: any. Hessian: no. Example data�le de
laration:
onstraint 1 formula: x^2+y^2+z^2 = 1quantity jms energy method johndust globalstress integral. Des
ription: Hmm. Looks like this one 
al
ulates integrals of 
omponents of astress tensor. The s
alar integrand value is set as an integer standing for whi
h 
omponent to do.See the fun
tion stress integral in method3.
 for details. Does not have a gradient, so should be used forjust info only quantities. Element: fa
et. Parameters: s
alar_integrand. Models: linear. Ambientdimension: 3. Hessian: no. Example data�le de
laration:quantity stressy info_only method stress_integral globala
kerman. Des
ription: Not a
tually an energy, but a kludge to put inertia on verti
es. Uses extravelo
ity 
oordinates to represent vertex in phase spa
e. Invo
ation a
tually transfers 
omputed for
es fromspa
e 
oordinates to velo
ity 
oordinates, so for
es be
ome a

eleration instead of velo
ity. Element: vertex.Parameters: none. Models: linear. Ambient dimension: any. Hessian: no. Example data�le de
laration:186



Chapter 9. Mis
ellaneous.quantity jeremy energy method a
kerman globalChapter 9. Mis
ellaneous.This 
hapter 
ontains some mis
ellaneous topi
s that are not of interest to the ordinary user.x9.1. Customizing graphi
s.This se
tion is provided for those people who need to write their own graphi
s interfa
e module. Alldevi
e-spe
i�
 graphi
s output has been 
olle
ted into a few basi
 routines. There are two styles of interfa
e.One provides fa
ets in random order for routines that 
an do their own hidden surfa
e removal. The otherprovides fa
ets in ba
k to front order (painter algorithm).x9.1.1. Random-order interfa
e.The random-order interfa
e has several global pointers to fun
tions whi
h should be set to the user'sfun
tions. This permits several sets of graphi
s routines in one program. The fa
ets are generated bygraphgen(), whi
h 
all the user fun
tions. The fun
tion display() is 
alled as the overall display fun
tion;it should set the fun
tion pointers and 
all graphgen(). Example: iriszgraph.
The fun
tion pointers are:void (*graph_start)(void)This is 
alled at the start of ea
h display. It should do whatever devi
e initialization and s
reen
learing is needed.void (*graph_fa
et)(stru
t graphdata *,fa
et_id)This is 
alled to graph one triangular fa
et. See extern.h for the de�nition of graphdata.The se
ond argument is a fa
et identi�er for routines that are not happy with just the infor-mation in graphdata; it is for Evolver gurus only. Fa
ets are presented in random order. The
oordinates are not transformed; the 
urrent transformation matrix is in view[℄[℄, whi
h isin homogeneous 
oordinates.void (*graph_edge)(stru
t graphdata *)This fun
tion is 
alled to graph one edge in the string model.void (*graph_end)(void)This fun
tion is 
alled after all data has been given.x9.1.2. Painter interfa
e.The painter model is similar, ex
ept there is an extra layer of fun
tions. Example: xgraph.
, ps-graph.
, gnugraph.
. In display(), the user should setgraph_start = painter_start;graph_fa
et = painter_fa
et;graph_end = painter_end;The user should also set these fun
tion pointers:void (*init_graphi
s)(void)Called by painter_start() to do devi
e initialization.void (*display_fa
et)(stru
t tsort *) 187
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e Evolver ManualCalled by painter_end() to graph sorted fa
ets one at a time. See extern.h for stru
ttsort.void (*finish_graphi
s)(void)Called at the end of all fa
ets.The user should set graph_edge as in the random interfa
e.x9.2. Dynami
 load libraries.Many Evolver features, su
h as level set 
onstraints, parametri
 boundaries, named method integrands,and Riemannian metri
s require user-de�ned fun
tions of a set of arguments. The expressions for thesefun
tions are ordinarily stored as a parse tree and interpreted ea
h time needed, whi
h 
an be mu
h slowerthat evaluating 
ompiled expressions. There is a way to use a set of 
ompiled fun
tions spe
i�
 to a data�lethrough a me
hanism known as dynami
 loading. Here a library of fun
tions for a data�le is separately
ompiled, and then loaded at runtime when a the data�le is loaded. Currently, the Evolver only implementsa dynami
 loading me
hanism found on many unix systems, whose presen
e 
an be tested by looking forthe existen
e of the �le /usr/in
lude/dlf
n.h. If it exists, you 
an enable dynami
 loading by in
luding-DENABLE DLL in the CFLAGS line in the Makefile. On some systems, you may need to in
lude -ldl on theGRAPHLIB line also, to link Evolver with fun
tions su
h as dlopen().To 
reate the library for a data�le, write a sour
e �le 
ontaining C 
ode for the desired fun
tions,
ompile it, and link it into a shared library. The fun
tion should be able to 
ompute the value and thepartial derivatives of the fun
tion, and its se
ond partials if you are going to use any Hessian features. Asample sour
e �le for a 2-dimensional data�le:#define FUNC_VALUE 1#define FUNC_DERIV 2#define FUNC_SECOND 3#define MAXCOORD 4 /* must be same as in Evolver!! */#define REAL double /* long double if Evolver 
ompiled with -DLONGDOUBLE */stru
t dsta
k f REAL value;REAL deriv[2*MAXCOORD℄;REAL se
ond[2*MAXCOORD℄[2*MAXCOORD℄; g ;void fun
1 ( mode, x, s )int mode; /* FUNC_VALUE, FUNC_DERIV, FUNC_SECOND */REAL *x; /* pointer to list of arguments */stru
t dsta
k *s; /* for return values */f REAL value;s->value = x[0℄ + x[1℄*x[1℄;if ( mode == FUNC_VALUE ) return;/* first partials */s->deriv[0℄ = 1.0;s->deriv[1℄ = 2*x[1℄;if ( mode == FUNC_DERIV ) return;/* se
ond partials */s->se
ond[0℄[0℄ = 0.0; 188



Chapter 9. Mis
ellaneous.s->se
ond[0℄[1℄ = 0.0;s->se
ond[1℄[0℄ = 0.0;s->se
ond[1℄[1℄ = 2.0;return;gSupposing the sour
e�le name to be foo.
, 
ompile and link on SGI systems (IRIX 5.0.1 or above) with

 -
 foo.
ld -shared foo.o -o foo.soSun systems are the same, but with -s in pla
e of -shared. For other systems, 
onsult the ld do
umentationfor the option to make a shared library or dynami
 load library.To use the fun
tions in a data�le, in
lude a line at the top of the data�le before any of the fun
tionsare used:load_library "foo.so"Up to 10 libraries may be loaded. Afterwards, any of the fun
tions may be invoked just by using their name,without an expli
it argument list be
ause the argument list is always impli
it where these fun
tions are legal.Examples, supposing fun
2 is also de�ned with one argument:
onstraint 1formula: fun
1boundary 1 parameters 2x1: fun
2x2: 3*fun
2 + sin(p1)It is up to you to make sure the number of arguments your fun
tion expe
ts is the same as the numberimpli
it in the use of the fun
tion. You do not need to expli
itly de
lare your fun
tions in the data�le. Anyunde�ned identi�er is 
he
ked to see if it is a dynami
ally loaded fun
tion.NOTE: This implementation of dynami
 loading is experimental, and the interfa
e des
ribed here may
hange in the future.
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Surfa
e Evolver ManualChapter 10. Helpful hints and notes.x10.1. Hints.This is a 
olle
tion helpful hints gained from my own experien
e with Evolver and from helping others.Evolver works in dimensionless units, and the default settings work best when size, surfa
e tension,volume, et
. are near 1. If you de
ide to work in units that give very large or small numbers, you may haveto adjust parameters su
h as s
ale_limit, target_toleran
e, and 
onstraint_toleran
e.When drawing a sket
h for 
onstru
ting the initial data�le, make it as big as you 
an. You will havelots of notation to put on it. Number all verti
es, edges, and fa
ets. Put orientation arrows on the edges,and indi
ate the orientation of fa
ets (I like to use 
urved arrows around the fa
et numbers).Initial fa
es should be 
onvex. Although Evolver handles non
onvex fa
es, the triangulation algorithmis very simple-minded, and the triangulation of a non
onvex fa
e 
an be ugly. Just put in an extra edge ortwo to divide the fa
e into a 
ouple of 
onvex fa
es.Make separate 
onstraints for edges with 
onstraint energy or 
ontent integrals, and for edges without.Even if the other edges are �xed, it is mu
h easier to 
he
k that the integrands are 
orre
t when only thepre
isely needed edges are on 
onstraints with integrals.If you don't have all your elements numbered 
onse
utively (whi
h usually happens due to numberings
hemes you use, or adding or deleting elements), run Evolver with the -i 
ommand line option so mouse-pi
king reports the same element numbers as in your data�le. You 
an instead put keep_originals in thetop of your data�le for the same e�e
t.Make sure all your body fa
ets are oriented properly. Evolver will 
omplain if there are mismat
hed fa
etorientations on an ordinary edge, but �xed edges, 
onstrained edges, et
. are exempt from this 
he
king. Agood way to 
he
k is by 
oloring, for example:set body[1℄.fa
et 
olor greenMake sure verti
es, edges, and fa
ets are on their proper 
onstraints. You 
an 
he
k visually by 
oloring,e.g. set edge 
olor red where on 
onstraint 1set fa
et 
olor green where on 
onstraint 1You 
an't 
olor verti
es dire
tly, but you 
an get 
lose to the same e�e
t by re�ning a 
ouple of times and
oloring edges adja
ent to verti
es:forea
h vertex vv where on 
onstraint 1 do set vv.edge 
olor blueChe
k that all the energies, volumes, quantities, et
. in your initial data�le are 
orre
t. See the se
tionon reasonable s
ale fa
tors below for more details on how to 
he
k in great detail.If you are doing liquids with 
onta
t lines on solid walls, I suggest making the �rst data�le with allthe boundary surfa
es of the liquid represented expli
itly as fa
ets, and then make a se
ond version of thedata�le using 
onstraint energy and 
ontent integrals to repla
e the fa
ets on the �xed walls. It is far easierto get the energies and volumes right in the �rst version, but it is also far more prone to problems duringevolution. Use the �rst version to 
he
k the 
orre
tness of the se
ond version, and use the se
ond versionfor serious work.If your edges on 
urved 
onstraints try to short-
ut the 
urve, there are several ways to dis
ourage that:1. Make a se
ond guide 
onstraint, so that the interse
tion of the two 
onstraints de�ne guiderails forverti
es to run along. By using vertex attributes to 
ustomize the guide 
onstraint, you only need oneguide 
onstraint. For example:de�ne vertex attribute guides real[2℄
onstraint 1formula: x2̂ + y2̂ = rad2̂ // 
urved 
onstraint
onstraint 2 190



Chapter 10. Helpful hints and notes.formula: guides[1℄*x + guides[2℄*y = 0 // radial guide planesT hen you 
an set the guide 
oeÆ
ients at runtime withset vertex.guides[1℄ -y where on 
onstraint 1set vertex.guides[1℄ x where on 
onstraint 12. If you understand exa
tly what energy or volume 
ondition is en
ouraging the short-
utting, you 
anadjust the energy or 
ontent integrand on the 
urved 
onstraint to 
ompensate enough to eliminate theen
ouragement. This basi
ally means 
al
ulating the surfa
e area of the gap between the edge and the
urved 
onstraint, or the volume bounded by the gap.3 De
lare the 
urved 
onstraint CONVEX. This adds an energy roughly proportional to the gap area. Thisis simple to do, and works if you set the gap_
onstant high enough (you should leave the gap 
onstantas low as will work, however), but you 
annot use any Hessian 
ommands if you use 
onvex 
onstraints.Run at low resolution before re�ning. A good evolution s
ript usually winds up having alternatingre�ning and evolultion. Having many triangles not only takes a long time to 
al
ulate, but motion 
anpropagate only one triangle per iteration. Don't over-evolve at a parti
ular re�nement. Remember it's anapproximation. There is not mu
h point in evolving to 12 digits pre
ision an approximation that is onlya

urate to 4 digits.Groom your surfa
e triangulation with V (vertex averaging), u (equiangulation), l (long edge division),and t (tiny edge deletion). It may take some experimenting to get the right sequen
e, along with re�nements.It may be better to divide 
ertain long edges than simply re�ne the whole surfa
e. However, overdoing itmay be 
ounterprodu
tive to 
onvergen
e; sometimes the 
onverged surfa
e doesn't want to be entirelyequiangulated or averaged, and you 
an get into an endless loop of iteration and grooming. On
e you workout a good s
ript, write it down in a handy 
ommand at the end of the data�le for easy use.Use the dump or d 
ommands to save your evolved surfa
e regularly. Remember that Evolver has noundo feature to roll ba
k disastrous 
ommands.Use 
onjugate gradient mode for faster gradient des
ent, but not too soon. Use regular gradient des
entto adjust to volume or 
onstraint 
hanges. Conjugate gradient should be used only when regular motion hassettled down. Conjugate gradient assumes a quadrati
 energy fun
tion, and may get 
onfused when it's not.Conjugate gradient may need to be toggled o� and on to make it forget its history.During gradient des
ent (in
luding 
onjugate gradient), keep an eye on the s
ale fa
tor. The s
ale fa
torshould remain fairly steady. A s
ale fa
tor going to 0 does NOT mean 
onvergen
e; it means the surfa
e ishaving trouble. However, a good s
ale fa
tor may depend on re�nement and other 
onsiderations. See these
tion on reasonable s
ale fa
tors below.Se
ond-order Hessian 
onvergen
e is mu
h faster than �rst-order gradient des
ent, when Hessian works.So my advi
e is to use gradient des
ent just to get to where it's safe to use hessian or hessian_seek.A
tually, hessian_seek is pretty mu
h always safe to use, sin
e it makes sure energy is de
reasing. I havefound 
ir
umstan
es where hessian_seek does an amazingly good job as an iteration step, even thoughthe surfa
e is nowhere near 
onvergen
e.Beware saddle points of energy. A symmetri
 surfa
e, e.g. a blob of solder on a pad or around a wire,may seem to 
onverge with gradient des
ent, but just have rea
hed a saddle point. Use the eigenprobe
ommand to test for stability, and if not stable, use the saddle 
ommand to get o� the saddle point.Judging 
onvergen
e in gradient des
ent is tough. If iterations run at a more or less 
onstant s
ale fa
torand energy isn't 
hanging mu
h, and running in 
onjugate gradient mode for a long time doesn't 
hangemu
h, then you're probably in good shape. But use the eigenprobe 
ommand to make sure, and hessianto �nish o� 
onvergen
e.If you intend to use quadrati
 mode or Lagrange mode for higher pre
ision, evolve in linear model �rstuntil the �nal stage, sin
e it is mu
h qui
ker and there are more triangulation grooming 
ommands available.x10.2. Che
king your data�le. 191



Surfa
e Evolver ManualYou should always 
he
k your initial data�le to be sure it is doing exa
tly what you want. It is easyto get signs on integrands wrong, or apply quantities to the wrong elements. When you load the initialdata�le, the initial energy, body volumes, and quantities values should be exa
tly what you expe
t, eitherfrom hand 
al
ulation or from another data�le you trust. In parti
ular, when using 
onstraint integrals torepla
e omitted fa
ets, I suggest you make a separate data�le with fa
ets instead of integrals just for 
he
kingthe agreement between the two.With the named methods and quantities feature, it is possible to get very detailed information onwhere numbers are 
oming from. If you give the 
onvert_to_quantities 
ommand, every energy, volume,and 
onstraint integrand will be internally 
onverted to named methods and quantities (although the userinterfa
e for all remains the same). These internal quantities are ordinarily not displayed by the 'v' or 'Q'
ommands, but if you do show_all_quantities then they will be displayed. Further, 'Q' will show all the
omponent method instan
es also. For an example, 
onsider the following output:Enter 
ommand: 
onvert to quantitiesEnter 
ommand: show all quantitiesEnter 
ommand: QQuantities and instan
es:(showing internal quantities also; to suppress, do "show all quantities o�")1. default length 64.2842712474619 info only quantitymodulus 1.000000000000002. default area 4.00000000000000 energy quantitymodulus 1.000000000000003. 
onstraint 1 energy -0.342020143325669 energy quantitymodulus 1.000000000000004. 
onstraint 2 energy -0.342020143325669 energy quantitymodulus 1.000000000000005. body 1 vol 1.00000000000000 �xed quantitytarget 1.00000000000000modulus 1.00000000000000body 1 vol meth 0.000000000000000 method instan
emodulus 1.00000000000000body 1 
on 2 meth 1.00000000000000 method instan
emodulus 1.000000000000006. gravity quant 0.000000000000000 energy quantitymodulus 0.000000000000000Here's a detailed explanation of the output of the Q 
ommand above:default_length - total edge length, using the edge_lengthmethod. This would be the default energyin the string model, and I guess it really doesn't need to exist in a soap�lm model. But it's an info onlyquantity, whi
h means it is only evaluated when somebody asks to know its value.default_area - the default energy in the soap�lm model, and in
luded in the energy here, as indi
atedby "energy quantity" at the right.
onstraint_1_energy - the energy integral of 
onstraint 1, using the edge_ve
tor_integralmethodapplied to all edges on 
onstraint 1.
onstraint_2_energy - the energy integral of 
onstraint 2, using the edge_ve
tor_integralmethodapplied to all edges on 
onstraint 2.body_1_vol - the volume of body 1, as a sum of several method instan
es. body_1_vol_meth is thefa
et ve
tor integral of (0,0,z) over all the fa
ets on the body. body_
on_2_meth is the integral of the
onstraint 2 
ontent integrand over all edges on fa
ets of body 1 whi
h are edges on 
onstraint 2.gravity_quant - the total gravitational energy of all bodies with assigned densities. This quantity isalways present even if you don't have any bodies, or don't have any body densities. But you'll noti
e themodulus is 0, whi
h means its evaluation is skipped, so the presen
e of this quantity doesn't harm anything.192



Chapter 10. Helpful hints and notes.You 
an �nd the quantity or method 
ontribution of single elements by using the quantity or methodname as an attribute of elements. Using a quantity name really means summing over all its 
onstituentmethods that apply to the element. For example,Enter 
ommand: forea
h edge ee where on 
onstraint 2 do printf "5 0.0000006 0.0000007 1.0000008 0.000000Enter 
ommand: forea
h edge where 
onstraint 1 energy != 0 do print 
onstraint 1 energy-0.342020143325669x10.3. Reasonable s
ale fa
tors.Trouble in evolving is usually signaled by a small s
ale, whi
h means there is some obsta
le to evolution.Of 
ourse, that means you have to know what a reasonable s
ale is, and that depends on the type of energyyou are using and how re�ned your surfa
e si. In normal evolution, the size of the s
ale is set by thedevelopment of small-s
ale roughness in the surfa
e. Combined with a little dimensional analysis, that leadsto the 
on
lusion that the s
ale should vary as L2�q, where L is the typi
al edge length and the units ofenergy are lengthq. The dimensional analysis goes like this: Let D be the perturbation of one vertex awayfrom an equilibrium surfa
e. In general, energy is quadrati
 around an equibrium, soE = D2Lq�2So the gradient of energy at the vertex is rE = 2DLq�2The motion is the s
ale times the gradient, whi
h we want proportional to D, sos
ale � rE = s
ale � 2DLq�2 = DSo s
ale is on the order of L2�q. Some examples:Energy Energy dimension S
ale Example �leArea of soap�lm L2 L0 quad.feLength of string L1 L1 
ower.feSquared 
urvature of string L�1 L3 elasti
8.feSquared mean 
urvature of soap�lm L0 L2 sq
ube.feIn parti
ular, the s
ale for area evolution is independent of re�nement, but for most other energies thes
ale de
reases with re�nement.Another 
ommon in
uen
e on the s
ale for area evolution is the surfa
e tension. Doing a liquid soldersimulation in a system of units where the surfa
e tension of fa
ets is assigned a value 470, say, means that all
al
ulated gradients are multiplied by 470, so the s
ale de
reases by a fa
tor of 470 to get the same geometri
motion. Thus you should set s
ale_limit to be the inverse of the surfa
e tension.
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Surfa
e Evolver ManualChapter 11. Bugs.There are no known outright bugs at present. but they undoubtably exist. When you run a
ross one,I would like to hear about it. Bug reports should be submitted by email to brakke�susqu.edu. Pleasein
lude the Evolver version number, a des
ription of the problem, the initial data �le, and the sequen
e of
ommands ne
essary to reprodu
e the problem.There are a few short
omings, however:Not all features are implemented in all models.Vertex and edge popping is not elegant or 
omplete for verti
es on boundaries or 
onstraints.Zero length edges and zero area triangles stall things.Surfa
es 
an interse
t ea
h other without knowing it.Convergen
e to a minimum energy 
an be diÆ
ult to judge.
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Chapter 12. Version history.Chapter 12. Version history.Version 1.0 August 4, 1989First publi
 version.Version 1.01 August 22, 1989Various bug �xes.Constraint integral spe
i�
ation 
hanged to have just 
omponents, not density.Fa
et-edge spe
i�
ation made obsolete (but still legal).Vertex motion adjustment for quadrati
 model.Zoom fa
tor 
hanged from 2 to 1.2.Initial data�le reading revamped to use lex and ya

. Has simple ma
ros. Comments must be delimited.Expressions now in algebrai
 form, not RPN.Version 1.10 O
tober 18, 1989More bug �xes.Graphi
s driver for HP98731 
ontributed by Eri
 Haines.Data�le reading:Equations permitted as 
onstraints.Ba
kslash line spli
ing.Constant folding in expressions.Version 1.11 May 18, 1990More bug �xes.x,y,z a

epted as synonyms for x1,x2,x3Version 1.12 May 25, 1990Data�le 
oordinates may be given as expressions.Constraints revamped. Number of 
onstraints per element raised to sizeof(int). One-sided 
onstraintsmay be applied sele
tively. GLOBAL 
onstraints automati
ally apply to all verti
es (they 
ount in numberlimit).Version 1.2 June 17, 1990Comments removed from input stream before lex analyzer. So 
omments in ma
ros safe now.S
ale fa
tor upper bound adjustable when toggling with m 
ommand.Adjustable 
onstants implemented. Syntax in data �le: PARAMETER name = 
onstant-expression Theseare treated as 
onstants in expressions, but 
an be 
hanged with the A 
ommand. Useful for dynami
ally
hanging 
onta
t angles and other stu� in 
onstraint expressions.Symmetri
 
ontent evaluation added for linear model. Volumes evaluated as surfa
e integral of (x~i+y~j+z~k)=3 rather than of z~k. Use keyword SYMMETRIC CONTENT in data�le. Permits more a

urate evaluation oflunes.Return value of sprintf not used, as this varies among systems.Arbitrary surfa
e energy integrands added. Ve
tor �eld integrated over designated fa
ets. Syntaxsurfa
e energy ne1: expressione2: expressione3: expression 195



Surfa
e Evolver ManualDesignate fa
et by following fa
et de�nition with \energy n", in same manner as giving 
onstraints. Linearmodel only. This useful for 
hanging dire
tion of gravity, by putting in Divergen
e Theorem equivlent surfa
eintegrand for gravitational potential energy and putting adjustable 
onstant in for dire
tion.The 'q' or 'x' exit 
ommand gives you a 
han
e to load another data�le, 
ontinue with the 
urrent
on�guration, or exit.You 
an 
hange the initial upper limit on the 's
ale' fa
tor by putting a line in the data �le:SCALE LIMIT valuevalue must be a number (no expression).The 'V' 
ommand (for Vertex averaging) will repla
e ea
h un
onstrained vertex by the average of itsneighboring verti
es (
onne
ted by edges). Good for un
ramping skinny triangles sometimes.TENSION allowed as synonym for DENSITY in setting fa
et surfa
e tension.Binary save/reload disabled, sin
e it is out of date and a binary �le turns out twi
e as large as the as
iidump �le.Version 1.21 June 30, 1990Shared memory interfa
e added for MinneView (whi
h is a publi
 domain 3D graphi
s viewer for Iriseswritten by the Geometry Proje
t at the Minnesota Super
omputer Institute.)Histogram added for ridge not
her (option 'n').Ported to NeXT (no s
reen graphi
s, but PostS
ript output �les 
an be displayed).Automati
 energy re
al
ulation added after all options that 
hange energy.Version 1.3 July 30, 1990Reptition 
ounts before letters in graphi
s 
ommands.Clo
kwise (
) and 
ounter
lo
kwise (C) rotations added to graphi
s.Printout during quadrati
 sear
h for optimum s
ale suppressed.'i' 
ommand added for information. 'v' reports just volumes.Extrapolation 
ommand 'e' �xed.Constant expressions permitted wherever real value needed.'F' 
ommand to log 
ommands to �le.-Ælename 
ommand line option to read 
ommands from �le. Take 
ommands from stdin afterwards.Dump �le real values printed to 15 de
imal pla
es so a

ura
y not lost.Adjustable a

ura
y on edge integrals via INTEGRAL_ORDER keyword in data�le for setting order ofGaussian quadrature.Data�le now allows spe
i�
ation of 
onstraint toleran
e with CONSTRAINT_TOLERANCE.All two-word keywords made into single words by 
onne
ting the words with ' _'.Parsing of data�le 
ontinues after errors.'b' 
ommand permits editing body volumes.'v' 
ommand prints 'none' for pres
ribed volume of those bodies with no pres
ribed volume.Manual in TEXformat with PostS
ript �gures.CONVEX gap energies and for
es �xed up. k = 1 best approximation to area.Vertex popping �xed to handle disjoint 
omponents of tangent 
ones. Also not to s
rew up its datastru
tures after a modi�
ation.Version 1.31Added long-wavelength random jiggle (
ommand jj).Fixed simultaneous Minneview to handle torus display options.196



Chapter 12. Version history.Simultaneous MinneView 
an be stopped and restarted.Fixed bug in Gaussian quadrature of 
ontent integrals.Fixed equiangulation to work on arbitrarily small triangles.Histograms adjusted to 
urrent length and area order of magnitude.Zero area triangle test area 
uto� adjusted to s
ale of surfa
e.Vertex averaging improved to preserve volumes.Small edge removal bug �xed. In 
ollapsing a fa
et, will preferentially keep an edge on a 
onstraint.VOLCONST adjustment to body volumes added to data�le.\Quantities" added. A quantity is a sum of ve
tor integrals over fa
ets and edges. Can be simply talliedfor informational purposes, or 
an be used as mathemati
al 
onstraints with �xed values. Good for 
enterof mass, moment of inertia, magneti
 
ux, et
.Conjugate gradient energy minimization added. Use the U 
ommand to toggle between gradient des
entand this.Version 1.4 posted August 20, 1990Version 1.41 September 22, 1990Bug �xes on vertex popping and element list management.Long jiggle 
ommand jj lets user put in own numbers, use random numbers, or use previous numbers.Version 1.42Bug �xes:segment violation on error message at end of data �le.STRING model not graphing third dimensionOn SOAPFILM model, edges without fa
ets are displayed. Useful for showing wire boundaries beyondsurfa
e. Su
h edges will generate warnings when data�le is read, however.Version 1.5 May 15, 1991dimensional surfa
es 
an live in N-dimensional spa
e. See SPACE_DIMENSION.Simplex model added to represent k-dimensional surfa
es in N-dimensional spa
e.Embryoni
 query language added. Does list and show. Also set and unset attributes.Ba
kground metri
 on spa
e added for string model only.Commands 
an be read from a �le with read "�lename"Version 1.6 June 20, 1991Riemannian metri
 extended to all dimensional surfa
es.Re�ne, delete added to query language. List query has same format output as data�le dump.Quotient spa
es added.Piping output added to 
ommands and queries.Version 1.63 July 21, 1991SET FACET COLOR query added. Colors in
lude CLEAR. Also SET FACET TRANSPARENCY forIris and like.Squared mean 
urvature added as possible energy.Queries 
an refer to elements by original number of parent in data�le.Adjustable 
onstants 
an take values from a �le a

ording to ID number of element applied to.197



Surfa
e Evolver ManualVersion 1.64 August 2, 1991Revised not
h 
ommand (n) to subdivide adja
ent fa
ets instead of edge itself. Supposed to be followedwith equiangulation.Put in K 
ommand to subdivide longest edges of skinny triangles (as judged by their smallest angle).Added VALENCE attribute for edges for queries. Is the number of fa
ets on an edge.Version 1.65 August 20, 1991Added minimization by using Newton's method on Hessian matrix of energy. Only for no-
onstraintarea minimization with no other energies. Command \hessian".NeXT version given graphi
al interfa
e.User-de�ned fun
tions of 
oordinates added. See userfun
.
.Version 1.76 Mar
h 20, 1992Autopopping and auto
hopping in string model for automati
 evolution.Phase-dependent grain boundary energies.Approximate polyhedral 
urvature.Stability test for approximate 
urvature.Squared Gaussian 
urvature as part of energy only, not for
e.\system" 
ommand to exe
ute shell 
ommands.\
he
k in
rease" to guard against blowup during interation.\e�e
tive area" to 
ount only resistan
e to motion normal to surfa
e.Runge-Kutta iteration.Version 1.80 July 25, 1992Command and query language mu
h extended.geomview interfa
e added.Fixed area added as a 
onstraint.Multiple viewing transforms 
an be spe
i�ed in the data�le so one fundamental region of a symmetri
surfa
e 
an be displayed as the whole surfa
e.Commands 
an be in
luded at the end of the data�le, introdu
ed by the keyword READ.Version 1.83 September 9, 1992Some alternate de�nitions of squared 
urvature added. Invoked by \effe
tive area ON | OFF" or\normal 
urvature ON | OFF".Version 1.84 September 10, 1992Shaded 
olors added to xgraph and 
heygraph.Version 1.85 September 29, 1992Restri
tion of motion to surfa
e normal added. Toggle \tt normal motion".Squared mean 
urvature, Gaussian 
urvature, and squared Gaussian 
urvature extended to surfa
eswith boundary.Data�le element attribute \bare" added for verti
es and edges in soap�lm model so they won't generateerroneous warnings.For
e 
al
ulation added for squared Gaussian 
urvature, so it 
an be used in the energy.All prompts that require real value responses now a

ept arbitrary expressions.198



Chapter 12. Version history.Version 1.86 O
tober 19, 1992User-de�ned mobility added, both s
alar and tensor forms.Default squared 
urvature works for 2-surfa
es in Rn.Version 1.87 O
tober 27, 1992\
lose show" 
ommand added to 
lose show window (the native graphi
s window, not geomview).Graphi
s 
ommand 
he
ks string for illegal 
hara
ters before doing any transformations.Dihedral angles now work for 2-surfa
es in any dimension.Permanent variable assignments may be made with \::=" instead of \:=". Su
h assignments will notbe forgotten when a new surfa
e is begun.Conditional expressions of C form added: expr ? expr : expr. Useful for pat
hing 
onstraints together.Version 1.88 De
ember 16, 1992\SET BACKGROUND 
olor" 
ommand added for native graphi
s.View transformation generators and expressions added.Exa
t bounding box 
al
ulated for PostS
ript �les.Version 1.88a January 6, 1993Default 
onstraint toleran
e lowered from 1e-5 to 1e-12.Fixed bug in volume 
onstraint 
al
ulation introdu
ed in 1.88.Version 1.89 February 18, 1993Posts
ript draws �xed and boundary edges in interior of surfa
e. All internal graphi
s should be 
on-sistent in the spe
ial edges they draw (bare edges, triple edges, et
.).Viewing matrix 
an be read from data�le and will be dumped. Keyword VIEW MATRIXMod operator `%' added, and fun
tions 
oor(), 
eil().`rebody' 
ommand added to re
al
ulate 
onne
ted bodies after ne
k pin
hing and any other body dis-ruption.If squared mean 
urvature part of energy, then squared mean 
urvature at a vertex is available as aquery attribute as "sq
urve".These quantities 
an now be used in 
ommand expressions: vertex 
ount, edge 
ount, fa
et 
ount,body 
ount, total energy, total area, total length, s
ale.Dump �le re
ords de�ned pro
edures in `read' se
tion at end.Knot energies added, both 
ondu
ting and insulating wire.`dissolve' 
ommand added to erase elements and leave gaps in surfa
e, unlike delete 
ommand, whi
h
loses gaps. Can only dissolve elements not neede by higher dimensional elements.Command repeat numbers have been restri
ted to just three types of 
ommands: 1. single letter
ommands that don't have optional arguments (l,t,j,m,n,w have optional arguments) 2. 
ommand list inbra
es 3. user-de�ned pro
edure names This is to prevent disasters like list vertex 1293 whi
h before wouldprodu
e 1293 full lists of all verti
es.\dump" without argument will dump to default �le name, whi
h is data�le name with .dmp extension.SIGTERM is 
aught and 
auses dump to default dump �le and exit. Useful for interrupting s
riptsrunning in the ba
kground with kill -TERM. Likewise for SIGHUP.Version 1.90 April 2, 1993Conjugate gradient ON/OFF state saved in dump �le. Note that 
onjugate gradient history ve
tor isnot saved. 199



Surfa
e Evolver ManualNot
hing and \dihedral" attribute apply to verti
es in the string model.FOREACH iterator added. Syntax: FOREACH element [ name ℄ [WHERE expr℄ DO 
ommandLOAD 
ommand added. Syntax: LOAD \�lename". Useful for starting new surfa
es, espe
ially ins
ripts.PRINTF 
ommand added for formatted printing. Syntax: PRINTF "format string",expr,expr,... expris 
oating point, so use %f or %g formats.String variables have been added. Can be used where quoted strings needed. Can be assigned to.SPRINTF is version of PRINTF giving string output.A view transformation matrix in the data�le may be pre
eded by "
olor n" to give that transform a
olor (overrides any fa
et 
olor).In queries, element attribute \oid" added, whi
h returns a signed version of id.Many knot energies added. Also a \hooke energy" that keeps edges near a uniform length.PostS
ript output optionally in
ludes 
olor.Version 1.91 May 31, 1993Two sides of fa
ets 
an have di�erent 
olors. 'COLOR' applies to both sides, 'FRONTCOLOR' and 'BACKCOLOR'to di�erent sides.Attributes of individual named elements 
an be set inside loops, i.e. forea
h fa
et � do set � 
olor redEvery time a 
ommand 
hanged a global variable, the surfa
e was being re
al
ulated. This slowed downs
ripts immensely. So now the only variables that 
ause re
al
ulation are 1) adjustable parameters de�nedin the data�le 2) quantity moduli and parametersHistory 
ommands now e
hoed.Surfa
e area 
an be minimized by minimizing Diri
hlet integral, a

ording to s
heme of Polthier andPinkall. Command 'diri
hlet'.To redu
e need for expli
it line-spli
ing on long 
ommands, the parser now keeps tra
k of depth of bra
eand parenthesis nesting, and will 
all for more input if a line ends inside nest. So if you want to type amultiline 
ommand, start with '' and end with '' many lines later. Also does auto line-spli
ing if 
ertaintokens are last token in line (su
h as '+').`fa
et knot energy fix' method added.Command assignment �xed to assign only one 
ommand. so \ggg := g; g" will be the same as \fggg:= gg ; g" and not \ggg := fg;gg ".Queries 
an run through edges and fa
ets adja
ent to a vertex, and fa
ets of a body, as in \listverti
es vv where max(vv.fa
et,
olor==red) > 0"Improved NeXT terminal interfa
e. -u option for no graphi
s, -t for terminal and graphi
s.view 4d 
ommand to toggle sending full 4D 
oordinates to geomview. Default is OFF.Version 1.92 July 31, 1993SGI parallelism enabled for named quantity 
al
ulations.method-instan
e s
heme introdu
ed.Torus periods 
an be spe
i�ed with expressions using adjustable parameters.Verbs (list,re�ne,delete,dissolve) may apply to single elements: forea
h edge ee do re�ne eeFIX and UNFIX may be used as verbs:fix verti
es where on 
onstraint 1Toggle 
ommand names may now be used as boolean values in expressions in 
ommands. Also newboolean read-only variables: torus, torus �lled, symmetry group, simplex representation. New numeri
 read-only variables: spa
e dimension, surfa
e dimension, integration order.Ma
 version repeated 
ommands interruptable with 
ontrol-'.'.200



Chapter 12. Version history.Ma
intosh and Dos versions pipe to a �le instead of a 
ommand:Enter 
ommand: list verti
es | "filename"For a torus domain, the torus periods may be spe
i�ed using expressions with parameters, so thefundamental 
ell may be 
hanged intera
tively. Do a re
al
 after 
hanging su
h a parameter to update thetorus periods.gv binary toggle for binary/as
ii data to geomview. Default ON for binary, whi
h is faster. As
ii modeuseful for debugging.Version 1.93 De
ember 13, 1993\history" 
ommand added to print 
ommand history. Single-letter 
ommands now in
luded in historyfor 
onvenien
e. But history does not re
ord responses to prompts 
ommands may issue.
ommand repeat 
ounts 
an now be expressionsMore internal variables for 
ounters on 
ommand events: equi 
ount, delete 
ount, not
h 
ount, dis-solve 
ount, pop 
ount, where 
ount.Quantities for s
alar and ve
tor integrands over edges and fa
ets added.Quantity names may now be used as element attributes. Value of total quantity must be referred to as\total quantityname".DOS version has improved graphi
s. Re
ognizes higher resolution and more 
olors.Can apply named quantities to elements with SET 
ommand.Undo
umented user attr.Version 1.94 January 24, 1994New named quantity methods: vertex s
alar integrand, fa
et 2form integral.Hessians for named quantity methods: edge length, fa
et area, vertex s
alar integral, edge s
alar integral,edge ve
tor integral, fa
et s
alar integral, fa
et ve
tor integral, fa
et 2form integral, gravity method.Added edge wrap as readable attribute.Added 
oordinate attributes for edges and fa
ets. Interpreted as edge ve
tor 
omponents and fa
etnormal 
omponents.Commands are added to history list after being su

essfully parsed, rather than after su

essful exe
u-tion.Unfound �les are treated as errors rather than prompting for new name, ex
ept for data�les.New arithmeti
 operators: mod (synonym for %), imod, idiv. New arithmeti
 fun
tion: atan2(y,x).Show 
onditions for edges and fa
ets are saved in read se
tion of data�le.Total energy is in a 
omment at the top of a dump �le.PostS
ript output in 
ase of string model in 3D has option for doing bordered 
rossings.'w' is synonym for 
oordinate x4.Version 1.95 June 24, 1994Named quantity methods for squared 
urvature: sq mean 
urvature, e� area sq mean 
urvature, nor-mal sq mean 
urvature. All work with h zero.New quantities edge general integral, fa
et volume, fa
et torus volume, fa
et general, stress integral,edge area, edge torus area. Also quadrati
 model versions of basi
 quantities. Also hessian.Quadrati
 midpt for edges in
luded in dump. Optional in data�le.`midv' attribute for edges in quadrati
 model.`iteration 
ounter' variable for printing 
urrent repetition number.New math fun
tions: tanh, asinh, a
osh, atanh.201



Surfa
e Evolver ManualExtra attributes, indexable. Can have non-dumping extra attributes.`quietgo' toggle to suppress output of just the `g' 
ommand.`ribiere' toggle for 
onjugate gradient. Does not initiate CG. Also extra proje
tions to 
onstraints in
onjugate gradient or post-proje
t mode, with iteration 
ounter set to -1 if non
onvergen
e in 10 proje
tions.`assume oriented' toggle for square mean 
urvature.Label option added to PostS
ript output.Short-
ir
uit evaluation of AND and OR.Delete fa
et more aggressive; tries to eliminate all edges of fa
et in in
reasing length order until itsu

eeds.Version 1.96 September 22, 1994'G' 
ommand takes numeri
al argument instead of repetition 
ount.hessian menu 
ommand has experimental stu� for hessian, eigenvalues, and eigenve
tors. Saddle willseek along lowest eigenve
tor without the need to go into the menu.sprintf, printf now a

ept string args, but they are pushed as 8 bytes, so %s in format string should befollowed by half.'Extra' attributes now inherited for same type element.Added 'jiggle' toggle, and jiggle temperature internal variable.Added total time internal variable. Settable also.Compound quantities allowing quantity energy to be a fun
tion of method instan
es.Indexing on element generators.Permitted element attributes in data�le expressions for quantities, et
, altho only works in namedquantities.hessian normal 
ag for hessian motion 
onstrained to surfa
e normal at non-singular points.Made ribiere default mode for 
onjugate gradient.geomview \string" 
ommand added to let s
ripts send 
ommands to geomview.The print 
ommand also a

epts strings. Example: print data�lenameThe name of the 
urrent data�le 
an be referred to in 
ommands as `data�lename' wherever a string
an be used.Version 1.97 De
ember 16, 1994Named quantities 
an refer to qqq.value, qqq.target, qqq.pressure, and qqq.modulus.Alternative Hessian fa
toring (via ysmp toggle), with Bun
h-Kau�man option.lan
zos and eigenprobe 
ommands added.Dump saves states of toggles.Version 1.98 Mar
h 15, 1995Lan
zos(t,n) and ritz(t,n) 
ommands added. Linear metri
 for eigenvalues.-q option to turn everything into quantities.geomview pi
king.break and 
ontinue 
ommands.P, M 
ommands take argumentsrandom seed variable added for user 
ontrol of random numbers.Added 12-pt degree 6 and 28-pt degree 11 integration rules for fa
ets. Made default fa
et 
ubature 12-pt5th degree. Mu
h more stable for area. Separate integral order 1D and integral order 2D variables.202



Chapter 12. Version history.Version 1.99 July 19, 1995\target", \vol
onst" attributes for bodies and quantities.Higher degree 
ubature formulas.linear metri
 for hessian.edgeswap 
ommand.Torus translations added automati
ally to view transform generators.Element stru
tures only allo
ate needed storage.
onvert to quantities 
ommand.Constraint limit raised to 127.Toggles print previous values.Hessian operations save dire
tion of motion. Eigenvalue saved in last eigenvalue, stepsize in last hessian s
ale.Eigenprobe(�; n) �nds eigenve
tor. Hessian menu option G minimizes squared gradient instead of energyfor saddle and hessian seek. Can pi
k Ritz ve
tor in hessian menu. Saddle and hessian seek 
ommandstake stepsize limit arguments.move 
ommand.-DSDIMn 
ompiler option to hardwire dimension for optimization.Hessian 
al
ulation parallelized for SGI MULTI mode.Bottominfo 
ommand.Rede�nition of single-letter 
ommands.geompipe toggle.P 
ommand takes argument to short-
ir
uit menu.Version 2.00 April 30, 1996HTML version of do
umentation, also used by help 
ommand.Lagrange model.Quad pre
ision when 
ompiled with -DLONGDOUBLE.Windows NT version.`X' 
ommand prints extra attribute di
tionary.optimizing variable introdu
ed.posts
ript 
ommand with toggles instead of intera
tive (as in P 3)\return" 
ommand for ending 
urrent 
ommand.Version 2.01 August 15, 1996Ma
 68K and Power PC versions."node 
harge" vertex attribute for knot energy. Useful for spreading graphs out.new vertex, et
.V modi�ed; vertex average; works better on 
onstrained verti
es and quadrati
 edge midpoints.Simplex equiangulation in 3D.no re�ne attribute for edges and verti
es.>> redire
tiondynami
 link libraries for fun
tions.DOS, Windows version leaves alphanumeri
 es
ape sequen
es alone.Can print transform expr, transform 
ount.Version 2.10 July 10, 1998 203



Surfa
e Evolver ManualWindow NT/95/98 version using OpenGL has mu
h better graphi
s. Can rotate, translate, or zoomwith left mouse button, pi
k elements with right button, even do 
ross-eyed stereo. Type 'h' in the graphi
swindow for a 
ommand summary. Also made 
atenoid i
on for the program.C-style assignment operators +=, -=, *=, /= work where reasonable.Parameterized boundaries 
an have energy and 
ontent integrals, in the same way level set 
onstraintshave had.Command output redire
tion to a �le using >> for append, >>> for overwrite.A variable 
an be toggled between optimizing or non-optimizing at run time with "un�x varname" and"�x varname" respe
tively."keep ma
ros" in data�le header keeps ma
ros a
tive after data�le.Command line option -i will keep element ids the same as in the data�le, rather than renumbering
onse
utively as is the default.If you want to reorder elements in the internal lists (the way elements are listed by, say, 'list ver-ti
es', you 
an de�ne the extra attributes vertex order key, edge order key, fa
et order key, body order key,fa
etedge order key, give them all appropriate values, and then give the 
ommand reorder storage. Seereorder.
md in the distribution fe dire
tory.'renumber all' renumbers elements in internal list order.Read-only internal variable 'random' for random numbers uniformly distributed between 0 and 1.Added warnings about using keywords as identi�ers in the data�le. The data�le will still run, but your
ommands will misinterpret those identi�ers.All keywords are in the on-line help. Do 'help "keyword"' if you want to 
he
k on a potential keyword.'help' also re
ognizes identi�ers de�ned by the user in the 
urrent surfa
e. For testing in s
ripts, there is afun
tion is de�ned(stringexpr) that returns 1 if a name is already in use, 0 if not.In the data�le, making an edge FIXED no longer �xes its endpoints. This is 
ompatible with how �xedfa
ets and �xing edges at run time have always worked.For named methods that logi
ally depend on the orientation of the element (i.e. fa
et ve
tor integral,et
.), the relative orientation of the element when the method is applied is re
orded. Default is positive inthe data�le, unless a '-' is added after the name of a method or quantity applied to an individual element.Version 2.11 Mar
h 1, 1999Added "verbose" 
ag for a
tion messages from pop edge, pop vertex, delete, not
h, re�ne, dissolve,edgeswap, unstar.IGNORE FIXED and IGNORE CONSTRAINT 
ags for sq mean 
urvature methods.Old �xed area �nally gotten rid of.Assignment statements permissible at start of expressions; useful for 
ommon subexpressions in 
on-straint and quantity integrands.hessian slant 
uto� variable for 
ontrolling hessian on 
onstraints.-e option to e
ho input; useful for piped input.Automati
 
onversion to named quantities when needed; suppressed by -a- option."s
ale" attribute for optimizing parameters for impedan
e mat
hing of s
ale fa
tors.Version 2.14 August 18, 1999hessian normal is now defaults to ON.Put in automati
 
onvert to quantities; still a pla
e or two where 
an't 
onvert on the 
y. Commandline option -a- disables.Added "verbose" toggle 
ommand for a
tion messages from pop edge, pop vertex, delete, not
h, re�ne,dissolve, and edgeswap. 204



Chapter 12. Version history.The "dissolve" 
ommand will now dissolve fa
ets on bodies in the soap�lm model, and edges on fa
etsin the string model.Edges have frontbody and ba
kbody attributes in the string model.There is a 
hdir 
ommand to 
hange the working dire
tory.Element extra attributes 
an be de
lared with 
ode to evaluate their values.Version 2.17 July 25, 2002GLUT OpenGL graphi
s, with pull-down menu and multiple windows.Ma
 OSX version.Multiply dimensioned arrays.Posts
ript 
an do visibility 
he
k to 
ut down output size.Version 2.20 August 20, 2003Multi-dimensional arrays for variables and element extra attributes.Fun
tions and pro
edures with arguments.Lo
al variables.FOR loop 
ontrol 
onstru
t.Augmented hessian.Sparse 
onstraints.Version 2.23 June 20, 2003Runtime de�nes of named quantities, method instan
es, 
onstraints, and boundaries.More popping 
ommands: t1_edgeswap, pop_quad_to_quad, pop_tri_to_edge, pop_edge_to_tri;and toggles pop_disjoin, pop_to_fa
e, pop_to_edge.Vertex_merge(), edge_merge(), and fa
et_merge().Spheri
al ar
 methods.star_perp_sq_mean_
urvature method, best yet I think. And the star methods now work on partialstars.
pu_
ounter variable for really high-resolution timing.
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